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Preface

“What joy to discern the minute in infinity, the vast to perceive in
the small, what divinity!”

Jacob Bernoulli (1654-1705) in Ars Conjectandi (1713)

We are proud to present to you the proceedings of the Sixth International Con-
ference on Cellular Automata for Research and Industry (ACRI 2004), held in
Amsterdam, The Netherlands on October 25–27, 2004.

Since the first conference in Italy, ACRI, which is held biennially, has become
the premier conference in the field of cellular automata in Europe and beyond,
and is still growing in quality and size.

This year’s theme was “From Individual to Collective Behavior”, emphasiz-
ing the capability of Cellular Automata to simulate macroscopic processes from
individual, local interactions. Cellular Automata, in spite of their apparent sim-
plicity, represent a very powerful approach to studying spatio-temporal systems
in which complex phenomena build up out of many simple local interactions. In
the words of Richard Feynman in the Character of Physical Law (1982), “Nature
uses only the longest threads to weave her patterns, so each small piece of her
fabric reveals the organization of the entire tapestry”.

John von Neumann, who is recognized as the father of cellular automata,
would have been 100 years old in 2004. ACRI 2004 wanted to commemorate this
date by inviting researchers to submit contributions related to von Neumann’s
work or to the emergence of organization in systems in which collaboration
between components wins over the individual behavior.

In view of this commemoration we had two very inspiring memorial ple-
nary lectures on the first day: “Von Neumann’s Century: Too many souls!” by
Prof. Tomasso Toffoli and “John von Neumann and Cellular Automata” by Prof.
Roland Vollmar

Other invited lectures that were presented in the plenary sessions during the
three meeting days were: “Pattern Discovery and Automated Theory Building”
by Prof. James P. Crutchfield, “Studying Biological Development and Evolution
with Multilevel Particle Systems” by Prof. Paulien Hogeweg, “Cell Scale Simu-
lations, the Neglected Link Between Microscopic and Continuum Modeling” by
Prof. James A. Glazier, “From Cellular Automata to Wetware” by Prof. Andrew
Adamatzky, and “Structural Design and Optimization Using Cellular Automata”
by Prof. Zafer Gürdal.

We would like to express our sincere thanks to the invited speakers who
delivered such inspiring lectures at ACRI 2004.

The conference was organized along the following tracks:

– Methods and Theory
– Evolved CA
– Traffic, Networks and Communication
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– Applications in Science and Engineering
– Bio-medical Applications
– Natural Phenomena and Ecology
– Social and Economical Applications

This volume contains peer reviewed original work on the theory and applica-
tion of Cellular Automata. After peer review by three experts in the field, 40% of
the 150 papers submitted were selected for oral presentation and 30% for poster
presentation. A total of 30% of the submitted papers were rejected.

This conference would not have been possible without the support of many
people and organizations that helped in different ways to make it a success.

First of all we would like to thank the authors for making the effort to sub-
mit so many high-quality papers. We thank the Program Committee for their
excellent job in reviewing the submissions and thus guaranteeing the quality of
the conference and the proceedings. We thank Liesbeth Otte and the conference
office of the University of Amsterdam for their practical assistance and support.
Many thanks go to Coco van der Hoeven for her secretarial work. Dick van Al-
bada, Berry Vermolen and Jiangjun Cui are acknowledged for their punctuality
in preparing the draft of the proceedings.

We thank our sponsors for their financial support: the board of the University
of Amsterdam, the Science Faculty and the Institute for Informatics. Finally we
thank the Dutch Science Foundation NWO, section Exact-Sciences, as well as
the section Computational Life Sciences.

September 2004 Peter Sloot
Bastien Chopard
Alfons Hoekstra
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Gianluca Tempesti

Elementary Probabilistic Cellular Automata with Memory in Cells . . . . . . 11
Ramón Alonso-Sanz, Margarita Mart́ın

Universal Construction on Self-Timed Cellular Automata . . . . . . . . . . . . . . 21
Yousuke Takada, Teijiro Isokawa, Ferdinand Peper,
Nobuyuki Matsui

Computing Phase Shifts of Maximum-Length
90/150 Cellular Automata
Sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

Sung-Jin Cho, Un-Sook Choi, Yoon-Hee Hwang, Han-Doo Kim,
Yong-Soo Pyo, Kwang-Seok Kim, Seong-Hun Heo

Cellular Automata Evolution for Distributed Data Mining . . . . . . . . . . . . . 40
Pradipta Maji, Biplab K. Sikdar, P. Pal Chaudhuri

A Comparative Study of Optimum-Time Synchronization Algorithms
for One-Dimensional Cellular Automata – A Survey – . . . . . . . . . . . . . . . . . 50

Hiroshi Umeo, Masaya Hisaoka, Takashi Sogabe

A Cellular Automaton Model
for an Immune-Derived Search Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

Niloy Ganguly, Andreas Deutsch

Randomized Computation with Cellular Automata . . . . . . . . . . . . . . . . . . . . 71
Bastien Chopard, Marco Tomassini

Applying Cell-DEVS in 3D Free-Form Shape Modeling . . . . . . . . . . . . . . . . 81
Pengfei Wu, Xiuping Wu, Gabriel Wainer

Universality of Hexagonal Asynchronous Totalistic Cellular Automata . . . 91
Susumu Adachi, Ferdinand Peper, Jia Lee

Efficient Simulation of CA with Few Activities . . . . . . . . . . . . . . . . . . . . . . . . 101
Richard Walter, Thomas Worsch

Perturbing the Topology of the Game of Life Increases
Its Robustness to Asynchrony . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

Nazim Fatès, Michel Morvan



X Table of Contents

Local Information in One-Dimensional Cellular Automata . . . . . . . . . . . . . . 121
Torbjørn Helvik, Kristian Lindgren, Mats G. Nordahl

Diffusion Controlled Cellular Automaton
Performing Mesh Partitioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
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Abstract. This article describes the addition to the von Neumann cel-
lular automaton of the Tom Thumb Algorithm, a mechanism developed
for the self-replication of multi-processor systems. Except for the cell
construction process, every functionality of the original CA has been
preserved in our new system. Moreover, the Tom Thumb Algorithm now
allows the replication of any structure within the von Neumann environ-
ment, whatever its number of cells may be.

1 Introduction

In the middle of the last century, John von Neumann was interested in the
concept of self-replication. During his research, he presented a model for an Uni-
versal Constructor (UC) system based on a two-dimensional cellular automaton
of 29 states [1]. This UC is divided in two different parts: a tape that contains
the description of the cellular machine to construct and the constructor in itself
that reads the tape and builds the new corresponding machine with a dedicated
cellular arm. Moreover, if the tape contains the description of the constructor
and if the constructor, in addition to its building abilities, can also copy the tape
information, then the resulting system is a self-replicating one (figure 1).

In spite of the conceptual success of von Neumann’s work, the realization of
such a system encounters a major problem: with the proposed architecture, the
UC in itself needs about 200’000 cells, while the tape containing its description
is almost five time greater. Clearly, it is too big for a physical implementation
(at least today) and it is a real challenge even for a software simulation. In fact,
the UC has not yet been completely specified [2].

In 1995, Umberto Pesavento presented an extension of the transition rules of
the standard system [3]. Thus, he drastically reduced the number of cells used in
the UC replication and proved the validity of the von Neumann self-replication
process by simulating the entire UC. Despite that, once again, there were too
many cells for a physical implementation. To solve this problem, we decided to
apply to the standard von Neumann system a new kind of self-replicating process
that uses a smaller number of cells: the Tom Thumb Algorithm (TTA).

In section 2, we will briefly present the standard von Neumann system. The
basic operation of the Tom Thumb Algorithm will be exposed in section 3.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 1–10, 2004.
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Universal
Constructor

Universal
Constructor

Tape D(UC)

Tape D(UC)

Copy

Constructor arm

Fig. 1. Universal Constructor self-replication

Section 4 will then introduce the system we have developed for self-replication
in the von Neumann environment and in section 5, we will discuss of some
potentialities of such a realization from an evolutionary point of view. Finally,
we will briefly mention the hardware implementation of our system in section 6.

2 Von Neumann States and Transitions

As mentioned before, each cell of the von Neumann CA possesses 29 states.
These states can be divided into several different groups with regard to their
”functionality”.

The first state is the quiescent one. A cell in this state has no influence on its
neighborhood. Every unused cell of the cellular array is in the quiescent state.

Then we find the 16 states responsible for the propagation of excitations
through the cellular array. Each of these states has a direction, i.e. one of the
four cardinal ones, and can be excited or not. Moreover there are two kinds of
transmission states that propagate different types of excitations: the ordinary
and the special ones. An ordinary (respectively special) transmission state be-
comes excited if it receives an ordinary (respectively special) or a confluent (see
below) excitation on one of its inputs. Moreover, they introduce a delay of one
time unit in the propagation of the excitations and act as OR gates.

A third group contains the confluent states. These are also used for the
transmission of excitations. A confluent cell becomes excited only if all of the
neighboring ordinary transmission states directed to it are excited. It conse-
quently acts as an AND gate. The confluent states are also used to convert an
ordinary excitation into a special one and they permit the splitting of a trans-
mission line, acting as fan-outs. Moreover, they introduce a two time units delay
in the propagation of information. Finally, they act as memory units: when none
of its neighbours is an outgoing transmission state, if the confluent has been
previously excited, it keeps the excitation until it can release this latter through
a valid transmission state.

Pesavento’s extension of the standard rules provides another type of confluent
state that permits the crossing of excitations.

The last group contains the sensitive states that are transitory ones and
permit the construction of each specific cell type: when a quiescent state receives
an excitation, it goes in the first sensitive state. Then, its state changes at each
time unit as seen in figure 2.



Tom Thumb Algorithm and von Neumann Universal Constructor 3

C
00

S
000

S
0

S
0

S
1

U

S
01

S
00

S
10

S
11

0

1

1

1

1 1 1 1

1

1

0

0

0

0

0 0 0

0

Fig. 2. Sensitive states and construction process

To the construction process corresponds a destructive one: the transition
from any state to the quiescent one. When a cell is in an ordinary transmission
or in a confluent state and receives a special excitation, it is destructed and
becomes quiescent again. The same thing happens when a special transmission
state receives an ordinary excitation.

3 Tom Thumb Algorithm

To find an alternative self-replication mechanism for the UC, we define the entire
constructor as a two-dimensional organism composed of multiple cells. Each cell
is defined by two genes: the first one corresponds to the cell’s state according to
von Neumann while the second, as we will see, will be used to direct the con-
struction and replication processes. Using these definitions, we can then apply to
the machine a self-replication mechanism known as the Tom Thumb Algorithm
(TTA) [4,5].

Without loss of generality, we will present the TTA construction process of
a four-cell organism defined by its genome showed at the top of figure 3. The
numbers correspond to von Neumann states, while the other genes define the
directions of the construction path (arrows) as well as the branching directions
for the self-replication process (background color of arrows in the figure).

Moreover, although defined by only two genes, each cell of the organism
has four memory positions: the two at the right in figure 3 are used to store
the cell configuration, i.e. its state and the construction information, while the
two remaining ones keep a copy of the genome indefinitely moving around the
organism.

The construction process proceeds as follows: when the genome is injected in
the cellular array, the first cell receiving it shifts the incoming genes until it has
stored its configuration in the corresponding registers (t=4 in figure 3). At that
time, the cell knows where to forward the next incoming genome information
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Fig. 3. Genome and first steps of the TTA creation of a four-cell organism

(to the North for the cell of the figure). The next genes arrive in the upper cell
which will also shift them to get its configuration and find the way to forward the
remaining genes (East, t=8). This process then repeats itself until the organism
is fully constructed, i.e. at time t=16 in the figure.

Note that twice the whole genome has been injected for the organism con-
struction: one half of the genes is fixed in the configuration registers while the
other half is continuously shifted around the organism, following the construction
path.

The self-replication process is started when the first gene of the genome ar-
rives in a cell whose configuration allows branching. In our example, at time
t=12, a replication path is consequently initiated to the North. The running
genome is duplicated and sent through the replication path. This process obvi-
ously starts the construction of a second organism whose genome is the same as
for the first one: the organism replicates itself.

Note that when the genome has been transmitted twice through the replica-
tion path, the construction of its copy is finished and the branching replication
path can be removed. Note also that the construction path of a valid organism
has to be a loop; if it were not, the copy of the genome would not have been
able to run around the organism and the replication process would have failed.

4 TTA and UC

Our main goal was to add to the von Neumann system an innovative process,
in our case a modified version of the TTA, that could drastically reduce the
number of cells used for the self-replication. Then, the resulting system had to
keep every standard functionality of the original von Neumann CA, as well as
implementing the Pesavento crossing ability. Consequently, we have separated
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our system design in two different layers and we added a new cell type to the
system: the activator, used to launch the self-replication process.

The first layer (UClayer) contains the von Neumann standard information
coded on four bits. The two first bits determine the cell type (quiescent 00, or-
dinary arrow 01, special arrow 10, and confluent 11). The two remaining ones
define the arrow direction or the confluent subtype (memory, crossing or activa-
tor). We show in figure 4 the different UC layer codes and their corresponding
cell type.

Type Dir Cell symbol
00 ∅ U Quiescent
01 00 ↑ ordinary North arrow
01 01 → ordinary East arrow
01 10 ↓ ordinary South arrow
01 11 ← ordinary West arrow
10 00 ⇑ special North arrow
10 01 ⇒ special East arrow
10 10 ⇓ special South arrow
10 11 ⇐ special West arrow
11 00 – not used
11 01 R activator confluent
11 10 C+ crossing confluent
11 11 Cxx memory confluent

Fig. 4. UC layer codes

The second layer (TTAlayer) is only used for the construction and replication
processes. It’s also defined with four bits: the first two give the direction of the
replication path, the third bit is a flag that says if the cell is the first one of the
organism and, finally, the last bit corresponds to the end-of-organism cell flag.

Moreover, in our TTA version, the path does not have to be a loop, as in the
standard algorithm: in our case, the path begins at the start-of-organism cell
and then goes through the entire organism, from cell to cell, until it reaches the
end-of-organism cell.

4.1 Cell Construction Process

As we have just seen, a TTA-UC cell is fully defined by the eight configuration
bits of the two layers. This fact did not obviously permit us to keep the same
construction process as in the original von Neumann system, but we maintained
the same general idea: a quiescent cell is transformed in another cell when it
receives the corresponding (ordinary or special) excitation. To implement the
construction process, as shown in figure 5, we added three flags (with the grey
background) to the eight configuration bits.
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1 a a b b 1
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UC layer updated

UC & TTA layers updated

UC & TTA layers updated

Valid
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Wait for the end of the
organism construction

0

Fig. 5. The different construction pulses

Reading the bits from left to right, the first flag bit is used to start the cell
construction process and is always equal to ’1’. Then we find the UClayer type
on two bits (aa in figure 5), followed by the UClayer direction, on two bits too
(bb).

After these, we have the second flag bit: if it is equal to ’1’, the cell construc-
tion process stops. In such a case, the cell has updated its UClayer state, but
without modifying its TTAlayer configuration. This could be used to create a
new self-replicating organism on a pre-existing TTAlayer, or just to change some
cells in a TTA-UC structure without affecting its self-replication ability.

In the other case, i.e. if the second flag is equal to ’0’, the construction process
continues: the two next bits update the TTAlayer direction (cc) and the last two
define the TTAlayer type (dd), i.e. start or end of organism.

At the end, we find the last flag bit. While it is equal to ’1’, it makes the
cell wait for the entire organism to be constructed, before being able to act
like an usual von Neumann cell. During that time, the cell only forwards every
excitation it receives in the direction defined by its TTAlayer.

A cell can then be constructed using a pulse of six excitations, as long as
we want to keep the TTAlayer unchanged. Otherwise, the construction pulse
needs eleven excitations, with the last being inactive for a single cell creation
and active in the case of an organism self-replication.

4.2 Organism Self-Replication

We will now present the self-replication process of a simple organism. For clarity,
we will take as example the replication of a two by two cells organism. The
two layers of the organism and the configuration bits of its cells (without the
construction flags) are shown in figure 6. The start-of-organism cell is in dark
grey while the end-of-organism one is in light grey.

C
00

UC layer TTA layer

C

Configuration bits

: 01'01'00'10

: 01'00'01'00 : 01'11'10'00

: 11'11'01'01

Fig. 6. Two layers and configuration bits of the organism
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We will first present the emission of the organism genome and then, show
how this genome is used in the construction of the new replicated organism.
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Fig. 7. Some steps of the TTA-UC genome emission

Genome emission: An organism will start its replication process if one of
the neighbours of the start-of-organism cell is an excited activator cell (R in
figure 7 at time t=0). In such a case, this latter sends a StartReplication message
(SR in the figure); the start-of-organism cell then emits to its TTA direction a
InternalReplication message (IR) at time t=1. This latter will then be forwarded
along the TTA path through the entire organism until it reaches its last cell,
making every cell of the organism become in a TTA forwarding state: from that
time, they transmit to their TTA direction every excitation they receive.

Just after the InternalReplication message, the start-of-organism cell sends its
configuration bits with the appropriate flags during the following 11 clock steps.
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As for the first message, these configuration bits are then forwarded through the
TTA path until they reach the end-of-organism cell. This latter transmit the
configuration pulse to the UC layer of the next cell in its TTA direction.

When the first cell has finished sending its configuration stream, it emits once
again a InternalReplication message (t=13) meaning it has finished its replica-
tion task. When the next cell on the TTA path receives this InternalReplication
message, it goes out of the TTA forwarding state and begin the emission of its
own configuration bits.

This process repeats itself in a similar way until the end-of-organism cell
has transmitted its last configuration bit: at that time (t=49), the organism has
finished its genome emission.
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cell2 bit1
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U receives the
cell2 flag1
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New cell1
configured
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Replication end,
UC layer excited

C
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Time t=51

Last cell receives the
cell4 flag3

...

...

Fig. 8. Some steps of the TTA-UC replicate construction

Construction: We said that the end-of-organism cell transmits the configu-
ration pulses to the UC layer. The excitations then consequently follow the UC
layer specifications: they can travel along an ordinary arrows path, if any, until
they reach a quiescent cell to configure. In figure 8, that happens at time t=5.
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When a quiescent cell has received eleven building excitations, it is fully
configured. But, as we have seen, the last configuration bit has to be chosen
equal to ’1’ in the self-replication process. This flag implies that the cell must
stay in a TTA forwarding state until the end of the organism construction.
Indeed, it has to transmit the next received excitations to its TTA direction in
order to pursue the creation of the next organism cells, in the good direction.

When the last configuration bit has reached the new end-of-organism cell
(t=51), this latter sends an InternalReplication message back along the TTA
path. This message, that notifies the end of the organism construction is for-
warded back by each cell of the organism until it reaches the new start-of-
organism cell, at t=54 in the figure.

The next time unit, the start-of-organism cell becomes excited in its UC
layer and can launch the classical UC behaviour of the new organism: the self-
replication process is terminated.

5 TTA-UC and Evolution

As explained before, and unlike the standard Tom Thumb Algorithm, our TTA-
UC system does not possess a running genome that keeps unchanged the initial
configuration of the organism. In fact, our replication system works by self-
inspection [6]: the organism generates the bits configuration that permits to
copy its current state (and not the initial one).

Having such an ability should permit a TTA-UC organism to evolve through
its replication process: for example if a cell of the organism has got its UCconfig-
uration modified during its normal behavior, without changing its TTAlayer
information, then the organism can still replicate itself but will also copy the
modified cell. As a result, this new organism will not be a perfect copy of the
initial one: almost every UClayer modification can propagate through the or-
ganism generations. An organism population could consequently evolve by the
integration of the acquired modifications into the organism configuration of the
’new generations’.

6 Hardware Implementation

The hardware implementation of the TTA-UC uses the BioWall, a two- dimen-
sional electronic wall designed for bio-inspired applications [7]. In order to test
the concept, we have realized a simple von Neumann pulser composed of about
thirty cells. We were able to verify that the pulser can self-replicate in addition
to realizing its usual functionality.

Moreover, due to the huge number of states the TTA-UC design would have
used for a standard CA implementation, we realized the system following the
Data and Signal Cellular Automaton (DSCA) concept [8,9]. Such a choice per-
mited us to design the TTA-UC almost intuitively and to make the design fit
the limited place at disposal.
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7 Conclusion

The designed system comes from the unification of the Tom Thumb Algorithm
with the standard von Neumann architecture. Its major quality is the great
diminution in the number of cells that an organism needs for its self-replication.
In fact, with this new TTA-UC system, any von Neumann organism can now be
configured in order to possess the self-replication ability. As a result, the concept
of Universal Constructor in itself becomes obsolete.

Moreover, we believe that our TTA-UC system is able to emulate all of the
precedent von Neumann functionalities. A further interesting work could be to
confirm that a Turing Machine can be successfully emulated by our new TTA-
UC architecture. Additionally, one should be able to realize this implementation
with only small modifications to the original design of the von Neumann Turing
Machine, due to the differences in the cell construction process.
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Abstract. Standard Cellular Automata (CA) are memoryless: i.e., the
new state of a cell depends on the neighborhood configuration only at the
preceding time step. This article considers an extension to the standard
framework of CA by implementing memory capabilities in cells. Thus
in CA with memory : while the update rules remain unaltered, historic
memory of past iterations is retained by featuring each cell by a summary
of all its past states. A study is made of the effect of historic memory on
two given sides of the hypercube of elementary probabilistic CA.

1 Introduction

Cellular Automata (CA) are discrete, spatially extended dynamic systems com-
posed of adjacent cells or sites arranged as a regular lattice, which evolve in
discrete time steps. Each cell is characterized by an internal state whose value
belongs to a finite set. The updating of these states is made simultaneously ac-
cording to a common local transition rule involving only a neighborhood of each
cell. Thus, if σ(T )

i is taken to denote the value of cell i at time step T , the site
values evolve by iteration of the mapping : σ(T+1)

i = φ
(
σ

(T )
j
∈ Ni

)
, where φ

specifies the CA rule operating on the neighborhood (N ) of the cell i.
This paper deals with elementary rules : one-dimensional CA with two pos-

sible values (k = 2) at each site
(
σ ∈ {0, 1}), with rules operating on near-

est neighbors. Following Wolfram’s notation, these rules are characterized by
a sequence of binary values (β) associated with each of the eight possible

triplets
(
σ

(T )
i−1, σ

(T )
i , σ

(T )
i+1

)
:

111 110 101 100 011 010 001 000
β1 β2 β3 β4 β5 β6 β7 β8

. The rule number,

R =
8∑

i=1

βi28−i, of elementary CA ranges from 0 to 255. We will restrict our con-

siderations to legal rules : rules that are reflection symmetric (β2 = β5, β4 = β7),
and quiescent(β8 = 0) . These restrictions leave 32 possible legal rules.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 11–20, 2004.
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2 Memory

Standard CA are ahistoric (memoryless): i.e., no memory of previous iterations
except the last one is taken into account to decide the next one. In this paper,
a variation of the conventional one-dimensional CA is considered, featuring cells
by a summary state in all the previous time steps . Thus, what is here proposed is
to maintain the transition rules (φ) unaltered, but make them actuate over cells
featured by a summary of all their previous states : σ(T+1)

i = φ
(
s
(T )
j
∈ Ni

)
, s(T )

i

being a summary state of cell i after time-step T . We refer to these automata
considering historic memory as historic and to the standard ones as ahistoric.

A simple way of taking history into account is that of featuring cells by their
most frequent (mode) state (in case of a tie, the cell is featured by its last state).
Table 1 shows the spatio-temporal patterns of the legal rules affected by such
mode memory mechanism when starting from a single site live cell. As long as the
latest and most frequent states coincide after the two first time-steps, the historic
and ahistoric evolution patterns are the same till T = 3. But after the third
time-step, the last and the most frequent states often differ, and consequently
the patterns for the historic and ahistoric automata typically diverge at T = 4.
In the ahistoric context, the deterministic Rule 254 (1111110) progresses as fast
as possible: it assigns a live state to any cell in whose neighborhood there would
be at least one live cell. Thus, in the ahistoric model, a single site live cell will
grow monotonically, generating segments with size increasing two units with
every time step. The dynamics is slower in the historic model (see Table 1) :
the outer live cells are not featured as live cells until the number of times they
”live” is equal to the number of times they were ”dead”. Then the automaton
fires two new outer live cells. Rules 94 and 126 evolve much in the punctuated
equilibrium manner of Rule 254. The effect of memory on Rule 90 (01011010) is
dramatic: after T = 3 the most frequent state of all the cells is the dead one, so
Rule 90 dies out at T = 4 . The remaining rules in Table 1 generate period-two
oscillators as soon as at T=2.

Historic memory can be weighted by applying a geometric discounting pro-
cess in which the state σ(T−τ)

i , obtained τ time steps before the last round, is
actualized to the value: ατσ

(T−τ)
i (α being the memory factor). This well known

mechanism fully ponders the last round, and tends to forget the older rounds.
After the time step T , the weighted mean of the states of a given cell ( i) is :

m
(T )
i (σ(1)

i , σ
(2)
i , . . . , σ

(T )
i ) =

σ
(T )
i +

T−1∑
t=1

αT−tσ
(t)
i

1 +
T−1∑
t=1

αT−t

≡ ω
(T )
i

Δ(T )
(1)

The choice of α simulates the long-term or remnant memory effect : the limit
case α = 1 corresponds to the full memory model just introduced, whereas
α << 1 intensifies the contribution of the most recent states and diminishes the
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contribution of the past ones (short type memory). The choice α = 0 leads to
the ahistoric model. This memory mechanism is accumulative in their demand
of knowledge of history : to calculate the term ω

(T )
i of m(T )

i it is not necessary to
know the whole

{
σ

(t)
i

}
series, while sequentially compute: ω(T )

i = αω
(T−1)
i +σ(T )

i .
The rounded weighted mean state (s) will be obtained by comparing its

weighted mean (m) to 0.5, so that: s
(T )
i =

⎧⎪⎨⎪⎩
1 if m

(T )
i > 0.5

σ
(T )
i if m

(T )
i = 0.5

0 if m
(T )
i < 0.5 .

In our

two-states scenario, memory is not effectively implemented unless α > 0.5 ([4]).
It should be emphasized that the memory mechanism considered here is

different from that of other CA with memory reported in the literature1, which,
typically, incorporate memory into the transition rule. Particularly interesting
is the second order in time reversible formulation based on the exclusive OR
(noted ⊕) : σ(T+1)

i = φ
(
σ

(T )
j ∈ Ni

)
⊕ σ(T−1)

i . Double memory (in rule and in

cells) can be implemented as : σ(T+1)
i = φ

(
s
(T )
j ∈ Ni

)
⊕ s(T−1)

i , but to preserve
reversibility, inherent in the XOR operation, the reversible formulation with
memory must be : σ(T+1)

i = φ
(
s
(T )
j ∈ Ni

)
⊕ σ(T−1)

i ([4]) . We have studied the
effect of memory on CA in the deterministic scenario in a previous work ([2]-[8]).

Table 1. Legal rules affected by mode memory when starting from a single site live
cell up to T = 8. Live cells: � last (σ=1), � most frequent (s = 1).

146,218 178,250 222
R 18,90 R 22,54 R 50,122 R 94 R 126 R 150,182 R 254
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3 Probabilistic Cellular Automata with Memory

So far the CA considered are deterministic. In order to study perturbations
to deterministic CA as well as transitional changes from one deterministic CA
to another, it is natural to generalize the deterministic CA framework to the
probabilistic scenario where the βi are replaced by probabilities pi (0 ≤ pi ≤
1 See, for example, [1],p.43; or class IMEIMO in [9],p.7. The latter shows an example

of 2D CA with memory, but to the best of our knowledge the study of the effect of
memory on deterministic CA has been rather neglected.
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1). Kinzel [10] and Domany and Kinzel [11] pioneered in the study of these
probabilistic CA (PCA for short).

As in the deterministic scenario, memory can be embedded in PCA by featur-
ing cells by a summary of past states si instead of by their last state σi. A last but
not least disclaimer must be done of the use of the term memory as entering into
the probabilistic scenario. We embed historic memory into the characterization of
cells but not directly in the construction of the stochastic transition rules, so we
are dealing with probabilities of the generic form P

(
σ

(T+1)
i = 1

/
s
(T )
i−1, s

(T )
i , s

(T )
i+1

)
and not with some form of memory mechanism (of length τ) in which the past
configurations (σ = {σi, i = 1, . . . , N}) determine the transition probabilities
: P

(
σ

(T+1)
i

= 1
/
σ(T ), σ(T−1), . . . , σ(T−τ)

)
as done in the specialized literature

when dealing with memory in PCA (e.g.,[12]) .
Legal rules are now of the form (p1, p2, p3, p4, p2, p6, p4, 0) . The five probabil-

ities parameterize a five-dimensional hypercube , where the deterministic rules
are placed in the 32 corners. Elementary CA quickly evolve into configurations
with a density of non null states fluctuating about a given mean (ρ) so the asymp-
totic density is considered in the literature as a natural order parameter in the
phase space . In this paper we focus on two particular sides of the hypercube,
those defined by the structure of probabilities : i)

(
0, 0, p3, 1, 0, p6, 1, 0

)
, with de-

terministic corners the Rules 18, 22, 50 and 54 , and ii)
(
p1, p2, p1, p2, p2, 0, p2, 0

)
,

with corners 0, 90, 160 and 250. The former is a very interesting subset as in-
cluding not only Rule 18 (one of the first rules carefully analyzed) but also the
complicated (to avoid the coined term complex ) Rules 22 and 54. The rules with
the structure ii) are peripheral 2 and totalistic σ(T+1)

i = φ
(
σ

(T )
i−1 +σ

(T )
i+1

)
such as

Rule 90 : σ(T+1)
i = σ

(T )
i−1 +σ

(T )
i+1 mod 2 . The subset ii) has been very much stud-

ied due to the equivalence between peripheral PCA and the problem of directed
percolation [11]. By the way, Rule 22 in i) is totalistic but not peripheral.

4 The Simulations

The simulations in this work were run for 1000 time steps on a lattice consisting
of 500 sites with periodic boundary conditions. All the simulations start from
the same random initial configuration, in which the value of each site is initially
uncorrelated, and is taken to be 0 or 1 with probability 0.5 . All the PCA evolve
with identical realizations of the stochastic noise. The memory factor α varies
from 0.5 (ahistoric model) to 1.0 (fully historic) by 0.1 intervals.

Figure 1 shows the spatio-temporal patterns of four significant deterministic
rules affected by memory. Figures 2 and 3 show the asymptotic density (ρ) of the
PCA rules of the two subsets just described, when varying the free probabilities
(p3,p6 , and p1,p2) from 0 to 1 by 0.02 intervals. The asymptotic density was taken
as the mean density over the last 100 iterations. Table 2 shows the numerical

2 Rules with no dependence in φ on the state of the cell to be updated. Some authors
feature such rules as rules with no memory
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values of ρ of the deterministic rules affected by memory. Memory has no effect
on in Rules 0, 160, 250 (subset ii)) or has a minimal effect in Rule 50 3.

Table 2. Asymptotic densities of the deterministic rules affected by memory

α = 1.0 0.9 0.8 0.7 0.6 0.5
RULE 18(00010010) 0.120 0.000 0.000 0.012 0.108 0.250
RULE 22(00010110) 0.359 0.038 0.026 0.295 0.357 0.356
RULE 50(00110010) 0.478 0.500 0.500 0.500 0.500 0.500
RULE 54(00110110) 0.461 0.000 0.020 0.412 0.411 0.478
RULE 90(01011010) 0.503 0.521 0.497 0.495 0.507 0.500

Let us first examine the effect of memory on subset i), featured to a great
extent by the effect on the deterministic corners. History has a dramatic effect
on Rule 18, as is shown in Fig.1 . Even at the low value of α = 0.6, the appear-
ance of the spatio-temporal pattern fully changes: a number of isolated periodic
structures are generated, far away from the distinctive inverted triangle world of
the ahistoric pattern. For α = 0.7, the live structures are fewer, advancing the
extinction found in [0.8,0.9]. In the fully historic model, only periodic patterns
of live cells survive (simpler than for α = 0.6). The evolution of the density ac-
cording to Rule 18 in the ahistoric model yields an asymptotic density ρ � 1/4
(a value reached fairly soon). Historic memory induces a depletion of ρ, null for
α = 0.8 and α = 0.9, as quantified in Table 1. The effect of memory on Rules 22
and 54 is similar. Their spatio-temporal patterns in α = 0.6 and α = 0.7 keep
the essential feature of the ahistoric, although the inverted triangles become en-
larged and tend to be more sophisticated in their basis. A notable discontinuity
turns out for both rules ascending in the value of the memory factor: when α is
in the [0.8,0.9] interval, extinction or a few periodic structures surviving is found
for both rules. But unexpectedly, the patterns of the fully historic scenario differ
markedly from the others, showing a high degree of synchronization. Both rules
present notably close values of the asymptotic densities in the ahistoric and full
memory scenarios (see Table 2).

The effect of memory on the deterministic corners of the subset i) in reflected
in the asymptotic density graphs of Fig.2. Thus, the inhibition induced by mem-
ory on Rules 18, 22 and 54 when α is in the [0.8,0.9] interval is reflected in a clear
depletion of the corresponding graphs in Fig.2, in which only the proximities of
the corner R50 are not depleted. When α varies in the [0.6,0.7] interval, the ρ
value of Rule 54 is not notably altered, thus depletion in the 0.6 and 0.7 graphs
3 This is unusual but not extremely exceptional in the deterministic scenario. This is

case of Rules such as 0, 160 or 32 which early evolve to the null state, or, of Rules
250 and 254 which blacken the space, very soon in the ahistoric model, a little later
with memory. Rules which serve as filters (Class II), such as Rules 4, 50 72, 76, 200,
204, 232 and 236 are also minimally affected by memory. When dealing with more
than two states, memory tends to affect almost every rule ([3])
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is restricted only to the R18 corner. The aspect of the full memory graph is fairly
particular, with a dominant tendency to the null value in proper probabilistic
rules, but not in the fairly deterministic ones (the sides).

The evolution of Rule 90 (subset ii)) is typically featured as chaotic in the
ahistoric scenario. The totalistic Rule 90 shows a much smoother evolution from
the ahistoric to the historic scenario (Fig.1): no pattern evolves to full extinction
nor to the preservation of only a few isolated persistent propagating structures
(solitons). In the ahistoric scenario it is ρ � 1/2 for Rule 90, independently
of the initial density ρ0 �= 0 . When historic memory is taken into account, ρ
varies little from this value (see Table 2). Again, the effect of memory on the
deterministic corners is reflected in Fig.3. Thus, the gradual effect of memory
on Rule 90 is reflected in a smooth effect of memory on the graphs of Fig.3

The results found here starting with an initial density ρ0 = 0.5 regarding the
asymptotic density, have been found similar when starting from a high initial
density (0.9) and a low one (0.1). We have studied the effect of memory on
the damage spreading: the difference between two replicas, which evolve with
the same dynamics but from different initial configurations, in both subsets. As
a rule, the effect of memory on the difference patterns mimics that on spatio-
temporal patterns.

The smooth effect of memory on the peripheral and totalistic subset ii) has
been found also for other totalistic but non peripheral subsets, in particular on
the important PCA subsets studied by Kinzel [10]: (p2, p2, p2, p4, p2, p4, p2, 0),
(p1, p2, p2, p2, p2, p2, p2, 0), and (p4, p2, p2, p4, p2, p4, p2, 0). We have explored the
effect of memory in a number of different no totalistic subsets. We expect to
report the results of the effect of memory on these subsets in a subsequent work.

5 Other Memories, Other Contexts

A number of alternative average-like memory mechanisms can readily be pro-

posed by writing the components of (1) as : ω(T )
i =

T∑
t=1

δtσ
(t)
i , Δ(T ) =

T∑
t=1

δt

. Thus, the weighting factor can be implemented in an exponential way :
δt = e−β(T−t), β ∈ IR+ (equivalent to a geometric discount model with α = e−β),
or in an inverse way, so that the older rounds are remembered more than the
more recent ones, by choosing δt = αt−1 . Weights such as δt = tc or ct, c ∈ IN, al-
low integer based implementation (à la CA) by comparing 2ω(T ) toΔ(T ) ([3],[6]).

Departing from the weighted mean memory scheme, cells can be featured by
the parity with the sum of previous states, or by some neural-like form: s(T )

i =

H( T∑
t=�

δtσ
(t)
i − θ

)
. A limited trailing memory can be implemented by keeping

memory of the last τ states. Ahistoric and historic models can be combined by
different types of characterizations of the cells of the neighborhood.
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Fig. 1. Spatio-temporal patterns of four legal CA rules affected by memory. The simula-
tion was conducted in a lattice of size 500. The values of sites in the initial configuration
are chosen at random to be 0 or 1 with probability 1/2 . The pictures show the evolu-
tion of the central band of 250 sites from the initial configuration up to T = 150.. The
memory factor α is varied from 1.0 (full memory) to 0.5 (ahistoric) by 0.1 intervals.
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Fig. 2. The asymptotic density of the legal probabilistic CA rules of the form
(0, 0, p3, 1, 0, p6, 1, 0) in the scenario of Fig.1. The probabilities p3 and p6 are varied
from 0 to 1 by 0.02 intervals . The asymptotic density is taken as the mean density
over the last 100 of 1000 time steps.

Historic memory can be embedded in continuous CA, in which σ ranges in
IR , by : σ(T+1)

i = Φ
(
m

(T )
j
∈ Ni

)
. Memory can be implemented in this way in

Coupled Map Lattices, fuzzy CA (see an example in [7]), or Quantum CA.
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Fig. 3. The asymptotic density of the legal probabilistic CA rules of the form
(p1, p2, p1, p2, p2, 0, p2, 0) in the scenario of Fig.2.

We have explored the effect of incorporating memory into discrete dy-
namical systems : x(T+1) = f(x(T )) by means of x(T+1) = f(m(T )) with

m(T ) = 1
Δ(T )

T∑
t=1

αT−tx(t). Thus, [3] deals with the canonical example, the lo-
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gistic map with memory : x(T+1) = m(T ) + 3.0m(T )(1 −m(T )) . A low level of
memory (α = 0.1) smooths the characteristic chaotic dynamics of the ahistoric
formulation; higher α values generate periodic behaviour, and from α = 0.4 the
evolution leads to a fixed point (x = 1) . From chaos to order, by varying not
the parameter of the model (λ = 3.0) but the degree of memory incorporated.

6 Conclusion

This paper introduces the kind of probabilistic CA with memory in cells (PCA)
in the simplest (elementary) scenario by considering two particular sides of the
hypercube of elementary PCA. One of the subsets is highly disrupted by memory,
the effect of memory on the other subset is fairly smooth. The approach here is
mainly descriptive. A more complete analysis of the PCA is left for future work.
Phase transitions in particular demand a detailed study. Some critics can argue
that memory is not in the realm of CA (or even of Dynamic Systems), but we
believe that the subject is worth to studying. At least CA with memory in cells
can be considered as a extension of the basic paradigm, useful in modeling.

Acknowledgements. Luis Seidel (UPM) contributed to the computer imple-
mentation of this work, supported by CICYT AGL2002-04003-C03-02 AGR .
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Abstract. Computation- and construction-universality in cellular au-
tomata (CA), first studied by von Neumann, has attracted steady re-
search efforts, over the years, most employing synchronous CA. Asyn-
chronous cellular automata (ACA), though of interest as most interac-
tions in nature are asynchronous, have not been used for this task, other
than by the indirect way of simulating a synchronous CA. In this paper,
we propose a universal constructor on a self-timed cellular automaton
(STCA), a particular type of ACA, in which cells are divided in four
partitions, each with four states.

1 Introduction

Biological self-reproduction was first investigated formally in terms of von Neu-
mann’s cellular automaton (CA) capable of universal computation and construc-
tion [1]. Requiring cells with 29 states, this CA implements a universal construc-
tor able to construct an arbitrary structure on an initially blank space, given
its blueprint. Follow-ups to this study are the 8-state CA of Codd [2], the 4-
state CA of Banks [3], and the 3-state CA of Serizawa [4], all computation- and
construction-universal. These investigations have been limited to synchronous
systems, while there has been hardly research on asynchronous systems.

In the context of asynchronous systems, Priese [5] investigated computation
and construction on a Thue system that resembles CA. Nehaniv [6] implemented
self-reproduction on an asynchronous cellular automaton (ACA) based on the
method by Nakamura [7], in which a synchronous CA is simulated on an ACA,
but this technique suffers from overhead in terms of cell states and number of
transition rules. Lee et al. [8], Adachi et al. [9], and Peper et al. [10] studied
computation on ACAs, not by this simulation technique, but by directly embed-
ding delay-insensitive (DI) circuits on them, a type of asynchronous circuit in
which signals may be subject to arbitrary delays without this being an obstacle
to the circuit’s correct operation (e.g. see [10,11]). Peper et al. [12] proposed a
computation-universal self-timed cellular automaton (STCA), a particular type

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 21–30, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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of ACA, in which the state of each cell is partitioned into four parts, each of which
corresponds with a neighboring cell. There have been no construction-universal
ACAs (or STCAs) proposed, however, by the direct method.

This paper shows that computation- and construction-universality can be
implemented on an STCA by the direct method, in a similar way as von Neu-
mann’s construction. Our model employs cells with states encoded by 8 bits,
and 39 rotation-invariant transition rules.

This paper is organized as follows. We define self-timed cellular au-
tomata in Sect. 2, starting with computation-universality, and then move on
to construction-universality. The construction arm and the tape unit, each part
of the constructor, are described in Sects. 3 and 4, respectively. Sect. 5 gives the
basic idea of the universal constructor implementation, and finishes this paper
with a discussion and conclusion.

2 Self-Timed Cellular Automata

A self-timed cellular automaton (STCA) [12] is a two-dimensional asynchronous
cellular array of identical cells, each of which has a state that is partitioned into
four parts in one-to-one correspondence with its neighboring cells. For example,
if each part of a cell state consists of 1 bit, a cell can be in one of 16 states
encoded by 4 bits, and the cellular space is an array like in Fig. 1. Each cell
undergoes transitions in accordance with a transition function f that operates
on the four parts of the cell qn, qe, qs, qw and the nearest part of each of its four
neighbors pn, pe, ps, pw. The transition function f is defined by

f : (qn, qe, qs, qw, pn, pe, ps, pw)→ (q′
n, q

′
e, q

′
s, q

′
w, p

′
n, p

′
e, p

′
s, p

′
w), (1)

where a state symbol to which a prime is attached denotes the new state of a
partition after update (see Fig. 2). We assume that transition rules on an STCA
are rotation symmetric, thus each of the rules has four rotated analogues.

In STCA, transitions of the cells occur at random times, independent of
each other. Since a transition on a cell may change bits of neighboring cells,
two neighboring cells undergoing transitions simultaneously may write different
values in shared bits. To prevent such a situation, we assume that neighboring
cells never undergo transitions simultaneously.

2.1 Morita’s Rotary Element

Morita’s Rotary Element (RE) [13] is a logic element with four input lines
{n, e, s, w}, four output lines {n′, e′, s′, w′}, and two states — the H-state and the
V-state, which are displayed as horizontal and vertical rotation bars respectively
(see Fig. 3). If a signal comes from a direction parallel to the rotation bar of an
RE, it passes straight through to the opposite output line, without changing the
direction of the bar (Fig. 4(a)); if a signal comes from a direction orthogonal to
the bar, it turns right and rotates the bar by 90 degrees (Fig. 4(b)). It is possible
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Fig. 1. An example of self-timed cellular
space. A filled circle denotes a 1-bit, and
an open circle denotes a 0-bit.
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Fig. 2. Transition rule in accordance with
the function f .
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Fig. 3. An RE in (a) H-state and an RE
in (b) V-state.

(a)

(b)

Fig. 4. The operations of an RE: (a) the
parallel and (b) the orthogonal case.

to construct a universal Turing machine as a circuit composed of only REs, as
shown by Morita [13], implying that an RE is a universal logic element.

An RE can be considered as a kind of a DI circuit. Unlike most DI-circuits
in practical applications, however, a circuit constructed entirely from REs —
denoted as RE-circuit — contains at most one signal at a time.

2.2 STCA Model Embedding the Rotary Element

Here we explain an STCA model that embeds any arbitrary RE-circuit, whereby
each part of a cell state takes 2 bits. The transition rules are depicted in Fig. 5.

(2)(1)

(5)

(4)(3)

Fig. 5. Transition rules to implement a Rotary Element. The resulting STCA is
computation-universal. A filled circle denotes a 1-bit; a 0-bit is not shown.

A signal is defined by Rule #1, and is called a D-signal. A D-signal is used
to conduct ordinary computation. Fig. 6 shows how to transmit a D-signal to-
wards the north on a straight path of continuous cells, all bits of which are 0;
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transmitting a signal towards the east, the south, and the west are done in a
similar way, due to the rotation-symmetry of transition rules.

A few basic signal routers are defined from Rules #2–4: an input/output
multiplexer (IOM), a merge, and an LR-turn for D-signal. An IOM is just a right-
turn element for a D-signal that works for signals coming from two directions
(see Fig. 7(a)); it has one input path, one output path, and one bi-directional
path. An input signal on the input path is output to the bi-directional path (Rule
#2), and an input signal on the bi-directional path is output to the output path
(Rule #3). A merge is an operator with two input paths and one output path
(see Fig. 7(b)), which redirects a D-signal arriving from one of the input paths
to the output path (Rules #2, 4). An LR-turn for D-signal is an operator with
two bi-directional paths (see Fig. 7(c)), which redirects a D-signal arriving from
one path to the other path (Rules #3, 4). These three elements are realized by
a simple pattern on the STCA, a stable quadruple that consists of four 1-bits
bonded together (see Fig. 7).

A rotation bar, realized by a row or a column of two stable quadruples, is
introduced in analogy to that of RE (see Fig. 3). A signal coming from a direction
orthogonal to the bar will turn right and rotate the bar by 90 degrees (Rule #5).

...
1 1 1

Fig. 6. Signal transmission
northwards. The shaded cell
in each configuration will be
updated according to Rule #1.

D

D

D

(a) IOM

D D
D

(b) Merge (c) LR-Turn
for D-signal

D

D

Fig. 7. The operations of a stable quadruple, as (a)
an IOM, (b) a merge, and (c) an LR-turn for D-
signal. Each arrow denotes a signal path, and the
character D alongside it denotes the signal’s type.

An RE can be composed of stable quadruples as shown in Fig. 8. In this
implementation, an input/output path pair on each side of an RE is represented
by a bi-directional path. By connecting IOMs to the bi-directional paths of the
RE in Fig. 8, a regular RE like in Fig. 3 can be constructed. Fig. 9 illustrates
the traces of an RE operating on a signal coming from its input line (a) parallel
or (b) orthogonal to the rotation bar. The STCA is computation-universal in
the sense that a universal Turing machine composed of REs (see [13]) can be
embedded on it.

A stable quadruple is the smallest element in circuits implemented on the
STCA, since the basic elements such as an IOM, a merge, and an RE can be con-
structed from it (see Figs. 7 and 8). In this paper, we assume that any circuit on
the STCA is represented by a specific configuration of stable quadruples, so that
a universal constructor can be regarded as a machine that puts stable quadruples
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n, n′

e, e′

s, s′

w, w′

Fig. 8. Realization of an RE on the
construction-universal STCA.

(a) (b)

Fig. 9. A signal passing through an RE: (a)
the parallel and (b) the orthogonal case.

on desired places. The rules required for this (see Fig. 10) are explained in the
remaining sections.

(6) (7) (8) (9)

(10) (11) (12) (13)

(14) (15) (16) (17)

(22) (23) (24) (25)

(26) (27) (28) (29)

(18) (21)(19) (20)

(36) (37)

(38)

(30) (31)

(39)

(32) (33)

(34) (35)

Fig. 10. The transition rules in the STCA, which are used to realize a construction
arm and a tape unit. A filled circle denotes a 1-bit and an open circle denotes a 0-bit,
but most 0-bits are not shown except when required to avoid ambiguities.

3 The Construction Arm

The construction arm, a part of the universal constructor, plays the main role
in construction: it moves a writing head over the cell space, and constructs
desired structures. In Fig. 11, (a) the initial state and (b) the working state are
illustrated. The initial state is composed of only stable quadruples. The I/O
path I is used for initialization of the construction arm; L, R and D are used to
operate the writing head. The initializing process of the arm is described after
we describe how it works.
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D

(a) initial (b) working

D

D D

Writing Head
D,R,L

Flexible Path

Signal Converter

II

R R

L L

D D

Fig. 11. Configurations of the construction arm in (a) the initial state and (b) the
working state. There are four I/O paths I, L, R, and D. Each I/O path is represented
as an solid arrow or a broken arrow, the former denoting it is available in the particular
(initial or working) state of the arm and the latter denoting it is not. The characters
alongside each arrow denote what kinds of signals can be transmitted on it.

A construction arm in the working state (see Fig. 11(b)) can be divided into
three parts: a flexible path, which is a bi-directional path connecting with the
other two parts, a signal converter, and a writing head. In the construction arm,
three kinds of signals, a D-, an R-, and an L-signal, are used to transport infor-
mation to (from, respectively) the writing head from (to) the signal converter
through the flexible path. The L-signal and the R-signal are each represented
by a 1-bit, and transmitted similarly to a D-signal, according to Rules #6 and
#7, respectively (see Fig. 10). If a D-signal is input to the I/O path L, R, or
D, it is converted into, respectively, an L-signal, an R-signal, or just redirected
as is, after which the L-, R-, or D-signal is fed to the writing head through the
flexible path. If an L-, an R-, or a D-signal is returned from the head, a D-signal
is output to the path L, R, or D, respectively.

On a flexible path, an LR-turn for all signals defined by Rules #8–13 (see
Fig. 10) is used to change the direction of a path transmitting a D-, an L-, or an
R-signal. Unlike an LR-turn for D-signal (Fig. 7(c)), this LR-turn is represented
by two stable quadruples, and turns all kinds of signals as well as the D-signal
(see Fig. 12(a)).

A signal converter is represented by the combination of a D-LR multiplexer
and a D-LR converter (see Figs. 11(b) and 12(b), (c)). A D-LR multiplexer
(Fig. 12(b)) is also an LR-turn for D-signal (Fig. 7(c)), but an L/R-signal arriving
from the left path (the right path, respectively) is unaffected by it, and is just
output to the right path (the left path) (see Rules #14–17). A D-LR converter
(Fig. 12(c)) is an operator that converts a D-signal arriving from the upper path
(or the lower path, respectively) into an L-signal (or an R-signal), and outputs
it to the right path (see Rules #18, 19). Conversely, an L-signal (or an R-signal,
respectively) arriving from the right path is converted into a D-signal and is
output to the upper path (or the lower path) (see Rules #20, 21).

A writing head (Fig. 12(d)) can put stable quadruples on its reach. If a D-
signal is fed to the writing head, it creates a stable quadruple and returns a D-
signal (see Fig. 13(a)i and Rule #22). With more D-signal(s), the writing head
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D,L,R

D,L,R

L,R

D

D,L,R
D

D

L,R

(a) LR-Turn (b) D-LR Multiplexer (c) D-LR Converter

D,L,R
Reach

(d) Writing Head

Fig. 12. Elements used for the construction arm: (a)–(c) are stable patterns, but (d)
a writing head can be moved by an input signal.

creates any combination of stable quadruple(s) on its reach (see Fig. 13(a)ii, iii
and Rules #23, 24). If an L-signal is fed to the writing head, the arm is extended,
and an L-signal is returned (see Fig. 13(b)i and Rules #25, 26); to change the
direction of the arm to the left (respectively, the right), a D-signal (respectively,
two D-signals) and an L-signal are subsequently fed to the head (see Fig. 13(a)i,
ii, (b)ii, iii, and Rules #26–28). This allows the flexible path to form an arbitrary
shape without crossing. Feeding an R-signal to the head results in the withdrawal
of the arm, and an R-signal is returned; any configurations written by the head
on its reach will be kept intact, however (see Fig. 13(c) and Rules #29–35).

(a) D D D D D D

(b) L L L L

L L

(c) R R RR

RR

i. ii. iii.

i. ii. iii.

i. ii. iii.

22 23 24

25,26,
6

27,26,
10

28,26,
11

7,*,
30

13,*,
34

12,*,
35

Fig. 13. The operations of a writing head: (a) creation of stable quadruples, (b) ex-
tension of the arm, and (c) withdrawal of the arm. Each thin arrow represents an
input/output signal. Integers or ∗ above each thick arrow denote the transition rules,
where ∗ ∈ {29, 31, 32, 33}. In (c) withdrawal, the shaded bits can be all 0-bits or can
contain one or two stable quadruple(s).

In the initial state of the construction arm (see Fig. 11(a)), a D-signal first
has to be input to the I/O path I, creating a D-LR converter from three stable
quadruples (see Fig. 14 and Rule #36). As the path I is only used to initialize the
writing head, we leave out I from the figures in the following. After initialization,
a D-signal is sent to L to create the head (see Fig. 15(a) and Rule #37). I/O paths
D and R are not available until the head is created. Destruction of the writing
head is shown in Fig. 15(b): unlike the usual withdrawal, an L-signal is returned
due to Rule #38. To rewind the extended arm, it suffices to continuously give
an R-signal to the head until an L-signal is returned from it, which indicates
that the rewind is completed.
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D D
36

Fig. 14. Creation of a D-LR
converter from three stable
quadruples.

L L R L(a) (b)

37,26,
15

16,29,
38

Fig. 15. (a) Creation and (b) destruction of a writing
head.

An example of constructing a construction arm is shown in Fig. 16. For this
construction, the following command sequence is used:

LLDLLLDDLLLDDRRDDDRRDDLLLDDRRDD, (2)

where each character means giving a signal to the corresponding I/O path. The
construction arm should be rewound after construction, but this is not shown. It
is clear that the arm can construct every structure composed of stable quadruples
in this way, as long as an appropriate command sequence is given.

D

D D Desired Pattern
to be Constructed

D

D D

RR

LL

DD

Fig. 16. Example of constructing a construction arm (Fig. 11(a)) by the command
sequence in (2). The LHS represents the configuration in which the first command L
has already been executed.

4 The Tape Unit

The tape unit operates the cursor on the tape, and conducts reading/writing
operations on it (see Fig. 17). A tape is represented as an infinite series of bits,
each of which is represented by the presence (1-bit) or absent (0-bit) of a stable
quadruple. The tape unit resembles the construction arm: the cursor is the same
as the writing head, and moves forward and backward by an L- and an R-
signal, respectively (see Fig. 13(b)i, (c)i). Note that two L-signals are needed for
initialization, i.e., to set the cursor on the left end of the tape (zero position).

The reading operation is conducted by executing the command sequence
DL. Fig. 18 shows the situation after processing the D-signal. When an L-signal
is input, the bit pointed to by the cursor is read and erased: return of an L-
signal (respectively, an R-signal) corresponds to a 0-bit (a 1-bit). Reading a
1-bit like in Fig. 18(b) requires a new rule (Rule #39). To return the cursor
to the proper state in which it can conduct its next operation, it needs to be
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(a) initial

....

0 1 2 3 ....

(b) working

....

0 1 2 3 ....

D

D DTape Cursor

D

Zero Potision
RR

LL

DD

Fig. 17. The tape unit in (a) the initial state and (b) the working state. The presence
or absence of a stable quadruple on the tape represents a 1-bit or a 0-bit, respectively.

L R

(b) 1-bit

L L

(a) 0-bit

27,26,
10

27,39,
12

Fig. 18. Reading operation of the cursor by the command sequence DL, when the bit
pointed to is (a) a 0-bit or (b) a 1-bit, resulting in an L- or R-signal, respectively. In
(b), the bit is cleared after reading.

Construction ArmControl Unit

Tape Unit

Begin

End

Fig. 19. Implementation of universal constructor on the STCA.

recovered by inputting the sequence R or DR to it (see Fig. 13(a)i, (c)ii). This
has the (desired) side effect that a 0-bit or a 1-bit, respectively, is rewritten to
the tape position.

5 Discussion and Conclusion

In Sects. 3 and 4, we showed the construction arm and the tape unit implemented
on the STCA. By connecting the above two parts and their control unit that
interprets the tape contents and sends appropriate commands to the appropriate
paths of the construction arm, it is possible to construct a universal constructor.
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Note that the control unit is a finite state machine, so it can be realized by
a RE-circuit (see Sect. 2) in a similar way as in [13]. The implementation of a
universal constructor is shown in Fig. 19, in which the construction arm and the
tape unit are each equipped with a microcontroller realized by a RE-circuit to
interface with the control unit, but we cannot describe this implementation in
detail due to a lack of space (see the extended version of this paper [14] for
details).

The construction-universal STCA presented in this paper requires only 39
rules, and the required configuration is compact, witness the implementation in
Fig. 19.
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Abstract. In this paper, we investigate the study of the sequences gen-
erated by maximum-length 90/150 cellular automata(CA) sequences. We
propose a method computing the relative phase shifts of all pseudo-noise
sequences which have the same characteristic polynomial. As a special
case of this method, we give an algorithm to compute relative phase
shifts between stages of a CA. This is a very simple and efficient method
than the already proposed methods.

1 Introduction

Cellular automata(CA) are mathematical idealizations of physical systems in
which space and time are discrete, and each cell can assume the value either 0
or 1. The cells evolve in discrete time steps according to some deterministic rule
that depends only on logical neighborhood. For the simplest case, Wolfram [13]
suggested the use of a simple two-state, 3-neighborhood one-dimensional CA
with cells arranged linearly in one dimension. Each cell is essentially comprised
of a memory element and a combinatorial logic that generates the next-state of
the cell from the present-state of its neighboring cells(left, right and self). The
CA-based scheme for generation of pseudoexhaustive patterns has reported in
[1]- [2] and so on. The phase shift analysis of CA([3], [4], [13]), based on 90/150
matrices whose characteristic polynomials are primitive, has been investigated
by Bardell [1]. He calculated the phase shifts between the output sequences
generated by different stages of a maximum-length 90/150 CA by using discrete
logarithms of a binary polynomial. Nandi and Chaudhuri [9] proposed a method
for the study of phase shift analysis based on matrix algebra. They showed that
every cell position of a maximum-length 90/150 CA generates the same pseudo-
noise sequence corresponding to the characteristic polynomial of the CA with a
phase shift.

Recently, Sarkar [10] gave an algorithm to compute phase shifts. This was
achieved by developing the proper algebraic framework for the study of CA se-
quences. In this paper, we study the sequences generated by maximum-length
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90/150 CA sequences. And we apply these to phase shifting of sequences gen-
erated by a maximum-length 90/150 CA. From these applications we give an
improved method to compute phase shifts, which is different from those meth-
ods of Bardell’s [1], Nandi and Chaudhuri’s [9], and Sarkar’s [10].

2 Preliminaries

A CA consists of a number of interconnected cells arranged spatially in a regular
manner, where the state transition of each cell depends on the states of its
neighbors. The CA structure investigated by Wolfram [13] can be viewed as a
discrete lattice of sites (cells), where each cell can assume the value either 0
or 1. The next-state of a cell is assumed to depend on itself and on its two
neighbors (3-neighborhood dependency). If the next-state function of a cell is
expressed in the form of a truth table, then the decimal equivalent of the output
is conventionally called the rule number for the cell.

Neighborhood state 111 110 101 100 011 010 001 000
Next state 0 1 0 1 1 0 1 0 rule 90
Next state 1 0 0 1 0 1 1 0 rule 150

The top row gives all eight possible states of the three neighboring cells (the
left neighbor of the ith cell, the ith cell itself, and its right neighbor) at the time
of instant t. The second and third rows give the corresponding states of the ith
cell at the time of instant t+ 1 for two illustrative CA rules. On minimization,
the truth tables for the rules 90 and 150 result in the following logic functions,
where ⊕ denotes XOR logic and qt

i denotes the state of the ith CA cell at the
time of instant t, qt

i−1 and qt
i+1 refer to the state of its left and right neighbors;

rule 90 : qt+1
i = qt

i−1 ⊕ qt
i+1

rule 150 : qt+1
i = qt

i−1 ⊕ qt
i ⊕ qt

i+1

Let IF2 be the Galois field with cardinality 2 and IF2[x] the set of all polyno-
mials whose coefficients are members of IF2.

Definition 1. [6] Let f(x) = c0 + c1x + · · · + cn−1x
n−1 + xn be an n-degree

primitive polynomial, where c0, c1, · · · , cn−1 ∈ IF2. Then f(x) generates a peri-
odic sequence whose period is 2n−1. This sequence is called a pseudo-noise(PN)
sequence.

The following definitions and theorem are in [7].

Definition 2. A sequence {st} is said to be a kth order homogeneous linear
recurring sequence if

st+k = c0st + c1st+1 + · · ·+ ck−1st+k−1 for t = 0, 1, · · · , (∗)
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where c0, c1, · · · , ck−1 ∈ IF2. The characteristic polynomial for the sequence de-
fined in (∗) is defined to be the following polynomial in IF2[x];

f(x) = c0 + c1x+ · · ·+ ck−1x
k−1 + xk.

Denote the set of all kth order homogeneous linear recurring sequences whose
characteristic polynomials are f(x) by Ω(f(x)).

Definition 3. A homogeneous linear recurring sequence in IF2 whose charac-
teristic polynomial is a primitive polynomial over IF2 and which has a nonzero
initial state vector is called a maximum-length sequence in IF2.

Maximum-length sequences are of fundamental importance in computer sci-
ence, cryptology and engineering.

Theorem 1. Let f(x) be a k-degree polynomial over IF2 and {st} ∈ Ω(f(x)).
Then {st} has the maximum-length 2k − 1 if and only if f(x) is primitive over
IF2.

3 Computing Phase Shifts

In this section, we study the sequences generated by maximum-length 90/150
CA sequences. Each cell position of the CA generates PN sequences [9].

Consider the following n× n tridiagonal matrix Tn

Tn =

⎛⎜⎜⎜⎜⎝
a1 1 0 0 0 · · · · · · 0 0
1 a2 1 0 0 · · · · · · 0 0
0 1 a3 1 0 · · · · · · 0 0
...

...
...

...
...

...
...

...
...

0 0 0 0 0 · · · · · · 1 an

⎞⎟⎟⎟⎟⎠ ,

where a1, a2, · · · , an ∈ IF2. We call Tn the state transition matrix for an n-cell
90/150 CA. Hereafter we write the matrix Tn by Tn =< a1, a2, · · · , an >.

For example, if T4 =< 0, 1, 0, 1 > is the state transition matrix for a given
4-cell 90/150 CA C, then the characteristic polynomial is f(x) = x4 + x + 1,
which is primitive. The following figure shows the structure of C.

Tezuka and Fushimi [12] asserted that for a given primitive polynomial f(x),
there exist exactly two maximum-length 90/150 CA whose characteristic poly-
nomials are f(x). If Tn =< a1, a2, · · · , an > is a state transition matrix corre-
sponding to f(x), then the other is T ′

n =< an, an−1, · · · , a1 >.

For example, let f(x) = x4 + x + 1. Then T4 =< 0, 1, 0, 1 > and T ′
4 =<

1, 0, 1, 0 > are state transition matrices corresponding to f(x).

For any n-cell 90/150 CA whose state transition matrix is Tn, the minimal
polynomial for Tn is the same as the characteristic polynomial for Tn([11]).
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Fig. 1. The structure of 90/150 CA C with T4

Theorem 2. Let Tn be the state transition matrix of an n-cell maximum-length
90/150 CA. Then there exists p(1 ≤ p ≤ 2n − 2) such that In ⊕ Tn = T p

n .

Corollary 1. Let Tn be the state transition matrix of an n-cell maximum-length
90/150 CA. Then there exists k(1 ≤ k ≤ 2n − 2) such that T k

n ⊕ T k+1
n = In.

Example 1. We consider a 4-cell 90/150 CA whose state transition matrix T4 is
as the following :

T4 =

⎛⎜⎝
0 1 0 0
1 1 1 0
0 1 0 1
0 0 1 1

⎞⎟⎠

The characteristic polynomial of T4 is f(x) = x4 + x+ 1, which is primitive.
We obtain T 11

4 ⊕ T 12
4 = I4.

From now on, we will simply write Tn by T .

Theorem 3. Let T be the state transition matrix for a given n-cell maximum-
length 90/150 CA. Then the ith row of Th and Tm are always different, where
0 ≤ i ≤ n− 1, 1 ≤ h < m ≤ 2n − 2.

Theorem 4. Let T be the state transition matrix for a given n-cell maximum-
length 90/150 CA and let w0 �= (0, 0, · · · , 0) be the initial configuration of T .
Then for any 1 ≤ i < j ≤ n − 1, there exists an integer h such that qt+h

j = qt
i

for all t ≥ 0, where qt
i denotes the state of the ith cell at the time of instant t.
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Let T be the state transition matrix for a given n-cell maximum-length
90/150 CA and let w0 = (1, 0, · · · , 0) be the initial configuration of T . Then
we obtain a (2n − 1) × n matrix A consisting of n independent PN sequences
generated by T as its columns. The sum of some columns of A is also another
PN sequence([6]). The number of PN sequences generated by n columns is equal
to nC1 + nC2 + · · ·+ nCn = 2n− 1. Thus we can get a (2n− 1)× (2n− 1) matrix
whose columns consist of all PN sequences generated by A. Such a matrix is
referred to as matrix M .

For example, let T =< 0, 1, 0, 1 >. Then A and M are given in Table 1.

Table 1. Matrices A and M for T =< 0, 1, 0, 1 >

A M

0 1000 100011100011101
1 0100 010010011011011
2 1110 111000101110001
3 1111 111100000011110
4 1100 110001111000110
5 1010 101010110101010
6 0001 000100101101111
7 0011 001101111011000
8 0110 011011001101100
9 1011 101110011000101
10 0010 001001010110111
11 0101 010110110110100
12 1101 110101010101001
13 1001 100111001110010
14 0111 011111100000011

For two configurations v and w of T , we define the row phase shift k of v
with respect to w such that T kv = w. In Table 1 the row phase shift of v with
respect to w is 12, where w = (1, 1, 0, 0) and v = (0, 0, 1, 1).

The relative phase shift of one column of M with respect to the other is
specified in the following theorems. The PN sequence generated by some cell
positions of the CA C is

∑n−1
i=0 aiqi where ai is the dependency of qi.

For example, let a0 = a1 = 1 and a2 = 0, then
∑2

i=0 aiqi = q0⊕q1. Therefore
q0 ⊕ q1 = {qt

0 ⊕ qt
1} = 1100101 · · · is the 3rd column of M .

Theorem 5. Let T be the state transition matrix of an n-cell maximum-length
90/150 CA and let w =

∑n−1
i=0 aiwi and v =

∑n−1
j=0 bjwj, where wt

i is the trans-

pose of wi = (0, 0, · · · , 0, i
1, 0, · · · , 0) (0 ≤ i ≤ n−1). Then there exists an integer

r such that
T rwt ⊕ T r+1wt = vt.
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Proof. We can find β such that T βwt = vt. By Theorem 2 there exists p such
that (In ⊕ T ) = T p. Let r ≡ β − p (mod 2n − 1). This completes the proof.

Theorem 5 says that −β is the row phase shift of v with respect to w of A.

The following theorem gives a method to compute phase shifts.

Theorem 6. Let T be the state transition matrix of an n-cell maximum-length
90/150 CA C. Let s and u be given two columns of M , where s =

∑n−1
i=0 aiqi

and u =
∑n−1

j=0 bjqj . If h is the phase shift of u with respect to s, then h ≡ −(r+
p) (mod 2n − 1), where r and p are in Theorem 5 and Theorem 2, respectively.

Proof. Let A be the (2n−1)×n matrix consisting of n independent PN sequences
generated by T as its columns and let (1, 0, · · · , 0) be the initial configuration
of T . Let w =

∑n−1
i=0 aiwi and v =

∑n−1
j=0 bjwj . Since T is symmetric, the phase

shift of u with respect to s is equal to the row phase shift of v with respect to
w. Therefore h ≡ −(r + p) (mod 2n − 1).

Example 2. Let C be the given CA with T =< 0, 1, 0, 1 > and (1, 0, 0, 0) the
initial configuration of T . Then we obtain matrices A and M as Table 1. Since
the characteristic polynomial of T is x4 + x + 1, p = 4 in Theorem 2. Let s =
(1, 1, 0, 0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 1)t and u = (0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 1, 1, 1, 0)t

in M . If we put w = (1, 1, 0, 0) and v = (0, 0, 1, 1), then by Theorem 5 r = 14.
Hence h ≡ −(14 + 4) ≡ 12(mod 15). The phase shift of u (which is the sum of
the 2nd cell position and the 3rd cell position of C) with respect to s (which is
the sum of the 0th cell and the 1st cell position of C) is 12.

Let s be the sequence combined the 0th column with the 1st column and u
the sequence combined the (n − 2)th column with the (n − 1)th column of the
matrix A obtained by the given CA rule and the initial vector (1, 0, · · · , 0).
Phase shifts of the sequence u with respect to the sequence s are given in
Table 2.

4 Algorithm to Compute Phase Shifts

Now we give an algorithm to find the phase shifts in a given n-cell maximum-
length 90/150 CA.

Algorithm FindPhaseShifts

Input: The state transition n× n matrix T , initial vector w = (1, 0, · · · , 0).
Output: phaseshift[n].

Step 1. mark1×n by 0; mark [0]=1;
power=1; phaseshift[0]=0.

Step 2. While (all mark �= 1) do step 3 to step 5.
Step 3. wt = Twt. /* Run the CA */
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Table 2. Phase shifts of the sequence u with respect to the sequence s

Degree CA rule Phase shift
3 110 3
4 0101 12
5 01111 8
6 000110 23
7 1011001 75
8 01001011 9
9 010011100 44
10 1111000011 994
11 01000011010 1426
12 100101010011 3882
13 0111001110110 7649
14 01000111001111 14568
15 100000011000001 9538
16 0001111001001000 63960
17 10011000110011001 77544
18 110001000000010011 241877
19 1101011101101001011 282318
20 01101011100001010110 314775
21 010010011001010010010 1676666
22 0100011010101101100010 1345981
23 01011010101100101011010 6095661
24 110100111100100111001011 199263
25 1010000011111011100000101 17370017
26 11001101111101111010110011 66236246
27 000110100110001011101011000 132625967
28 0101101110000001100111011010 195968798
29 01001000100101111100100010010 205911726
30 101000100111001101101010000101 404894385
31 1111101101100001100011011011111 2015461719
32 00001100010001110000110000000110 25871503

Step 4. If ( w contains single 1)
then mark [position of 1]=1;
phaseshift[position of 1 ] ≡ − power (mod 2n − 1).

Step 5. power=power+1.

There does not need the Shank’s algorithm for the completion of this algo-
rithm any more. The algorithm that we propose does not need any previous
phase shifts. Whereas, it is required to compute all previous in Sarkar’s method
([10]) which adopted the Shank’s algorithm in order to get the phase shifts of
the ith column with respect to the 0th cell. So, we can see that this is very
practically useful for sufficiently large n.
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Table 3. Phase shifts with respect to the 0th cell of the CA whose rule is <
00001100010001110000110000000110 >

Degree CA rule Phase shifts
32 0000110001000111 0, 4294967294, 3963262907, 4294967292

0000110000000110 2182065471, 3478064023, 2842396500
3797410740, 2636154424, 1477132997
2453647807, 3833928247, 4122644326
2445882768, 3715941894, 3131603603
3781145264, 724531189, 1964528637
1178642835, 1437488410, 2132417369
2228497937, 2438002527, 3823282243
3142683718, 4037203264, 3657430022
496625232, 3264387886, 25871502
25871503

In Table 3 there are all phase shifts with respect to the 0th cell of the CA
whose rule is < 00001100010001110000110000000110 >.

5 Conclusion

In this paper, we studied the properties of sequences generated by maximum-
length 90/150 CA sequences and applied these results to the phase shifting of
PN sequences generated by it. From these applications we proposed a method
for the study of phase shift analysis. As a special case of this method, we gave
an algorithm to compute relative phase shifts between stages of a CA. This
algorithm is different from the algorithms of Bardell’s [1], Nandi and Chaudhuri’s
[9], and Sarkar’s [10]. Our algorithm is more practical than them.

References

1. P.H. Bardell, “Analysis of cellular automata used as pseudorandom pattern gen-
erators”, Proc. IEEE int. Test. Conf., pp. 762-767, 1990.

2. S.J. Cho, “Analysis of Pseudo-Noise Sequences Generated by Cellular Automata”,
Submitted.

3. S.J. Cho , U.S. Choi and H.D. Kim, “Analysis of complemented CA derived from
a linear TPMACA”, Computers and Mathematics with Applications, Vol. 45, pp.
689-698, 2003.

4. S.J. Cho, U.S. Choi and H.D. Kim, “Behavior of complemented CA whose comple-
ment vector is acyclic in a linear TPMACA”, Mathematical and Computer Mod-
elling, Vol. 36, 2002, pp. 979-986.

5. A.K. Das and P.P. Chaudhuri, “Vector space theoretic analysis of additive cellular
automata and its application for pseudo-exhaustive test pattern generation”, IEEE
Trans. Comput., Vol. 42, pp. 340-352, 1993.

6. S.W. Golomb, Shift Register Sequences, Holden Day, 1967.
7. R. Lidl and H. Niederreiter, Finite Fields, Cambridge University Press, 1997.



Computing Phase Shifts 39

8. S. Nandi and P.P. Chaudhuri, “Analysis of Periodic and Intermediate Boundary
90/150 Cellular Automata”, IEEE Trans. Comput., Vol. 45, pp. 1-12, 1996.

9. S. Nandi and P.P. Chaudhuri, “Additive Cellular Automata as an on-chip test
pattern generator”, Test Symposium, 1993., Proceedings of the Second Asian, pp.
166-171, 1993.

10. P. Sarkar, “Computing Shifts in 90/150 cellular automata sequences”, Finite Fields
Their Appl., Vol. 42, pp. 340-352, 2003.

11. M. Serra, T. Slater, J.C. Muzio and D.M. Miller, “The analysis of one dimensional
linear cellular automata and their aliasing properties”, IEEE Trans Computer-
Aided Design, Vol. 9, pp. 767-778, 1990.

12. S. Tezuka and M. Fushimi, “A method of designing cellular automata as pseudo-
random number generators for built-in self-test for VLSI”, Contemporary Mathe-
matica, Vol. 168, pp. 363-367, 1994.

13. S. Wolfram, Statistical Mechanics of Cellular Automata, Rev. Mod. Phys., Vol. 55,
pp. 601-644, 1983.



Cellular Automata Evolution for Distributed
Data Mining

Pradipta Maji1, Biplab K. Sikdar2, and P. Pal Chaudhuri1

1 Department of Computer Science and Engineering & Information Technology,
Netaji Subhash Engineering College, Kolkata, India 700 152,

pradiptamaji@hotmail.com, palchau@vsnl.net
2 Department of Computer Science and Technology,
Bengal Engineering College, Howrah, India 711 103,

biplab@cs.becs.ac.in

Abstract. This paper reports design of a pattern classifying machine
(PCM) for distributed data mining (DDM) environment. The proposed
PCM is based on the computing model of a special class of sparse network
referred to as Cellular Automata (CA). Extensive experimental results
confirm scalability of the PCM to handle distributed datasets. The ex-
cellent classification accuracy and low memory overhead figure establish
the proposed PCM as the classifier ideally suited for DDM environments.

1 Introduction

The inter-networked society has been experiencing an explosion of data in many
distributed environments. However, the explosion is paradoxically acting as an
impediment in acquiring knowledge. The meaningful interpretation of different
distributed sources of voluminous data is increasingly becoming difficult. Conse-
quently, researchers, practitioners, entrepreneurs from diverse fields are focusing
on development of sophisticated techniques for knowledge extraction, which leads
to the promising field of distributed data mining (DDM) [1,2,3].

Due to high response time, lack of proper use of distributed resources, and
its inherent characteristics, the conventional centralized data mining algorithms
are not suitable for DDM environment. Most DDM algorithms are designed for
parallel processing on distributed data. Similar algorithms are applied on each
distributed data source concurrently, producing one local model per source. All
local models are next aggregated to produce final model.

One of the important problems in data mining is classification. Most dis-
tributed classifiers in DDM work in ensemble learning approach, which produces
multiple classifiers (base classifiers) at different data sources. Results derived
out of multiple classifiers are next combined at a central location to enhance
the classification accuracy of predictive models. Majority voting scheme is ap-
plied to aggregate base classifiers. Meta-learning framework offers another way
to aggregate these base classifiers. So, the most important issues in DDM are
the aggregation of the base classifiers and the communication cost from different
local data sources to the central location where final classification is performed.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 40–49, 2004.
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Fig. 1. Architecture of a PCM for distributed data mining (DDM) environment

In the above background scenario, the essential prerequisites of designing a
classifier for DDM environment are: (i) base classifier at each local site must
have high classification accuracy; (ii) it must be scalable to handle disk resident
datasets; (iii) it should have high throughput with less storage requirements; (iv)
volume of data transfered from each local to central site should be minimum;
(v) aggregation of base classifiers must induce globally meaningful knowledge;
and (vi) the algorithm should be simple enough to have a low cost hardwired
implementation for on-line operation in the inter-networked society of cyber age.

In this paper, we propose the design of a pattern classifying machine (PCM)
to address the problem of DDM. At each local site, we design a CA based PCM
as a base classifier. The majority voting scheme is next implemented to aggregate
the results of the base classifiers and predict the class of the data element. The
architecture of the majority voting scheme is developed around the CA based
hamming hash family (HHF) [4]. Each PCM is a member of this HHF. The
probability of collision between a pair of patterns varies inversely with their
hamming distance (HD) while hashed with HHF. This property of HHF is used
to design the majority voting scheme for distributed data mining (DDM).

Next section presents an overview of CA based pattern classifying machine
(PCM) for distributed data mining (DDM) environment.

2 PCM for DDM Environment

In this section, we present the architecture (Fig. 1) of a pattern classifying ma-
chine (PCM) for distributed data mining (DDM). Let the data which have to
be classified into different classes S = {S1, S2, · · · , SK} are distributed among
N number of different sites. For a given feature/metric of the dataset, a PCM
is generated as a base classifier (PCMi; where i = 1, 2, · · · , N) at each local
data site. The set of PCMs are next copied at a central location. The majority
voting scheme is employed to aggregate the results of these PCMs. The prop-
erty of hamming hash family (HHF) [4] is exploited in majority voting scheme
which enhances the classification accuracy at central location. Thus the training
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phase of the classifier is implemented at a local site to design the PCM, while
the testing phase to identify the class of a data element is implemented in the
central location. Communication between local site and central location takes
place only if data at local site gets updated and a new PCM is generated for
classification of updated dataset.

The algorithm of classification for distributed data mining (DDM) environ-
ments proceeds as follows. Let the number of PCMs (base classifiers) be N ,
where each PCMi has classified a dataset into K number of distinct classes
S = {S1, S2, · · · , SK} available at a local site i. Any incoming data Pincom is
hashed with each of the PCMs in a central location. At each instance of hashing,
Pincom collides with a class Sj ∈ S. Each Sj ∈ S records the count of the num-
ber of times it collides with Pincom. Once the process of hashing in all PCMs is
completed, the class Sj with which Pincom has collided for maximum number of
times is recorded as the class of Pincom. The sequential steps of the algorithm
follows.

Algorithm 1. Identification of the class in a DDM environment
Input: An incoming data Pincom input to PCMi (i = 1, 2, · · · , N).
Output: Class Sj of the data classes S = {S1, S2, · · · , SK}.
begin:

for i = 1 to N
hash Pincom with PCMi

pick Sj with which Pincom collides for maximum number of times
output Sj .

In rest of the paper we concentrate on the design of hamming hash family
(HHF) - a set of pattern classifiers which behave as the base classifiers for dif-
ferent local sites. The classifier design is based on a special class of CA, termed
as Multiple Attractor CA (MACA) [4,5]. For the sake of easy reference a brief
introduction of MACA follows next.

3 Multiple Attractor CA (MACA)

A Cellular Automaton (CA) consists of a number of cells. In a 3-neighborhood
dependency, the next state qi(t+ 1) of a cell is assumed to be dependent only
on itself and on its two neighbors (left and right), and is denoted as

qi(t+ 1) = f(qi−1(t), qi(t), qi+1(t)) (1)

where qi(t) represents the state of the ith cell at tth instant of time. f is the next
state function and referred to as the rule of the automata. Since f is a function
of 3 variables, there are 223

i.e., 256 possible next state functions (rules) for a CA
cell. Out of 256 rules there are only 7 rules with XOR logic. The CA employing
XOR rule is referred to as linear CA. The pattern classifier proposed in this
paper employs a special class of linear CA referred to as MACA [4,5].

The state transition graph of an MACA consists of a number of cyclic and
non-cyclic states. The set of non-cyclic states of an MACA forms inverted trees
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rooted at the cyclic states. The cyclic states with self loop are referred to as
attractors. Fig. 2 depicts the state transition diagram of a 5-cell MACA with
four attractors {00000(0), 00011(3), 00100(4), 00111(7)}. The states of a tree
rooted at the cyclic state α forms the α-basin.

0 0 0 0 00 0 0 0 1 1 1 0 0 1

1 1 0 0 01 0 0 0 0 0 1 0 0 0

1 0 0 0 1 0 1 0 0 1

0 0 0 1 1

1 1 0 1 1

0 0 0 1 0 1 1 0 1 0

0 1 0 1 0 0 1 0 1 1

1 0 0 1 0 1 0 0 1 1

(0) (3)

(4) (7)

0 0 1 0 0

1 1 1 0 0

0 0 1 0 1 1 1 1 0 1

0 1 1 0 0

1 0 1 0 0 1 0 1 0 1

0 0 1 1 10 0 1 1 0 1 1 1 1 0

1 1 1 1 1 0 1 1 1 0 0 1 1 1 1

1 0 1 1 0 1 0 1 1 1

0 1 1 0 1

Fig. 2. State transition diagram of a 5-cell MACA. Four cyclic states 0, 3, 4, 7 are
referred to as attractors and the corresponding inverted tree rooted on α (α = 0, 3, 4,
7) as α-basin.

The detailed characterization of MACA is available in [4,5]. A few fundamen-
tal results for an n-cell MACA having k number of attractor are next outlined.

Result I:

Definition 1. An m-bit field of an n-bit pattern set is said to be pseudo-
exhaustive if all possible 2m patterns appear in the set.

Theorem 1. In an n-cell MACA with k = 2m attractors, there exists m-bit
positions at which the attractors generate pseudo-exhaustive 2m patterns.

Result II: An n-bit MACA with 2-attractor basins can be represented by
an n-bit binary string, termed as Dependency Vector (DV). If DV is an n-bit
Dependency Vector and P is an n-bit pattern, then the modulo-2 sum (XOR)
of the dependent variables of P (where DV contains 1’s) is equal to zero if P
belongs to zero basin; otherwise 1. That is,

DV · P =

{
0, if P ∈ zero basin
1, if P ∈ non-zero basin (2)

Result III: An n-bit MACA with 2m-attractor basins can be represented
by an n-bit Dependency String (DS). An n-bit Dependency String DS is pro-
duced through concatenation of m number of Dependency Vectors of length
n1, n2, · · · , nm respectively (Fig. 3), where n1 + n2 + · · · + nm = n and P is an
n-bit pattern whose attractor basin is to be identified. For each DVi (of length
ni), the dependent variables of the corresponding ni bits of P (say Pi) gives
either 0 or 1, - that is,

DVi · Pi =

{
0, if Pi ∈ zero basin of DVi

1, if Pi ∈ non-zero basin of DVi
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DV m1 2DV DV

n1 2 m

m − 1DV

m − 1n n n

Fig. 3. An n-bit Dependency String (DS) consists of m number of Dependency Vectors
(DVs). Each Dependency Vector (DV) contributes the value of each pseudo-exhaustive
bit (either 0 or 1) of an attractor basin.

which indicates the value of ith pseudo-exhaustive bit. Finally, a string of m
binary symbols can be obtained from m number of DVs. This m-bit binary
string is the pseudo-exhaustive field (PEF) of the attractor basins where the
pattern P belongs. That is, the pseudo-exhaustive field (PEF) of the attractor
basin of P is given by

PEF = DS · P = [DV1 · P1][DV2 · P2] · · · [DVm · Pm] (3)

where DS and P - both are n-bit vectors. So, the complexity of identifying the
PEF of an attractor basin is O(n). This specific result is of significant importance
for our design. It enables the scheme to identify the class of an input element
with linear complexity.

3.1 Hamming Hash Family

An MACA can act as an effective hash function. The total pool of MACA forms
a hash family and exhibits an interesting property: the hash family maintains
an inverse relationship between the collision of a pair of patterns while hashed
and their hamming distance [4]. The hash family having this property is referred
to as hamming hash family (HHF). The concept of HHF imparts an important
property to the attractor basin of MACA. Since keys (patterns) that collide lie
in the same attractor basin, the keys (patterns) which lie close to each other in
terms of hamming distance (HD) belong to the same basin.

3.2 MACA – As a Pattern Classifier

An n-bit MACA with k-attractor basins can be viewed as a natural classifier.
It classifies a given set of patterns into k number of distinct classes, each class
containing the set of states in the attractor basin. To enhance the classification
accuracy of the machine, most of the works [4,5] have employed MACA to classify
patterns into two classes (say I and II). The following example illustrates an
MACA based two class pattern classifier.

Example 1. Let, the MACA of Fig. 2 be employed to classify patterns into
two classes (say I and II), where Class I is represented by one set of attractor
basins (say [I]= {00100 and 00111} in Fig. 2) while Class II is represented by
the rest of the basins (say [II] = {00000 and 00011}). All the patterns in the
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attractor basins [I] belong to Class I while rest of the patterns belong to Class
II. As per Theorem 1, the pseudo-exhaustive field (PEF) will identify the class
of the patterns uniquely. The PEF yields the address of the memory that stores
the class information. Therefore, Class I attractors yield the memory address
{10, 11}, while Class II will be identified by the memory address {00, 01} (Fig.
4). When the MACA is loaded with an input pattern P, corresponding MACA
identifies the PEF of the attractor basin where P belongs.

  MEMORY

11

10

01

00

I

I

II

Class I

Class II
II

PEF ( bits )

PEF ( bits )
PEF ( bits )

PEF ( bits )

Fig. 4. MACA based classification strategy with 4 attractor basins classifying the el-
ements into two classes. The PEF (Pseudo Exhaustive Field) of the attractor of a
basin is extracted to determine the class. Also, the PEF of each attractor points to the
memory location that stores the class information.

Genetic Algorithm (GA) formulation to arrive at the desired MACA realiz-
ing this specific objective has been proposed in [4] with O(n3) complexity. The
design reported in the next subsection achieves classification with linear com-
plexity. To enhance classification accuracy of the machine, we have refined the
approach reported in [4] and report a new CA based classifier. It can classify an
n-bit pattern with O(n) complexity. Multi-class classifier is built by recursively
employing the concept of two class classifier. MACA based classifier proposed
here has two distinct stages and hence referred to as Two Stage Classifier (Fig.5).

3.3 MACA Based Two Stage Classifier

The design of MACA based classifier for two n-bit pattern sets S1 and S2 should
ensure that elements of one class (say S1) are covered by a set of attractor basins
that do not include any member from the class S2. Any two n-bit patterns
P1 ∈ S1 and P2 ∈ S2 should fall in different attractor basins.

Let, an n-bit 2m-attractor basins MACA can classify two n-bit pattern sets
S1 and S2. That is,

DS · P1 �= DS · P2 (4)

where DS is an n-bit Dependency String consisting of m number of Dependency
Vectors (Fig. 3). Then, the total number of attractor basins will be 2m and the
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pseudo-exhaustive field (PEF) (Theorem 1) of each attractor basin will be an
m-bit binary pattern/string. Let, k1 and k2 be two m-bit pattern sets consist-
ing of pseudo-exhaustive bits of attractors of two n-bit pattern sets S1 and S2
respectively. Then, k1 and k2 can also be regarded as two m-bit pattern sets for
two class classification. So, we synthesize an MACA based two class classifier
such that one class (say k1) belongs to one attractor basin and another attractor
basin houses the class k2. Any two m-bit patterns p1 ∈ k1 and p2 ∈ k2 should
fall in different attractor basins (while one in zero basin, another in non-zero
basin), - that is,

DV · p1 �= DV · p2 (5)
where DV is an m-bit Dependency Vector.

m−1y
ym

y
y

1

2
ok

n−1x
xn

x2

x1

Input Layer

Hidden Layer

Output Layer

( n−bit )

( m−bit )

( 1−bit )

Classifier #1 Classifier #2

Classifier #1: n−bit Dependency String consisting of m number of Dependency Vectors

Classifier #2: m−bit Dependency Vector

Stage 1 Stage 2

Fig. 5. Two Stage Classifier

Fig. 5 represents the architecture of Two Stage Classifier. It consists of three
layers - input, hidden and output layers denoted as xi (i = 1, 2, · · · , n), yj (j =
1, 2, · · · ,m), and ok (k = 1) respectively. While the first classifier (Classifier#1
of Fig. 5) maps an n-bit pattern of the input layer into an m-bit pattern (PEF)
of the hidden layer, the second classifier (Classifier#2) maps that m-bit pattern
into a single bit (either 0 or 1) of the output layer. That is, Classifier#1 provides
an appropriate mappings of patterns of input layer into PEF (pseudo-exhaustive
field) of the hidden layer and the Classifier#2 implements the classification of
the PEFs rather than the original patterns.

Let, x be an n-bit input pattern whose class is to be identified by MACA
based Two Stage Classifier. At first, x is loaded with the Classifier#1 which
outputs an m-bit pattern y (pseudo-exhaustive field of attractor of the basin
where x belongs). That is,

y = DS · x (6)
Next, y is loaded with the Classifier#2 which gives a single value o (pseudo-
exhaustive field of attractor of the basin where y belongs) that determines the
class of the input pattern x. That is,

o = DV · y (7)

In order to evolve MACA based Two Stage Classifier realizing this design ob-
jective, we have developed a special type of GA formulation. Next section reports
the performance of MACA based Two Stage Classifier in DDM environment.
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4 MACA Based PCM for DDM Environment

The pattern classifying machine (PCM) is designed with a set of Two Stage
Classifiers. This section provides a detailed analysis of performance evaluation
of MACA based PCM. The major metric to evaluate the performance of the
proposed PCM is classification accuracy - the percentage of test data which can
be correctly classified into different attractor basins. To evaluate classification
accuracy, we perform the experiments on synthetic dataset proposed in [4].

The characterization of MACA basins reported in the Section 3.1 has es-
tablished following facts: (i) a basin has patterns which are close to each other
in terms of HD; (ii) patterns satisfying this criterion have high probability of
getting classified into minimum number of attractor basins; and (iii) patterns
not covered by the training sets, but satisfying the criteria, will also have high
probability of being predicted as the right class.

As a corollary to the above facts, the accuracy of classifying two classes of
patterns in distinct attractor basins increases if the average distance between
them is high. In this context, to characterize the datasets to be classified in two
classes, we introduce two terms Dmin and dmax. Dmin is the minimum hamming
distance (inter-cluster distance) between two patterns P1 ∈ S1 and P2 ∈ S2 in
two classes S1 and S2 respectively; while dmax is the maximum distance (intra-
cluster distance) between two patterns within a class. The experimental set up
and dataset employed for analysis have been reported in [4]. For the sake of
performance analysis, the distributions of patterns in two classes are assumed
as shown in Fig. 6.
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Fig. 6. Distribution of patterns in Class I and Class II (HD denotes hamming distance)

4.1 Experimental Setup

In each of the above distribution, different values of n (number of bits in a pat-
tern) and N (number of sites) are taken. For each value of n and N , 50% of the
data are taken to build up the classification model. The rest 50% data are used to
test the prediction capability of the classifier. For centralized data mining (DM),
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Table 1. Classification Accuracy for Curve a − a′ and b − b′

No of Curve a − a′ Curve b − b′

Sites Size Value Classification Accuracy Size Value Classification Accuracy
N (n) of m Centralized DM DDM (n) of m Centralized DM DDM
10 200 4 96.12 98.98 200 4 94.49 97.89

600 5 96.71 98.71 400 5 93.12 97.07
1000 7 96.87 97.89 1000 7 94.67 96.95

20 200 4 96.12 98.99 200 4 94.49 98.01
400 5 95.19 98.21 600 5 95.17 98.39
1000 7 96.87 98.03 1000 7 94.67 97.33

30 200 4 96.12 99.41 200 4 94.49 98.35
800 7 97.06 99.97 400 5 93.12 97.77
1000 7 96.87 99.03 600 5 95.17 98.54

Table 2. Classification Accuracy for Curve c − c′

No of Size Value Classification Accuracy
Sites (N) (n) of m Centralized DM DDM

10 400 5 85.33 98.89
600 5 86.55 99.07
1000 7 84.79 98.63

20 200 4 84.25 98.79
600 5 86.55 99.13
1000 7 84.79 99.11

30 200 4 84.25 99.17
800 7 83.94 98.69
1000 7 84.79 99.16

the PCM is designed based on the 50% of the total dataset centrally available.
For distributed data mining (DDM) environment, total dataset is equally dis-
tributed to each local site and then same scheme is employed at each local site to
synthesize the PCMs. In other words, in each site 50% of available data is used
to train the PCM. The MACA based PCMs are next collected in the centralized
location where classification accuracy is tested with the remaining set of 50%
data not used for training. The classification accuracy of the proposed DDM is
evaluated through the majority voting scheme reported in the Algorithm 1 of
Section 2. For each values of N and n, 10 different pairs of datasets are taken.

4.2 Classification Accuracy

Tables 1–2 represent the classification accuracy of conventional centralized CA
based classifier and that of PCM in distributed environments for the dataset
a − a′, b − b′, c − c′. Columns I and II of Tables 1- 2 represent the number
of data sites/sources (N) and size of the pattern (n) respectively. Column III
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represents different values of m (number of pseudo-exhaustive bits), where 2m

is the number of attractor basins of the MACA. Column IV depicts the classifi-
cation accuracy in centralized and distributed environments. The experimental
results confirm the following facts: (i) the accuracy in DDM is better than that of
conventional centralized MACA based PCMs; (ii) as the number of sites (N) in-
creases, the classification accuracy for DDM environment significantly increases
over centralized classification algorithm; and (iii) the concept of hamming hash
family (HHF) is reported in Section 3.1. The scheme of Majority Voting in cen-
tral location establishes the elegance and efficiency of the scheme of aggregation
of classification result of PCMs derived with HHF characterization.

5 Conclusion

This paper presents detailed design of an efficient pattern classifier for DDM
environments. The proposed model is built around a special class of sparse net-
work referred to as CA. The excellent classification accuracy and low memory
overhead figures establish the CA as an efficient classifier for DDM environments.
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Abstract. We present a survey and a comparison of the quantitative
and qualitative aspects of the optimum-time synchronization algorithms
developed thus far for one-dimensional cellular arrays. Several new re-
sults and viewpoints are also given.

1 Introduction

Synchronizing a large scale of cellular automata has been known as the firing
squad synchronization problem since its development, and the problem was orig-
inally proposed by J. Myhill in order to synchronize all parts of self-reproducing
cellular automata [10]. The firing squad synchronization problem has been stud-
ied extensively for more than forty years [1-12, 14-15, 16-19]. In the present
paper, we firstly examine the state transition rule sets for the famous firing
squad synchronization algorithms that give a finite-state protocol for synchro-
nizing large-scale cellular automata. We focus on the fundamental synchroniza-
tion algorithms operating in optimum steps on one-dimensional cellular arrays
in which the general is located at one end. The algorithms discussed herein are
the eight-state Balzer’s algorithm [1], the seven-state Gerken’s algorithm [2],
the six-state Mazoyer’s algorithm [6], the 16-state Waksman’s algorithm [18]
and a number of revised versions thereof. Specifically, we attempt to answer the
following questions:

– First, are all previously presented transition rule sets correct?
– Do these sets contain redundant rules? If so, what is the exact rule set?
– How do the algorithms compare with each other?

In order to answer these questions, we implement all transition rule sets
for the synchronization algorithms above mentioned on a computer and check
whether these rule sets yield successful firing configurations at exactly t = 2n−2
steps for any array of length n such that 2 ≤ n ≤ 10000. In addition, we construct
a survey of current optimum-time synchronization algorithms and compare tran-
sition rule sets with respect to the number of internal states of each finite state
automaton, the number of transition rules realizing the synchronization, and
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the number of state-changes on the array. With the aid of a computer, the first
Waksman’s transition rule set is shown to include fundamental errors and the
set is shown to contain a considerable number of redundancies. Approximately
ninety-three percent of the rules are deleted from the original transition rule
set. A number of redundant rules that are not used in the synchronization pro-
cess are also found in other rule sets. We give the smallest rule set for each
algorithm. Finally, we present herein a survey and a comparison of the quanti-
tative and qualitative aspects of the optimum-time synchronization algorithms
developed thus far for one-dimensional cellular arrays. We indicate that the first-
in-the-world optimum-time synchronization algorithm proposed by Goto [3, 4]
and reconstructed by Umeo [12] has a state-change complexity of Θ(n logn).
Several new results and viewpoints are also given.

2 Firing Squad Synchronization Problem

2.1 A Brief History of the Developments of Optimum-Time Firing
Squad Synchronization Algorithms

A finite one-dimensional cellular array consists of n cells, denoted by Ci, where
1 ≤ i ≤ n. All cells (except the end cells) are identical finite state automata. The
array operates in lock-step mode such that the next state of each cell (except
the end cells) is determined by both its own present state and the present states
of its right and left neighbors. All cells (soldiers), except the left end cell, are
initially in the quiescent state at time t = 0 and have the property whereby the
next state of a quiescent cell having quiescent neighbors is the quiescent state.
At time t = 0 the left end cell (general) is in the fire-when-ready state, which
is an initiation signal to the array. The firing squad synchronization problem is
stated as follows. Given an array of n identical cellular automata, including a
general on the left end which is activated at time t = 0, we want to give the
description (state set and next-state function) of the automata so that, at some
future time, all of the cells will simultaneously and, for the first time, enter a
special firing state. The set of states must be independent of n. Without loss of
generality, we assume n ≥ 2. The tricky part of the problem is that the same
kind of soldier having a fixed number of states must be synchronized, regardless
of the length n of the array.

The problem known as the firing squad synchronization problem was devised
in 1957 by J. Myhill, and first appeared in print in a paper by E. F. Moore [10].
This problem has been widely circulated, and has attracted much attention. The
firing squad synchronization problem first arose in connection with the need to
simultaneously turn on all parts of a self-reproducing machine. The problem was
first solved by J. McCarthy and M. Minsky who presented a 3n-step algorithm.
In 1962, the first optimum-time, i.e. (2n − 2)-step, synchronization algorithm
was presented by Goto [3], with each cell having several thousands of states.
Waksman [18] presented a 16-state optimum-time synchronization algorithm.
Afterward, Balzer [1] and Gerken [2] developed an eight-state algorithm and a
seven-state synchronization algorithm, respectively, thus decreasing the number



52 H. Umeo, M. Hisaoka, and T. Sogabe

of states required for the synchronization. In 1987, Mazoyer [6] developed a six-
state synchronization algorithm which, at present, is the algorithm having the
fewest states.

2.2 Complexity Measure for Optimum-Time Synchronization
Algorithms

• Time complexity. Any solution to the firing squad synchronization problem
can easily be shown to require (2n − 2) steps for firing n cells, since signals on
the array can propagate no faster than one cell per step, and the time from the
general’s instruction until the firing must be at least 2n − 2. (See Balzer [1],
Mazoyer [5, 6] and Waksman [18] for a proof.) Thus, we have:
[Theorem 1.] [1, 5, 6, 18] Synchronization of n cells in less than 2n− 2 steps is
impossible.
[Theorem 2.] [1-3, 6, 18] Synchronization of n cells in exactly 2n − 2 steps is
possible.
•Number of internal states. The following three distinct states: the quiescent
state, the general state, and the firing state, are required in order to define any
cellular automaton that can solve the firing squad synchronization problem. The
boundary state for C0 and Cn+1 is not generally counted as an internal state.
Balzer [1] showed that no four-state optimum-time solution exists. In addition,
there exists no five-state optimum-time solution satisfying the special conditions
that Balzer [1] studied. The question that remains is: “What is the minimum
number of states for an optimum-time solution of the problem?”At present, that
number is five or six.
[Theorem 3.] [1] There is no four-state CA that can synchronize n cells.
[Theorem 4.] [1] There is no five-state solution satisfying Balzer’s special con-
ditions.
• Number of transition rules. Any k-state (excluding the boundary state)
transition table for the synchronization has at most (k − 1)k2 entries in (k − 1)
matrices of size k × k. The number of transition rules reflects the complexity of
synchronization algorithms.

3 Transition Rule Sets for Optimum-Time Firing Squad
Synchronization Algorithms

3.1 Waksman’s 16-State Algorithm

In 1966, Waksman [18] proposed a 16-state firing squad synchronization algo-
rithm, which, together with an unpublished algorithm by Goto [3], is referred
to as the first-in-the-world optimum-time synchronization algorithm. Waksman
presented a set of transition rules described in terms of a state transition table.
To describe the state transition table in a concise way, Waksman introduced a
special symbol γ that matches any state in its right and/or left neighbor. Since
Waksman’s table cannot be used as is on a computer, we first expand the ta-
ble automatically according to the notation given by Waksman [18]. We thereby
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 ------ Q     State    ----

001 Q    Q   Q    ->Q

002 Q    Q    B0   ->Q

003 Q    Q    B1   ->Q

004 Q    Q    R0   ->R0

005 Q    Q    R1   ->Q

006 Q    Q    P0   ->A000

007 Q    Q    P1   ->A100

008 Q    Q    A000 ->A001

009 Q    Q    A001 ->A000

010 Q    Q    A100 ->A101

011 Q    Q    A101 ->A100

012 Q    Q    A010 ->R0

013 Q    Q    A110 ->Q

014 Q    Q    www  ->Q

015 B0   Q    Q    ->Q

016 B0   Q    B0   ->Q

017 B0   Q    R0   ->R0

018 B0   Q    P1   ->A100

019 B0   Q    A000 ->A001

020 B0   Q    A101 ->A100

021 B0   Q    A010 ->R0

022 B0   Q    A110 ->Q

023 B1   Q    Q    ->Q

024 B1   Q    B1   ->Q

025 B1   Q    R0   ->R0

026 B1   Q    R1   ->Q

027 B1   Q    P0   ->A000

028 B1   Q    A001 ->A000

029 B1   Q    A100 ->A101

030 R0   Q    Q    ->Q

031 R0   Q    B1   ->Q

032 R0   Q    P0   ->A000

033 R0   Q    A000 ->A001

034 R0   Q    A001 ->A000

035 R0   Q    A011 ->Q

036 R1   Q    Q    ->R1

037 R1   Q    B0   ->R1

038 R1   Q    B1   ->R1

039 P0   Q    Q    ->A010

040 P0   Q    B1   ->A010

041 P0   Q    R1   ->A010

042 P0   Q    www  ->P1

043 P1   Q    Q    ->A110

044 P1   Q    B0   ->A110

045 A000 Q    Q    ->R1

046 A000 Q    B0   ->R1

047 A001 Q    R1   ->Q

048 A100 Q    Q    ->Q

049 A100 Q    B0   ->Q

050 A010 Q    Q    ->A011

051 A010 Q    B0   ->A011

052 A010 Q    R1   ->A011

053 A010 Q    www  ->P0

054 A011 Q    Q    ->A010

055 A011 Q    B1   ->A010

056 A011 Q    R1   ->A010

057 A011 Q    www  ->P1

058 A110 Q    Q    ->A111

059 A110 Q    B1   ->A111

060 A111 Q    Q    ->A110

061 A111 Q    B0   ->A110

------- B0    State   -----

062 Q    B0   Q    ->B0

063 Q    B0   R0   ->R0

064 Q    B0   P0   ->B0

065 Q    B0   P1   ->B0

066 Q    B0   A001 ->P1

067 Q    B0   A100 ->P1

068 B1   B0   P0   ->B0

069 B1   B0   P1   ->B0

070 R1   B0   Q    ->R1

071 R1   B0   P0   ->R1

072 R1   B0   P1   ->R1

073 P0   B0   Q    ->B0

074 P0   B0   B1   ->B0

075 P0   B0   R0   ->R0

076 P0   B0   P0   ->P0

077 P0   B0   P1   ->P0

078 P0   B0   A100 ->P1

079 P0   B0   A011 ->B0

080 P1   B0   Q    ->B0

081 P1   B0   B1   ->B0

082 P1   B0   R0   ->R0

083 P1   B0   P0   ->P0

084 P1   B0   A100 ->P1

085 A001 B0   P0   ->B0

086 A011 B0   Q    ->P1

087 A110 B0   Q    ->P1

088 A110 B0   P0   ->P1

089 A110 B0   P1   ->P1

------- B1    State   -------

090 Q    B1   Q    ->B1

091 Q    B1   B0   ->B1

092 Q    B1   R0   ->Q

093 Q    B1   R1   ->B1

094 Q    B1   A000 ->P0

095 Q    B1   A101 ->P0

096 B0   B1   Q    ->B1

097 B0   B1   R0   ->Q

098 B0   B1   A000 ->P0

099 B0   B1   A101 ->P0

100 R0   B1   Q    ->B1

101 R0   B1   A000 ->P0

102 R1   B1   Q    ->Q

103 R1   B1   B0   ->Q

104 A010 B1   Q    ->P0

105 A010 B1   B0   ->P0

141 P1   P0   P0   ->T

142 P1   P0   P1   ->T

143 P1   P0   www  ->T

144 A000 P0   P0   ->P0

145 A000 P0   A010 ->P0

146 A000 P0   www  ->P0

147 www  P0   Q    ->P0

148 www  P0   B0   ->P0

149 www  P0   R0   ->P0

150 www  P0   P0   ->T

151 www  P0   P1   ->T

152 www  P0   A010 ->P0
-------  P1   State    -------

153 Q    P1   Q    ->P1

154 Q    P1   P1   ->P1

155 Q    P1   www  ->P1

156 B0   P1   B0   ->P1

157 B0   P1   P1   ->P1

158 B0   P1   www  ->P1

159 R1   P1   R0   ->P1

160 R1   P1   P1   ->P1

161 R1   P1   www  ->P1

162 P0   P1   P0   ->T

163 P0   P1   P1   ->T

164 P0   P1   www  ->T

165 P1   P1   Q    ->P1

166 P1   P1   B0   ->P1

167 P1   P1   R0   ->P1

168 P1   P1   P0   ->T

169 P1   P1   P1   ->T

170 P1   P1   A110 ->P1

171 P1   P1   www  ->T

172 A100 P1   P1   ->P1

173 A100 P1   A110 ->P1

174 A100 P1   www  ->P1

175 Q    A000 Q    ->Q

176 Q    A000 P0   ->B0

177 B1   A000 Q    ->Q

178 B1   A000 P0   ->B0

179 Q    A001 Q    ->Q

180 Q    A001 B0   ->Q

181 B0   A001 Q    ->Q

182 B0   A001 B0   ->Q

------- A100  State  -------

183 Q    A100 Q    ->R1

184 Q    A100 P1   ->R1

185 B0   A100 Q    ->P1

186 B0   A100 P1   ->P1

------- A101  State  -------

187 Q    A101 R1   ->Q

188 B1   A101 R1   ->P0
------- A010  State  -------

189 Q    A010 Q    ->Q

190 Q    A010 B1   ->Q

191 P0   A010 Q    ->B0

192 P0   A010 B1   ->B0
------- A011  State  -------

193 Q    A011 Q    ->Q

194 Q    A011 B0   ->Q

195 B0   A011 Q    ->Q

196 B0   A011 B0   ->Q

------- A110  State  -------

197 Q    A110 Q    ->R0

198 Q    A110 B0   ->P1

199 P1   A110 Q    ->R0

200 P1   A110 B0   ->P1
------- A111  State  -------

201 R0   A111 Q    ->Q

202 R0   A111 B1   ->P0

106 A010 B1   R1   ->P0

107 A111 B1   Q    ->P0

108 A111 B1   B0   ->P0
------- R0    State   -------

109 Q    R0   Q    ->Q

110 Q    R0   B1   ->Q

111 Q    R0   A111 ->Q

112 B0   R0   Q    ->B1

113 B1   R0   Q    ->B0

114 P0   R0   B1   ->B0

115 P1   R0   B1   ->B0

116 P1   R0   A111 ->B0

------- R1    State   -------

117 Q    R1   Q    ->Q

118 Q    R1   B0   ->B1

119 Q    R1   B1   ->B0

120 B1   R1   Q    ->Q

121 B1   R1   P0   ->B0

122 B1   R1   P1   ->B0

123 A101 R1   Q    ->Q

124 A101 R1   P1   ->B0

------- P0    State   -------

125 Q    P0   Q    ->P0

126 Q    P0   P0   ->P0

127 Q    P0   www  ->P0

128 B0   P0   B0   ->P0

129 B0   P0   P0   ->P0

130 B0   P0   www  ->P0

131 R1   P0   R0   ->P0

132 R1   P0   P0   ->P0

133 R1   P0   www  ->P0

134 P0   P0   Q    ->P0

135 P0   P0   B0   ->P0

136 P0   P0   R0   ->P0

137 P0   P0   P0   ->T

138 P0   P0   P1   ->T

139 P0   P0   A010 ->P0

140 P0   P0   www  ->T

------- A001  State  -------

------- A000  State  -------

Fig. 1. USN transition table consisting of 202 rules that realize Waksman’s synchro-
nization algorithm.

obtain a transition table that consists of 3208 rules. We implement these rules
and examine the validity of the expanded table on a computer. The experiment
revealed the following:
[Observation 3.1.] For any n such that 2 ≤ n ≤ 2000, the expanded rule set
yields successful firings only in the cases of n = 3, 5 or 6.

Thus, the firing process fails in most cases.

3.2 USN Transition Rule Set

Umeo, Sogabe and Nomura [15] corrected all errors in Waksman’s original tran-
sition table. After exploring the Waksman’s original transition rule set so that
the resultant table yields correct firings for any n ≥ 2, we get a new transition
table consisting of is 3217 rules.
[Observation 3.2.] For any n such that 2 ≤ n ≤ 10000, the rule set consisting
of 3217 rules yields successful optimum-time firings.

Our computer simulation based on the above list revealed that most of the
rules are not used efficiently in the firing process. A histogram-like statistical
analysis on the rule set is presented herein and the number of rules valid in the
range of 2 ≤ n ≤ 10000 is reduced. Figure 1 is our final, complete list, which
consists of 202 transition rules. We refer to this list as the USN transition rule
set.

In our correction, a ninety-three percent reduction in the number of transition
rules is realized compared to Waksman’s original list. The computer simulation
based on the table of Fig. 1 gives the following observation. Computer simulation
shows that 202 rules is the smallest set for the Waksman’s optimum-time firing
squad synchronization.
[Observation 3.3.] The set of rules given in Fig. 1 is the smallest transition
rule set for Waksman’s optimum-time firing squad synchronization algorithm.
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Fig. 2. Transition table for Balzer’s algorithm.
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Fig. 3. Transition table for the seven-state Gerken’s algorithm.

3.3 Balzer’s Eight-State Algorithm

Balzer [1] constructed an eight-state, 182-rule synchronization algorithm and
the structure of which is completely identical to that of Waksman [18]. Our
computer examination revealed no errors, however, 17 rules were found to be
redundant. In Fig. 2, we give a list of transition rules for Balzer’s algorithm.
Deleted rules are indicated by shaded squares, where squares containing letters
denote rules included in the original list. In the transition table, the symbols
“M”, “L”, “F” and “X” represent the general, quiescent, firing and boundary
states, respectively.

3.4 Gerken’s Seven-State Algorithm I

Gerken [2] reduced the number of states realizing Balzer’s algorithm and con-
structed a seven-state, 118-rule synchronization algorithm. In our computer ex-
amination, no errors were found, however, 13 rules were found to be redundant.
In Fig. 3, we give a list of the transition rules for Gerken’s algorithm. The 13
deleted rules are marked by shaded squares in the table. The symbols “>”,
“/”, “...” and “#” represent the general, quiescent, firing and boundary states,
respectively.

3.5 Mazoyer’s Six-State Algorithm

Mazoyer [6] proposed a six-state, 120-rule synchronization algorithm, the struc-
ture of which differs greatly from the previous algorithms discussed above. Our
computer examination revealed no errors and only one redundant rule. In Fig. 4,
we give a list of transition rules for Mazoyer’s algorithm. In the transition table,
the letters “G”, “L”, “F” and “X” represent the general, quiescent, firing and
boundary states, respectively.
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Fig. 4. Transition table for the six-state Mazoyer’s algorithm.

3.6 Goto’s Algorithm

The first synchronization algorithm presented by Goto [3] was not published as
a journal paper. According to Goto, the original note [3] is now unavailable, and
the only existing material that treats the algorithm is Goto [4]. The Goto’s study
presents one figure (Fig. 3.8 in Goto [4]) demonstrating how the algorithm works
on 13 cells with a very short description in Japanese. Umeo [12] reconstructed
the algorithm of Goto based on this figure. Mazoyer [8] also reconstructed this
algorithm again based on the presentation given by Umeo [12]. The algorithm
that Umeo [12] reconstructed is a non-recursive algorithm consisting of a mark-
ing phase and a 3n-step synchronization phase. In the first phase, by printing
a special marker in the cellular space, the entire cellular space is divided into
subspaces, the lengths of which increase exponentially with a common ratio of
two, that is 2j , for any integer j such that 1 ≤ j ≤ �log2 n� − 1. The marking
is made from both the left and right ends. In the second phase, each subspace
is synchronized using a well-known conventional (3n + O(1))-step simple syn-
chronization algorithm. A time-space diagram of the reconstructed algorithm is
shown in Fig. 5.
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3.7 Gerken’s 155-State Algorithm II

Gerken [2] constructed two kinds of optimum-time synchronization algorithms.
One seven-state algorithm has been discussed in the previous subsection, and
the other is a 155-state algorithm. The transition table given in Gerken [2] is
described in terms of two-layer construction with 32 states and 347 rules. The
table does not operate as is on a single-layer simulator. In order to obtain an
exact transition rule set, we expand this transition table into a single-layer format
and obtain a 155-state table consisting of 2371 rules.

4 State Change Complexity

Vollmar [17] introduced a state-change complexity in order to measure the ef-
ficiency of cellular algorithms and showed that Ω(n log n) state changes are re-
quired for the synchronization of n cells in (2n− 2) steps.
[Theorem 5.] [17] Ω(n log n) state-change is necessary for synchronizing n cells
in (2n− 2) steps.
[Theorem 6.] Each optimum-time synchronization algorithm developed by
Balzer [1], Gerken [2], Mazoyer [6] and Waksman [18] has an O(n2) state-change
complexity, respectively.
[Theorem 7.] [2] Gerken’s synchronization algorithm II has a Θ(n log n) state-
change complexity.

Let S(n) be total number of state changes for Yunés-like synchronization
algorithms [9, 19] on n cells. We see that S(n) = αn + 2S(n/2) = O(n log n).
Thus we have:
[Theorem 8.] Each 3n−step synchronization algorithm developed by Minsky
and MacCarthy [9] and Yunés [19] have a Θ(n log n) state-change complexity,
respectively.

Based on [Theorem 8] and our description given in subsection 3.6, we can
establish the following theorem.
[Theorem 9.] Goto’s synchronization algorithm as reconstructed by Umeo [12]
has a Θ(n log n) state-change complexity.

Figure 6 shows a comparison between the state-change complexities in
optimum-time synchronization algorithms.

5 A Comparison of Quantitative Aspects of
Optimum-Time Synchronization Algorithms

Here, we present a table based on a quantitative comparison of optimum-time
synchronization algorithms and their transition tables discussed above with re-
spect to the number of internal states of each finite state automaton, the number
of transition rules realizing the synchronization, and the number of state-changes
on the array.
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Table 1. Quantitative comparison of transition rule sets for optimum-time firing squad
synchronization algorithms. The “*” symbol in parenthesis shows the correction and
reduction of transition rules made in this paper. The “**” symbol indicates the number
of states and rules obtained after the expansion of the original two-layer construction.

Algorithm # of states # of transition rules State change complexity
Goto [1962] many thousands — Θ(n log n)

Waksman [1966] 16 3216(202∗) O(n2)
Balzer [1967] 8 182 (165 ∗) O(n2)

Gerken I [1987] 7 118 (105∗) O(n2)
Mazoyer [1987] 6 120 (119∗) O(n2)
Gerken II [1987] 32(155∗∗) 347(2371∗∗) Θ(n log n)

6 One-Sided Versus Two-Sided Recursive Algorithms

Firing squad synchronization algorithms have been designed on the basis of par-
allel divide-and-conquer strategy that calls itself recursively in parallel. Those
recursive calls are implemented by generating many Generals that are respon-
sible for synchronizing divided small areas in the cellular space. In Fig. 7, we
show two recursive synchronization schemes. If all of the recursive calls for the
synchronization are issued by Generals located at one (both two) end(s) of par-
titioned cellular spaces for which the General is responsible, the synchronization
algorithm is said to have one-sided (two-sided) recursive property. As for those
algorithms discussed, we have the following observation:
[Observation 6.1] Optimum-time synchronization algorithms developed by
Balzer [1], Gerken [2] and Waksman [18] are two-sided ones. The algorithm
proposed by Mazoyer [6] is a one-sided one.

Now we propose a general design scheme for one-sided recursive optimum-
time synchronization algorithms that can synchronize any n cells in 2n−2 steps.
Figure 8 is a time-space diagram for an optimum-time one-sided recursive syn-
chronization algorithm. The General G0 generates an infinite number of signals
w0, w1, w2, .., to generate Generals G1, G2, .., by dividing the array recursively
with the ratio x/y, where x, y is any positive integer such that 2x ≤ y. The
generated i-th General Gi(i ≥ 1) does the same operations as G0 does. When
x = 1, y = 2, the scheme coincides with the Mazoyer’s algorithm [6]. It is noted
that, in this case, we need no delay for the generation of Generals. We can
establish the following theorem.
[Theorem 10.] The one-sided recursive scheme given above can synchronize
any n cells in 2n− 2 optimum steps.

7 Recursive Versus Non-recursive Algorithms

As is shown in the previous section, the optimum-time synchronization algo-
rithms developed by Balzer [2], Gerken [3], Mazoyer [6] and Waksman [18] are
recursive ones. On the other hand, it is noted that overall structure of the recon-
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Fig. 7. One-sided recursive synchroniza-
tion scheme (left) and two-sided recursive
synchronization scheme (right).

Fig. 8. Time-space diagram for
optimum-time one-sided recursive
synchronization algorithm.

structed Goto’s algorithm [12] is a non-recursive one, however divided subspaces
are synchronized by using recursive 3n+ O(1)-step synchronization algorithms.

8 Finite Versus Infinite Number of Signals

Waksman [18] devised an efficient way to cause a cell to generate infinite signals
at propagating speeds of 1/1, 1/3, 1/7, .., 1/(2k − 1), where k is any natural
number. These signals play an important role in dividing the array into two,
four, eight, . . . , equal parts synchronously. The same set of signals is used in
Balzer [2]. Gerken [3] had a similar idea in the construction of his seven-state
algorithm. Thus an infinite set of signals is used in the first three algorithms. On
the other hand, finite sets of signals with propagating speed {1/5, 1/2, 1/1} and
{1/3, 1/2, 3/5, 1/1} are made use of in Gerken [2] and the reconstructed Goto’s
algorithm [12], respectively.

9 A Comparison of Qualitative Aspects of Optimum-Time
Synchronization Algorithms

Here, we present a table based on a qualitative comparison of optimum-time
synchronization algorithms with respect to one/two-sided recursive properties
and the number of signals being used for simultaneous space divisions.

10 O(1)-Bit Versus 1-Bit Communication CA Model

In the study of cellular automata, the amount of bit-information exchanged
at one step between neighboring cells has been assumed to be O(1)-bit. A 1-
bit inter-cell communication model is a CA in which inter-cell communication is
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Table 2. A qualitative comparison of optimum-time firing squad synchronization al-
gorithms.

Algorithm One-/two-sided Recursive/non-recursive # of signals
Goto [1962] — non-recursive finite

Waksman [1966] two-sided recursive infinite
Balzer [1967] two-sided recursive infinite

Gerken I [1987] two-sided recursive infinite
Mazoyer [1987] one-sided recursive infinite
Gerken II [1987] two-sided recursive finite

restricted to 1-bit data, referred to as the 1-bit CA model. The next state of each
cell is determined by the present state of that cell and two binary 1-bit inputs
from its left and right neighbor cells. A precise definition of the 1-bit CA can
be found in Umeo and Kamikawa [13]. Mazoyer [7] and Nishimura, Sogabe and
Umeo [11] each designed an optimum-time synchronization algorithm on a 1-bit
CA model, based on Balzer’s algorithm and Waksman’s algorithm, respectively.
[Theorem 11.] [7, 11, 14] There exists a 1-bit CA that can synchronize n cells
in optimum 2n− 2 steps.

11 Summary

Cellular automata researchers have reported that several errors are included in
Waksman’s transition table. However, the validity of the transition rule sets
designed thus far has never been confirmed. This was one of our motivations
that we started our study. In the present paper, we have examined via computer
the state transition rule sets for which optimum-time synchronization algorithms
have been designed over the past forty years. The first transition rule set designed
by Waksman [18] includes fundamental errors that cause unsuccessful firings and
ninety-three percent of the rules are redundant. In addition, the transition rule
sets given by Balzer [1], Gerken [2] and Mazoyer [6] also include redundant rules.
The authors think that it is worthy of publishing such smallest transition rule sets
for the famous firing squad synchronization algorithms, and they are useful and
important for researchers who might have interests in those transition rule sets
that realize the classical optimum-time firing algorithms quoted frequently in the
literatures. We have presented a survey and a comparison of the quantitative and
qualitative aspects of the optimum-time synchronization algorithms developed
thus far for one-dimensional cellular arrays.
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Abstract. Decentralized peer to peer (p2p) networks like Gnutella are
so successful because they are robust and require no centralized direc-
tories and no precise control over network topology. In this paper, we
develop an efficient search algorithm for p2p networks with the help of
a 2-dimensional Cellular Automaton (CA) model. The rules followed by
each individual cell of the CA are inspired by concepts of natural immune
systems whereby the query message packets in the network are spread
through opportunistic proliferation. Through a series of experiments, we
compare proliferation with different variants of random walk algorithms.
The detailed experimental results show message packets undergoing pro-
liferation, spread much faster in the network and consequently produce
better search output in p2p networks. Moreover, experimental results
show that proliferation rules are extremely scalable and their perfor-
mance is largely insensitive to the change in dimension of the CA grid.

1 Introduction

Significant research efforts have recently been undertaken in the development
of peer-to-peer (p2p) computing systems. Due to their flexibility, reliability and
adaptivity, p2p solutions can overcome a lot of disadvantages of client-server
systems, and can fit to the dynamically changing Internet environment [7]. This
explains the large popularity of file sharing systems like Gnutella [2], Napster
[1], and Freenet [3].

Among different desirable qualities of a search algorithm, robustness is a very
important property. That is, the performance of a search algorithm should not
radically deteriorate in face of the dynamically changing network. As is known,
the big share of Internet users, consequently participants in p2p networks, leave
the community (p2p network) at very short intervals. Thus in order to give
robustness a high priority, algorithms generally avoid precise routing algorithms
for forwarding query message packets. However, flooding-based query algorithms
used by the networks produce enormous amounts of traffic which substantially
slows down the system. Recently flooding is increasingly replaced with different
variants of more efficient k-random walkers1 algorithms [5].
� This work was partially supported by the Future & Emerging Technologies unit of

the European Commission through Project BISON (IST-2001-38923).
1 A system where there are k message packets each performing a random walk, inde-

pendently.
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The goal of this paper is to study more-efficient alternatives to the existing
k-random walkers algorithms, which form the base algorithm for a large class of
p2p networks. In this respect, we draw our inspiration from the natural immune
system. Our algorithm has been inspired by the simple and well known concept of
the humoral immune system where B cells upon stimulation by foreign antigens
undergo proliferation generating antibodies. The increasing number of antibodies
consequently efficiently track down the antigens.

In this paper, we develop a 2-dimensional Cellular Automaton model to sim-
ulate the p2p environment. Performance by different random walk and prolifer-
ation techniques is evaluated with the help of the 2-dimensional CA. Hence in
the next section, we detail the CA model used to abstract the p2p environment.
The experimental results are noted in Section 3.

2 Modeling and Evaluation Methodology

In this section, we elaborate the two-dimensional CA model. Both state defi-
nition of each cell of the CA as well as the rules guiding the state transition
behavior of the cells are defined. The transition rules can be divided into two
parts, rules which are common to both proliferation and random walk techniques
and rules which are unique to one of these techniques. In Section 2.1, we describe
the features common to all the processes, whereas in Section 2.2, we explain the
unique rules.

2.1 CA Model

It is impossible to model all the dynamics of a p2p system. In this paper, we
are not attempting to resolve minor quantitative disparities between k-random
walk and proliferation algorithms, but instead are trying to reveal fundamental
qualitative differences. While our simple models do not consider all aspects of
reality, we hope they capture the essential features needed to understand the
qualitative differences.

Each cell of the two-dimensional (m × n) CA represents a peer/node in
a p2p system. Each peer in the network (consequently cells in the CA) can
communicate with four neighbors. The peers (cells) host some data which are
searched by other peers (cells) during a search operation. For simplification, we
have assumed that there are 1024 different types of data present in the network,
each of which can be represented by a 10-bit string. Hence, each cell hosts a
10-bit data string (say) P which we also refer to as token.

The search operation is performed with the help of three rules - Query Ini-
tiation Rule (QIR), Query Processing Rule (QPR) and Query Forwarding Rule
(QFR). Next these rules are explained one by one.
Query Initiation Rule (QIR): A query is initiated by a randomly selected
peer which requests for some data (say M). To obtain an answer to the request,
the peer floods message packets (M) into its neighboring peers. In order to
receive these message packets, each cell of the CA maintains a message queue
MQ. The length of the message queue is considered as unbounded. Like the
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tokens, there are 1024 unique query messages (M). The Query Initiation Rule
is

Rule 1. QIR: Form Message Packet M /*Pick an element M from Query Set Q*/
Flood k message packets(M) into the neighbors.

Data and Query Distribution: The 1024 unique tokens (both data and query)
are distributed according to Zipf’s law. It is generally believed that the distribu-
tion of documents in the Internet follows Zipf’s law [6]. In Zipf’s distribution the
frequency of occurrence of some event (here token/message) t, as a function of
the rank i, where the rank is determined by the above frequency of occurrence,
follows a power-law ti ∝ 1

ia . In the experimental setup, the Zipf’s exponent
(value of a) for both the data and query distribution is 1. The ranking in terms
of frequency is the same, for both tokens and messages—for instance, the most
popular token in the network is also the most popular query.
Query Processing Rule (QPR): Once the search is initiated, the messages
hop from cell to cell in subsequent time steps. Whenever, a cell encounters a
message packet, it checks whether the message has earlier visited this cell or
not. In this connection, each cell maintains a field named V . If the message has
not previously visited the cell, then the message is compared with P . A successful
search is reported if P = M . A field SS which initially is set to 0 everywhere is
updated to 1 in the respective cell to indicate a successful search.

Rule 2. QPR: If (Message packet(M)) Start
V++;
if ((V == 1) AND (P = M)), /*Report a match, V = 1 indicates first
SS = 1 time visit by a message*/

Once the queries are processed, the messages have to be forwarded to the
neighboring cells through a query forwarding rule. Each of the proliferation and
random walk techniques has a unique query forwarding rule which will be defined
in the next section. A summary of the common features is presented.
CA Model - Summary: The states, rules, neighborhood configuration and
updation synchrony of each cell of the two dimensional CA is next summarized.
A. States: Token P : A 10-bit string which doesn’t change over time.
Message Queue(MQ): A queue of messages of unbounded length.
Visit Count(V ): A counter to track the number of messages visiting the cell.
Success Indicator(SS): A one bit switch which is set to one if there is a successful
search. MQ, SS and V are initialized to 0 at the beginning of each search.
B. Rules: Query Initiation Rule (QIR): During every search operation it is
executed once only by a cell randomly selected to initiate the search.
Query Processing Rule (QPR) & Query Forwarding Rule (QFR): These rules
are executed by all the cells at each time step. QFR differs from process to
process, which will be discussed in Section 2.2.
C. Neighborhood: Each cell has four neighbors. The rules are periodic in
nature, that is, in effect, the CA is a two-dimensional toroidal grid.
D. Update Synchrony: The CA is updated asynchronously; the sequence in
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which cells get updated is random. The asynchronous update mimics the real-
life environment, where peers in the p2p network update their states without
maintaining any synchrony with the neighboring peers.

2.2 Query Forwarding Rule (QFR)

We here describe two proliferation- based and two random walk based QFRs.
Proliferation (P): In the proliferation scheme, packets undergo proliferation at
each cell they visit. The proliferation is guided by a special function, whereby a
message packet visiting a node proliferates to form Nnew message packets which
are thereby forwarded to the neighbors of the node.

Rule 3. P: If(Message packet(M)) Start
Produce Nnew message packets(M)

Spread the Nnew packets to Nnew randomly selected neighbors
of A

The function determining the value of ‘Nnew’ ensures that Nnew ≤ 4, where 4
is the number of neighbors of any cell. The function is discussed in detail after we
elaborate the proliferation rule which imposes restrictions in packet movement.
Restricted Proliferation (RP ): The rule RP , similar to P, produces Nnew

messages. But these Nnew messages are forwarded only if the node A has ≥
Nnew free neighbors. By ‘free’, we mean that the respective cells haven’t been
previously visited by message M . If A has Z ‘free’ neighbors, where Z < Nnew,
then only Z messages are forwarded, while the rest is discarded. However, if Z
= 0, then one message is forwarded to a randomly selected neighbor.

Rule 4. RP : If (Message packet(M)), Start
Produce Nnew message packets (M).
Z = No of ‘free’ neighbors
if (Z ≥ Nnew)

Spread the packets to Nnew randomly selected neighbors of A
else if (Z > 0)

Spread Z packets to Z free neighbors of A
Discard the remaining (Nnew - Z) packets

else
Forward one message packet to a randomly selected neighbor of A
Discard the remaining (Nnew - 1) packets

We now elaborate the function used to control the amount of proliferation.
Proliferation Controlling Function: We choose the proliferation of message
packets at any cell A to be heavily dependent on the similarity between the
message packet (M) and the token (P ) of A. This is in line with the affinity
based proliferation mechanism followed by immune systems. In this regard we
define p, where p = e−HD × ρ

4 , ρ represents the proliferation constant, it is
identical for all nodes; HD is the Hamming distance2 between the message (M)
2 The number of bits which differ between two binary strings



A Cellular Automaton Model for an Immune-Derived Search Algorithm 65

and the information profile (P ). With the help of the expression p, we define
P (η) - the probability of producing at least η packages during proliferation by
the following equation.

P (η) =
∑4

i=η

(4−1
i−1

) · pi−1 · (1− p)4−i

The significance of the above equation is (a).the number of packets proliferating
is ≥ 1 and ≤ 4; (b). when HD = 0, for ρ = 4, 4 packets always proliferate; (c).
the probability of proliferation decreases exponentially if η > ρ; (d). for HD >
0, the probability of proliferation of η packets decreases exponentially for η > 1.

We now describe k-random walk and a restricted version of it.
k-random walk (RW ): In k-random walk, the cell forwards the message packet
to a randomly selected neighbors. The rule(RW ) is represented as

Rule 5. RW : If(Message packet(M)) Start
Send the packet M to a randomly chosen neighbor peer

Restricted random walk (RRW ): In RRW , instead of passing the message
(M) to any random neighbor, we pass on the message to any randomly selected
‘free’ neighbor. However, if there is no ‘free’ neighbor, we then pass on the
message to any randomly selected neighbor.

Rule 6. RRW : If (Message packet(M)) start
Send the packet M to a randomly chosen ‘free’ neighbor peer
If no ‘free’ neighbor

Send the packet M to a randomly chosen peer

The next section describes various metrics used to compare performances of the
algorithms.

2.3 Metrics

In this paper we focus on efficiency aspects of the processes solely, and use the
following simple metrics in our abstract p2p networks. These metrics, though
simple, reflect the fundamental properties of the different query processing rules.
Success rate: The number of similar items (say K) found by the query messages
within a given time period, that is K =

∑N
i=1 SSi, where i represents each cell

and N is the total number of cells.
Coverage rate: The amount of time required by the messages to cover a percent-
age of the network. The network is fully covered when the visit field - Vi ≥ 1 in
each cell of the CA.
Cost per search output: The number of messages required to output a successful
search. In some sense, it is the inverse of the success rate, but it also provides
different insights into the system, which we will discuss in the next section.
Bad visits (BV ): The number of times the same message re-visits the same cell.
If a message packet visits the same cell more than once, it amounts to wastage
of that packet. BV =

∑N
i=0,(ifVi≥1) (Vi - 1). So, a good design should minimize

the amount of bad visits.
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3 Simulation Results

The experimental results compare efficiency of different query processing rules
(rule 3 - 6). The efficiency comparison is carried out with respect to the metrics
defined in section 2.3. Beside assessing efficiency, we also perform different scal-
ability tests with the QFRs. In order to assess the efficiency of different QFRs,
we have also to ensure fairness of ‘power’ among them which is elaborated next.

3.1 Fairness in Power

To ensure fair comparison among all the QFRs, we must ensure that each QFR
(P, RP , RW , RRW ) should participate in the network with the same ‘power’.
To provide fairness in ‘power’ between a proliferationQFR (say P) and a random
QFR (say RW ), we ensure that the total number of query packets used is
roughly the same in both cases. Query packets determine the cost of the search;
too many packets cause network clogging bringing down the efficiency of the
system as a whole. It can be seen that the number of packets increases in the
proliferation algorithms over the generations, while it remains constant in the
case of random walk algorithms. Therefore the number of message packets - k
in Rule 1 is set in a way so that the aggregate number of packets used by each
individual algorithm is roughly the same, that is, for RW , kRW = Tot Pack[P]

Tot Step[P] ,
where Tot Pack[P] is the total number of message packets used by P to perform
a particular experiment, while Tot Step[P] indicates the total number of time
steps required to perform that task.

To ensure fairness in ‘power’ between two proliferation rules (P & RP ), we
keep the proliferation constant ρ and the value of k the same for both processes.
The value of k is generally set as k = 4, where each cell has 4 neighbors.

We are now reporting the major experimental results one by one.

3.2 Experimental Result – Network Coverage

To evaluate the time taken by the message packets to visit all the cells of the CA
using different QFRs, we consider a 100 × 100 two-dimensional CA comprising
of 10000 cells and perform the following coverage experiment.
Coverage experiment: In this experiment, upon initiation of a search (Rule 1)
from a randomly selected cell, the CA is allowed to run till the message packets
cover the entire network (all cells of CA3). The experiment is repeated 500 times
on randomly selected initial cells. During the experiment, we collect different
statistic at every 10% of coverage of the network.

Fig. 1 plots statistic collected through coverage experiments. Fig. 1(a) shows
the network coverage rate of the RP , P algorithm at ρ = 3, as well as RRW
and RW algorithms. The graph plots the % of network covered (x-axis) vs.the
time taken to cover corresponding % of network (y-axis - semilog scale). From
the figure, it is seen that the time taken to cover the network is much shorter in
RP followed by P, RRW and RW .
3 The term ‘network’ and ‘CA’ are used interchangeably throughout the section.
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Fig. 1. Graphs plotting network coverage time, average message used, and number of
bad visits by P, RP , RW and RRW (semilog scale).

Fig. 1(b) plots the average number of packets used by the different QFRs
(y-axis) vs. network coverage (x-axis). As expected, the number of packets in-
crease inRP/P over the period of network coverage while it remains constant for
random walk (RW/RRW ) schemes. Therefore, while performing coverage ex-
periments, the value of k for RRW/RW is set to the average number of message
packets used by RP to cover 100% of the network. Although the proliferation
constant is the same for P and RP , from the figure it is seen that P produces
enormous amount of messages, almost 10 times more than RP . This happens
because P indiscriminately proliferates. The tendency is further detailed through
the next figure (Fig. 1(c)).

Fig. 1(c) shows the number of bad visits (defined in Sec. 2.3) byRP , P,RRW
and RW s (y-axis) vs. network coverage (x-axis). It is seen that execution of both
RW and P results in a huge amount of bad visits due to their indiscriminate
behavior. However, even though both RRW and RP generally inherently try to
avoid already visited nodes, we find that RP can avoid such visits much more
efficiently. (The number of bad visits by RRW is 10 times higher than RP .)
Therefore, we can conclude that RP by far outperforms all other techniques in
terms of network coverage.

3.3 Experimental Results – Search Efficiency

To compare the search efficiency of RP & RRW , we perform the time-step
experiment on the 100 × 100 two-dimensional CA.
Time-step experiment: In the experiment, after initiation of a search (Rule 1),
the CA is allowed to run for N (= 50) time steps. The search is initiated by a
randomly selected node and the number of similar items (ns) found within 50
time steps from the start of the search is calculated. The search output (ns) is



68 N. Ganguly and A. Deutsch

0 10 20 30 40 50 60 70 80 90 100
0

20

40

60

80

100

120

140

No of generation

N
o

. 
o

f 
S

e
a

rc
h

 I
te

m
RP − Restricted Proliferation
RP − (average)
RRW − Restricted Random Walk
RRW −(average)

a. Search efficiency of RP (ρ = 3) and
RRW .

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4

5

6

7

No. of Generation

C
o

st
 P

e
r 

It
e

m

RP − Restricted Proliferation 
RRW − Restricted Random Walk

b. Cost incurred per item searched by
RP (ρ = 3) and RRW .

Fig. 2. Graphs showing search efficiency and cost incurred by RP and RRW .

averaged over one generation (100 different searches), whereby we obtain Ns,
where Ns =

∑100
i=1 ns/100.

The graph of Fig. 2(a) displays the average value Ns against generation
number for RP and RRW . The search results for both RP and RRW show
fluctuations. The fluctuations occur due to the difference in the availability of
the searched items selected at each generation. However, on average, the search
efficiency of RP is almost 5-times higher than that of RRW . (For RP , the
number of hits ≈ 65, while it is ≈ 13 for RRW .) The fluctuations in the results
help us to understand an important aspect about cost which is discussed next.

Fig. 2(b) displays the cost/search item (the number of messages required to
produce a search output) each scheme incurs to generate the performance of Fig.
2(a). The cost of RP is hardly changing (it stays constant at around 0.7) even
though the corresponding search output is differing hugely, while in RRW there
is significant fluctuation in terms of cost. This can be easily understood from
the fact that RRW always starts with the same number of packets irrespective
of the availability of the items. Therefore, when the search output is low, the
cost shoots up sharply. While in RP , the packets are not generated blindly, but
are instead regulated by the availability of the searched item. Therefore, if a
particular searched item is sparse in the network, RP produces a lower number
of packets and vice versa.

3.4 Experimental Result – Scalability

In this section, we perform two different types of scalability tests. In the first
type, we change the shape of the two-dimensional CA so far used, from the
square CA (100 × 100) to a more rectangular shape, and observe the impact
it creates on the efficiency of RP & RRW . In the second case, we increase the
dimension of the CA and observe the outcome.
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a. Network coverage time taken by RP
and RRW with different shape of CA,
each CA having 10000 cells.

b. Network Coverage time taken by RP
and RRW at different CA size.

Fig. 3. Graphs illustrating scalability of RP and RRW under different conditions.

Shape and Scalability: In this experiment, we consider different two dimen-
sional CAs each having 10000 cells. The dimensions of such CAs are respectively
100 × 100, 200 × 50, 400 × 25, 500 × 20, 1000 × 10. Testing the efficiency in all
such configurations is particularly important because in real p2p environments,
we may not be able to develop exactly square connection among the peers and it
is necessary for a proposed algorithm to perform well irrespective of the nature
of connection layout. We perform the coverage experiments on these differently
shaped CA; the experimental results are illustrated in Fig. 3(a).

Fig. 3(a) plots the network coverage time (y -axis) taken by RP and RRW
against different configuration (x -axis). For each, RP and RRW , we plot the
time taken to cover all the cells of the CA. The figure shows that for both RP
and RRW , as the shape becomes more rectangular, the network coverage time
increases. For example, RP takes 198 time steps to cover the network when the
CA is square, whereas it takes 1951 time steps when the CA has the dimension
1000 × 10. Whereas in case of RRW , the respective figures rise from 1105 to
31025. That is, RP has a five-fold rise in network coverage time, while for RRW
it increases by a factor of (around) 30.
Size and Scalability: To measure the performance of RP and RRW with
respect to CAs of different sizes, we consider CAs of dimension 100 × 100, 300
× 300 and 500 × 500. We perform both time-step and coverage experiments with
RP and RRW on the three CAs. In case of the time-step experiment, a scalable
algorithm should ensure that the number of search outputs does not deteriorate
with the increase in dimension. And this is indeed confirmed by our experiments
for both RP and RRW (data not shown).

The more important test of scalability is elaborated through the next result
derived by executing a coverage experiment and is depicted in Fig. 3(b). Fig. 3(b)
plots the time (y -axis) taken by RP and RRW to cover 100% of the network
against different configuration (x -axis). The coverage time in RP increases from
198 (for 100 × 100) to 586 (for 500 × 500). The rate of increase is less than the
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logarithm of the rate of increase in the number of nodes. Any search algorithm
in p2p network with such low rate of increase is considered to be extremely
scalable [4]. However, for RRW , the network coverage time increases from 1105
to around 16161, increasing almost linearly with the number of nodes.

4 Conclusion

One of the most important functionalities of p2p networks is search. In this pa-
per, we have concentrated on developing efficient search algorithms for p2p net-
works. We have produced detailed experimental results showing that the simple
immune-inspired concept of proliferation can be used to cover the network more
effectively than random walk. Moreover, the search efficiency of a rule based
on proliferation (RP ) is five times higher than that of restricted random walk
(RRW ) algorithms. The proliferation algorithm is extremely scalable. There
is only minor deterioration in network coverage time with respect to changing
shape and size. The effectivity of opportunistic proliferation rules we believe is
a fundamental result and can be applied beyond the domain of the proposed
p2p search application. However, a detailed theoretical analysis to explain these
interesting results has to be undertaken in the recent future to explore the full
potential of the proliferation algorithm.
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Abstract. This paper exploits the fact that an asynchronous cellular
automata naturally provides a randomized algorithm. We study the pos-
sibility to repeat many runs over the same problem instance to improve
the quality of the answer. We consider the case of the so-called density
task and quantify the interest of the approach. In addition we show that
almost 100% of success can be achieved provided that the density task
is allowed to classify the configuration in three rather than two classes.

1 Introduction

Cellular Automata (CAs) are discrete dynamical systems that have been used for
simulating physical, chemical, social, and biological systems that are difficult or
impossible to model using differential equations or other standard mathematical
methods [3]. Usually, one assumes that the cells of a CA are formally updated
simultaneously. However, perfect synchronicity is only an abstraction: if CAs
are to model physical or biological situations or are to be considered physically
embodied computing machines then the synchronicity assumption is no longer
adequate. In fact, in any spatially extended system signals can only travel at
finite speeds. Hence, for given dimensions it is impossible for a signal emitted
by a global clock to reach any two computing elements at exactly the same
time. In biological and sociological environments agents act at different, and
possibly uncorrelated, times which seems to preclude a global clock in many
cases. In previous work, we have shown that one can evolve asynchronous CAs
for computation, in particular for the density task [10]. Although asynchronous
CAs proved to be less efficient than their synchronous counterparts, they have
the important advantage of being more robust in noisy environments.

A randomized algorithm is a computation whose evolution is driven by ran-
dom choices. It produces a different output each time it is executed, even if the
input data is the same [7,8]. Repeating several time a randomized algorithm on
the same problem instance reduces and bounds the possibility of errors. In many
cases, randomized algorithms are known to be more efficient than their deter-
ministic counterparts. Here, we apply the principles of randomized computation
to improve the performance of an asynchronous CA for the density task.
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The paper is organized as follows. Section 2 briefly describes synchronous
and asynchronous CAs. Section 3 describes the density task. In section 4 we
describe our randomized computation. Section 5 reports on the experiments and
the results. Finally, section 6 presents our conclusions.

2 Synchronous and Asynchronous Cellular Automata

CAs are dynamical systems in which space and time are discrete. A standard
CA consists of an array of cells, each of which can be in one of a finite number
of possible states, updated synchronously in discrete time steps, according to a
local, identical transition rule. Here we will only consider boolean automata for
which the cellular state s ∈ {0, 1}. The transition rule contained in each cell is
specified in the form of a rule table, with an entry for every possible neighborhood
configuration of states. The state of a cell at the next time step is determined by
the current states of a surrounding neighborhood of cells. The regular cellular
array (grid) is d-dimensional, where d = 1, 2, 3 is used in practice. For one-
dimensional grids, a cell is connected to r local neighbors (cells) on either side
where r is referred to as the radius (thus, each cell has 2r+1 neighbors, including
itself). The term configuration refers to an assignment of ones and zeros to all
the cells at a given time step t. It can be described by st = (st

0, s
t
1, . . . , s

t
N−1),

where N is the lattice size. The CAs used here are linear with periodic boundary
conditions st

N+i = st
i i.e., they are rings.

To visualize the behavior of a CA one can use a two-dimensional space-time
diagram, where the horizontal axis depicts the configuration at a certain time t
and the vertical axis depicts successive time steps (for example, see figure 1). In
the figures state 1 is black, and state 0 is white.

As noted before, asynchronous CA are physically more reasonable than par-
allel ones. However, there are many ways for sequentially updating the cells of
a CA (for a discussion of this point, see [9,10]). The most general and unbiased
way is independent random ordering of updates in time, which corresponds to
a Poisson stochastic process. We use a close approximation to it which con-
sists in randomly choosing the cell to be updated next, with replacement. This
corresponds to a binomial distribution for the update probability, of which the
Poisson distribution is the limiting case for large N .

It should be noted that because our chosen asynchronous updating is nonde-
terministic, the same CA may reach a different configuration after n time steps
on the same initial distribution of states, which is of course not the case for
synchronous CA. This is because the trajectory in configuration space that is
followed depends on the evaluation order of the cells for asynchronous CA, while
there is a single possible sequence of configurations for a synchronous CA for a
given initial configuration of states (see, e.g. figure 1).

3 The Cellular Automata Density Problem

The density task is a prototypical distributed computational problem for CAs.
For a finite CA of size N it is defined as follows. Let ρ0 be the fraction of 1s in
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the initial configuration (IC) s0. The task is to determine whether ρ0 is greater
than or less than 1/2. In this version, the problem is also known as the majority
problem. If ρ0 > 1/2 then the CA must relax to a fixed-point configuration of all
1’s that we indicate as (1)N ; otherwise it must relax to a fixed-point configuration
of all 0’s, noted (0)N , after a number of time steps of the order of the grid size
N (if N is odd one avoids the case ρ0 = 0.5).

This computation is trivial for a computer having a central control. Indeed,
just scanning the array and adding up the number of, say, 1 bits will provide the
answer in O(N) time. However, it is nontrivial for a small radius one-dimensional
CA since such a CA can only transfer information at finite speed relying on local
information exclusively, while density is a global property of the configuration
of states [6].

It has been shown that the density task cannot be solved perfectly by a
uniform, two-state CA with finite radius [4], although a slightly modified version
of the task can be shown to admit perfect solution by such an automaton [2]. The
performance P of a given rule on the majority task is defined as the fraction
of correct classifications over 104 randomly chosen ICs. The ICs are sampled
according to a binomial distribution (i.e., each bit is independently drawn with
probability 1/2 of being 0). Clearly, this distribution is strongly peaked around
ρ0 = 1/2 and thus it makes a difficult case for the CA to solve.

But the lack of a perfect solution does not prevent one from searching for
imperfect solutions of as good a quality as possible. In general, given a desired
global behavior for a CA, it is extremely difficult to infer the local CA rule
that will give rise to the emergence of a desired computation. Since exhaus-
tive evaluation of all possible rules is out of the question except for elementary
(d = 1, r = 1) automata, one possible solution of the problem consists in using
evolutionary algorithms, as first proposed by Mitchell et al. [5,6].

In a recent work [10], we evolved asynchronous CAs for the density task with
a genetic algorithm (see 1). Compared with synchronous CAs for the same task,
we found that the asynchronous version is slightly less efficient but it has better
fault-tolerance capabilities, which is an important feature in noisy environments.
Figure 1 shows two executions of the evolved asynchronous CA on the same
initial configuration. Its performance on the density task is P = 67.2%. In this
work, we do not deal with robustness due to the update mode of the CA, but
rather we try to enhance the performance of the asynchronous CA by using a
randomized computation scheme.

4 Randomized Algorithms

4.1 General Concepts

Randomized algorithms have become popular in computer science since, in many
cases, a randomized algorithm is simpler and faster than a deterministic algo-
rithm [1,7]. For instance, randomized algorithms exist that run in polynomial
time, while no polynomial-time deterministic algorithm exist for the problem,
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(a) (b)

Fig. 1. Space-time diagrams of an asynchronous CA for the density task. The density
ρ0 = 0.55 in both (a) and (b) and the initial state configuration is the same. The
different time evolution is due to the nondeterminism of the updating policy.

like primality testing [8]. But there is a price to pay for that: a randomized al-
gorithm performs random choices during some of its steps and thus, if executed
several times, it does not exhibits the same behavior.

The so-called Las-Vegas randomized algorithms are characterized by a com-
pletion time that varies from one run to another [1]. Sometimes, a Las-Vegas
run may not finish. It this case, a second run, with the same problem instance
may well finish in an acceptable time.

In the so-called Monte-Carlo randomized algorithms, given an instance of a
problem, the value of the solution should be regarded as a random variable [1].
Randomized Monte Carlo algorithms cannot guarantee that false answers will be
avoided. Therefore it is important to estimate the probability ps that, on a given
instance s, the algorithm yields a correct answer. If ps > 1/2, the probability
of an error can be brought down to any desired finite level, provided that the
experiment is repeated a sufficient number of times. This property is known
as stochastic amplification and can be understood as follows. If we call p the
probability of computing the correct result in a run, then the probability that
the algorithm gives the correct answer on the input i times in k runs is binomially
distributed, since the runs are independent Bernoulli random variables:

Prob(k, i) =
(
k

i

)
pi (1− p)k−i

Thus, the probability of answering correctly is:

Prob((ri = r) > k/2) =
k∑

i=k/2+1

(
k

i

)
pi (1− p)k−i
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By using a normal approximation to the binomial distribution, one finds for
example that, for k = 42 runs and with p = 0.672, i.e. the performance of
the rule, the probability of getting at least i = 22 correct answers, and thus of
correctly classifying the configuration, is about 0.98. Note that we used p = 0.672
in this example because it corresponds to the performance of one run of our
asynchronous CA sampled over 104 different initial configuration. However, this
value is not the average probability of success of the algorithm over the sampled
configuration.
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Fig. 2. Histogram of the probabilities that a configuration of given density ρ0 is evolved
by the asynchronous CA to the fixed point (1)N . with all ones. The probability range
has been divided in 20 bins. The number of configurations in each bin is normalized
by the total number of configurations (1000). System size is N = 149 and the number
of repetition is Nr = 100.

4.2 The Random Behavior of the Asynchronous CA

As described previously, on configuration s0, the asynchronous CA reaches one
of the two fixed points (1)N or (0)N in a number t∞ of site updates. If the
algorithm is run only once, the output is ρ0 > 1/2 if configuration (1)N is reached
and ρ0 < 1/2 if the final state is (0)N . Obviously, this is not always the correct
answer regarding to the actual density of s0. Unfortunately, the probability ps0

that this procedure gives the right answer is not known and varies very much
from one configuration to the other.
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Note also that the time t∞ needed to reach one of these two possible fixed
points also depends on the updating path. Thus, the asynchronous CA for the
density task is a randomized algorithm that behaves as a combination of a Monte-
Carlo and Las-Vegas algorithm.

A natural way to improve the performance of the algorithm is to repeat it
several time. If one considers Nr repetitions of the asynchronous CA on a chosen
configuration s0, we shall observe that in N→1 cases, the CA has evolved to (1)N

whereas, in Nr −N→1 other cases, the final state is the null configuration (0)N .
Therefore, we define P→1 as the probability that configuration s0 converges

towards (1)N . If the number Nr of repetitions of the algorithm is large, this
probability can be estimated by

P→1(s
0) =

N→1

Nr
(1)

This probability of converging to configuration 1 is quite dependent of the
problem instance s0. However, we expect that P→1 will be small if ρ0 is small,
and large in the opposite case. But, for two initial configurations of same density,
the corresponding P→1 can be quite different, as shown in fig. 2.

Figure 2 shows the histogram of the values of P→1 for 1000 configurations
chosen randomly with various prescribed densities ρ. Practically speaking, these
configurations are generated by a random permutation of the cells of a configu-
ration containing the desired number of ones and zeros. The situation depicted
in fig. 2 concerns a CA of size N = 149. For each configurations, Nr = 100
repetitions of the asynchronous CA runs are performed. The situation of fig. 2
corresponds to densities ρ0 = 0.35, ρ0 = 0.4, ρ0 = 0.45, ρ0 = 0.55, ρ0 = 0.6 and
ρ0 = 0.65. The case of ρ0 = 0.5 will be shown later on.

In order to evaluate the statistical significance of the curves obtained for 100
repetitions and 1000 configurations, each experiment has been conducted twice,
i.e for two sets of 1000 random configurations. We see that, for these parameters,
the algorithm gives quite reproducible results.

5 Classification Schemes

The purpose of the present asynchronous CA is to perform the density task, that
is to classify each configuration s in different classes, according to the predicted
value of ρ0. In this section, we show how Nr repetitions of the CA evolution can
be used for this task. We shall first consider a straightforward extension of the
standard case Nr = 1 and show that the quality of the classification improves
beyond that obtained with the synchronous CA [5] provided that Nr is large
enough.

Then, we shall propose a new way to classify the configuration, using three
classes instead of two. We show that this methods lead to an almost perfect
classification scheme.
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5.1 Classification in Two Classes

The natural way to exploit the result of our randomized algorithm is to base the
classification process on the value of P→1 . The following pseudocode describes
the randomized algorithm we have used to solve the density task:

– choose an initial configuration s0; set N→1 = 0
– do Nr independent runs of the CA on s0 and

for each run, increment Nr if the final configuration is (1)N

– Compute P→1 = N→1/Nr

– if P→1 > 1/2 then predict ρ0 > 1/2;
else predict ρ0 < 1/2;

Following the standard procedure to evaluate the quality of a CA algorithm
to perform the density task [5], we consider 104 random configurations for which
each cell is initialized to 1 with probability 1/2. The performance α of the al-
gorithm is then the fraction of these configurations that have been correctly
classified.

We first give the performance α of our Monte-Carlo CA algorithm as a func-
tion of the number of repetition Nr. The result is shown in fig. 3 (a). We observe,
as expected, that for Nr = 1, we obtain the result of [10], namely α ≈ 0.67.

Note that we take Nr as an odd number so that P→1 is never one-half. As
Nr increases, α gets larger, showing the stochastic amplification of repeating a
Monte-Carlo algorithm several time. However, we observe a saturation of α.

The work done to improve the quality of the prediction increases as the num-
ber of repetition Nr increases. Here the work is defined as the average number
of site updates that are needed in total to classify one of the 104 configurations.
It is thus an indication of the average completion time of the algorithm over
many instances. This work is proportional to Nr but, it is observed that the
proportionality constant increases with the system size N . Table 1 summarizes
our measurement of the work.

Table 1. Average normalized work for one run of the asynchronous and synchronous
CA. The total work is normalized by the system size. Thus the given figures corresponds
to the number of so-called Monte-Carlo steps (asynchronous case) or CA iterations
(synchronous case). Data are obtained from an average over 104 configurations.

N = 149 N = 200 N = 500
asynchronous 93 128 340
synchronous 83 112 282

In fig. 3 (b) we compare, as a function of the lattice size N , the work of both
the synchronous (1 run1) and asynchronous CA (Nr runs) to obtain the same
1 The synchronous CA cannot be repeated since it is deterministic. However random

errors could be added to produce a randomized algorithm. This possibility has not
been explored here
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Fig. 3. (a) The performance of our Monte-Carlo CA algorithm for the density task, as
a function of the number of its repetition on each instance. The lattice size is N = 149,
and 104 configurations have been generated at random. The dashed line indicates the
performance achieved with one run of synchronous updating, namely 0.77. (b) Work
normalized to system size to achieve same performance with the asynchronous and
synchronous scheme.

classification performance. We have considered the sizes N = 149, N = 200 and
N = 500 for which the performances of the synchronous CA are 0.77, 0.75 and
0.73, respectively.

We see that the ratio work/performance of the synchronous CA is quite good
compared to that of the asynchronous one. However, the synchronous CA has a
maximum performance that cannot be improved, as opposed to the asynchronous
one. In addition, it is argued that a VLSI implementation of an asynchronous
CA would run faster than the synchronous version2. When N = 200, a factor
of 4 in the hardware speed of the implementation would be necessary to make
the randomized asynchronous CA faster than its deterministic counterpart while
keeping the same classification performance.

5.2 Classification in Three Classes

The previous scheme can be improved by using three classes instead of two.
Clearly, the configurations whose density is difficult to classify as larger or smaller
than one-half are those configurations with a density close to one-half. These con-
figurations turn out to also have a P→1 spread around 0.5. This is well illustrated
in fig. 4 (a) where we show the histogram of P→1 for densities ρ0 = 0.4, ρ0 = 0.5
and ρ0 = 0.6.
2 A. Stauffer, private communication
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Fig. 4. (a) histogram of P→1 for densities ρ0 = 0.4, ρ0 = 0.5 and ρ0 = 0.6. The
two dashed lines gives the histograms when, respectively, 1000 and 10’000 random
configurations are visited (each bit generated with probability 1/2). (b) Score of the
Monte-Carlo CA algorithm for the density task when the classification is made in
three classes ρ < 0.5, ρ > 0.5 and 0.4 < ρ < 0.6. The number of repetitions is
Nr = 1, 3, 5, 10, 20, 100.

Figure 4 (a) suggests a new classification scheme. The rule we can extract is
the following, for any configuration s.

– If P→1 < 0.3 then ρ0 < 0.5
– If P→1 > 0.75 then ρ0 > 0.5
– If P→1 > 0.3 and P→1 < 0.75 then 0.4 < ρ0 < 0.5

Note there is a slight asymmetry in the chosen threshold 0.3 and 0.75. These
values are those suggested by figure 4 (a) but this issue has not been further
investigated here.

It is important to stress that the three regions defined by the above conditions
(ρ < 0.5, ρ > 0.5, 0.4 < ρ < 0.6 overlap as a configuration can be at the same
time in the region 0.4 < ρ < 0.6 and ρ < 0.5 (or ρ > 0.5). However, the algorithm
will classify each configuration in only one region. The information we get from
these three classes is different from that given with the standard approach but
not less. The pertinence of this classification depends the actual reason why the
density task is performed.

Note that a classification in 3 regions is only possible with the randomized
algorithm which gives an output P→1 with more than two values.

The quality of this scheme is extremely good: over 95%, even for Nr = 10.
Figure 4 (b) shows the performance we obtain as a function of Nr, for a system
of size N = 149. It is possible that the thresholds used to define the three regions
depend on the lattice size. This question has not been investigated yet.
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Finally, the thresholds 0.3 and 0.75 on P→1 can be adjusted to narrow the
middle region (0.4 < ρ0 < 0.6). However, this will decrease the score of the
algorithm. More simulations would be required in order to obtain the relation
between these threshold values and the algorithm performance.

6 Conclusions

In this paper we showed that an asynchronous CA for a global task can be
naturally turned into a randomized, Monte-Carlo algorithm. It gives a different
answer each time it is executed, even if it is on the same input data. By repeating
it several times we can improve the performance of the classification of initial
configuration with respect to their initial densities. The ratio work/performance
of this approach is compared with that of the traditional synchronous approach.

We then propose a new way to perform the classification of the initial density
ρ0, using three classes: ρ0 < 1/2, ρ0 > 1/2 and 0.4 < ρ0 < 0.6. This possibility
is offered by the random nature of the algorithm and yields more than 95%
performance for a moderate cost.

Clearly, the combination of asynchronous CA and randomized algorithms
offers new perspectives in the framework of global task computations.
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Abstract. Modeling free-form shapes in 3D spaces based on strict physical
laws require a considerable amount of computation time. Previous experiences
with Cellular Automata demonstrated substantial improvements for these appli-
cations. Here, we describe an efficient approach applying the Cell-DEVS for-
malism to model the deformation of free-form shape objects in a 3D space. The
objects are treated as virtual clay, and the values assigned to each cell in the
model represent a certain amount of clay in the cell. The clay object is de-
formed in accordance with the physical conservation laws.

1   Introduction

3D modeling techniques have become increasingly attractive, ranging from CAD
systems up to image morphing in computer graphics. The representation of solid 3D
objects requires to use restrictive geometrical operations. Different studies on the
simulation of such deformations for objects use strict physical models, such as finite
element methods, methods based on elasticity theory, and applications of particle
systems. All these methods and applications need considerable time for computing
deformations according to the laws, and human interactions are not permitted espe-
cially for complex shapes.

Instead, imagining the 3D objects as clay that can be freely deformed, we can un-
derstand problems on 3D objects. Some of the undergoing efforts considering volume
sculpting in a 3D virtual space use a discretization of the space in 2D or 3D cells. In
[1], a solution based on Cellular Automata (CA) was presented. A 3D CA is used to
simulate plastic deformations of clay, and each cell is allocated a finite state automa-
ton, which is given the simple distribution rules of the virtual clay instead of compli-
cated physical laws. Each automaton repeats state transitions according to the state of
their neighbors. This approach tries to avoid the considerable computation time for
plastic deformation and make the deformation process natural by showing the be-
havior of real clay. An extension of this work, presented in [2], includes new reparti-
tion algorithms.

We will show how to model a 3D free-form object using Cell-DEVS [3], and we
will simulate deformation using the CD++ toolkit [4]. Cell-DEVS is a novel approach
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to represent models of real systems as cell spaces. Cell-DEVS uses the DEVS (Dis-
crete Events systems Specifications) formalism [5] to define a cell space where each
cell is defined as a DEVS model. This technique permits to build discrete-event cell
spaces, and it improves their definition by making the timing specification more ex-
pressive. The Cell-DEVS presented here describes the behavior of each cell in a 3D
free-form virtual clay model using the state transition rules presented in [1]. This
model describes effectively the behavior of free-form object: compression (from
outside) and deformation (from inside).

2   Background

Cell-DEVS [3] is a combination of CA and DEVS [5] that allows the implementation
of cellular models with timing delays. A Cell-DEVS model is defined as a lattice of
cells holding a state variable and a computing apparatus to update the cell state. This
is done using the present cell state and a set of inputs coming from cells in the neigh-
borhood. Cell-DEVS improves execution performance of cellular models by using a
discrete-event approach. It also enhances the cell’s timing definition by making it
more expressive [6]. Each cell, defined as TDC=< X, Y, S, N, delay, d, δINT, δEXT, τ, λ,
D >, uses N inputs to compute its next state. These inputs, which are received through
the model's interface (X, Y), activate the local computing function (τ). State (s)
changes can be transmitted to other models, but only after the consumption of a delay
(d). Two kinds of delays can be defined: transport delays model a variable commut-
ing time, and inertial delays, which have preemptive semantics (scheduled events can
be discarded). Once the cell behavior is defined, a coupled Cell-DEVS is created by
putting together a number of cells interconnected by a neighborhood relationship.

Fig. 1. Description of a Cell-DEVS model.

A coupled Cell-DEVS is composed of an array of atomic cells, with given size and
dimensions, defined as GCC = < Xlist, Ylist, X, Y, n, {t1,...,tn}, N, C, B, Z >. Each cell
is connected to its neighborhood through standard DEVS input/output ports. Border
cells have a different behavior due to their particular locations. Finally, the model’s
external couplings can be defined in the Xlist and Ylist. Each cell in a Cell-DEVS is a
DEVS atomic model, and the cell space is a DEVS coupled model. DEVS is an in-
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creasingly accepted modeling and simulation framework. DEVS is a sound formalism
based on generic dynamic systems, including well defined coupling of components,
and hierarchical modular construction. A DEVS model is described as a composite of
submodels, each of them being behavioral (atomic) or structural (coupled). Each
atomic model, defined by AM = < X, Y, S, δext, δint, λ, ta>, has an interface consisting
of input (X) and output (Y) ports to communicate with other models. Every state (S)
in the model is associated with a time advance (ta) function, which determines the
duration of the state. Once this time is consumed, an internal transition is triggered.
At that moment, the model generates results through the output ports by activating an
output function (λ). Then, an internal transition function (δint) is fired, producing a
state change. Input external events, which are received in the input ports, activate the
external transition function (δext). Coupled models are defined as a set of basic com-
ponents (atomic or coupled), which are interconnected through the model's interfaces.
The model’s coupling defines how to convert the outputs of a model into inputs for
the others, and to inputs/outputs to the exterior of the model.

CD++ [4] is a modeling tool that was defined using DEVS and Cell-DEVS specifi-
cations. DEVS Atomic models can be incorporated onto a class hierarchy pro-
grammed in C++. Coupled models can be defined using a built-in specification lan-
guage, in which the model is specified by including the size and dimension of the cell
space, the shape of the neighborhood and borders. The cell’s local computing func-
tion is defined using a set of rules with the form: POSTCONDITION   DELAY  {
PRECONDITION }. These indicate that when the PRECONDITION is satisfied, the
state of the cell will change to the designated POSTCONDITION, whose computed
value will be transmitted to other components after consuming the DELAY.

3   A Virtual Clay Model

In virtual clay models, a 3D object deformation is considered as a physical process
that equally distributes the virtual clay to the adjacent areas. A threshold is associated
with the deformation of the object [1]: when the density is under the threshold, the
object keeps its shape. If a portion receives an external force, its density changes; if
the density is above the threshold, the object is deformed, and clay is transported from
high-density to low-density portions. However, the total mass of the clay should be
conserved. We model the object as a 3D Cell-DEVS. A positive value assigned to
each cell represents the mass of clay in the piece. In [1], the authors define the model
using a Margolus neighborhood, and the following rules for each block:

[Step A] For each cell i whose state is 1,
dmi = mi * ;
mi = mi - dmi;

[Step B] For each cell j whose state is 0,
mj = mj + ((dm1 + dm2 +…+ dmt) / n);

where  is a constant rate for distribution ( 0 <  < 1 ), t  is the number of cells
over threshold and n is the number of cells under threshold. Here, we denote the state
of a cell as 1 if its virtual clay is over the threshold. Otherwise, the state is 0. The
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value dmi represents the excessive clay in cell i, which will be distributed to the
neighboring cells. From these two steps, we can see that the total mass of virtual clay
within a block is conserved during the state transitions. Figure 3 illustrates the transi-
tion rules in 2D.

 

Cell over threshold Cell under threshold 

Fig. 2. 2D block patterns.

Fig. 3. Push operation by a moving plate.

The deformation of a virtual clay object is based on a push operation. The clay is
transported from a cell into the adjacent ones along the direction of pushing. The
surface of a virtual clay object can be pushed at most one cell in depth per step.

Figure 3 shows an example of the push operation by a moving plate. This plate is
modeled as a set of special cells to which virtual clay cannot be distributed. When the
threshold is surpassed as the result of pushing, virtual clay is distributed according to
the transition rules. The state transitions are repeated until there are no cells over
threshold (a stable state). The number of steps to reach the stable state depends on the
total mass of virtual clay, the threshold and the parameter .

4   Modeling a Virtual Clay Object in Cell-DEVS

We used Cell-DEVS model to simulate the behavior of the deformation of a virtual
clay object. Our focus is on a 3D free-form object, using the transition rules presented
in the previous section. Figure 4 illustrates the 3D Margolus neighborhood we used,
in which the nearest 8 cells make one block. Similarly to the 2D neighborhood, each
cell belongs to different blocks in odd and even steps.
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Objective Cell 

Neighborhood (odd step) 

Neighborhood (even step)

Fig. 4. 3D Margolus neighborhood

The values in each cell represent the density (mass) of that cell. A cell with a value
of zero means this cell is out of the object, while a positive value means the cell is
within the object. The final state contains the free-form object in stable state after
deformation. The transition procedure is done in two stages as follows.

•   Deformation: if there are cells with density over the threshold, the deformation
transition rules are applied.

•   Compression: we assume that there is a moving plate and the virtual clay next
to the plate is transferred from a cell into the adjacent cell along the direction
of pushing. In the model, this plate is handled as a dummy plate with each
cell having a value of zero, staying right on top of the object.

 
During the transition procedure, each cell has its different neighbors at odd and

even steps. The neighborhood of each cell is identified according to its location in the
block. Meanwhile, each cell has different transition policies for the deformation and
compression stages. Therefore, we used a four-dimensional Cell-DEVS model, in
which each 3D hyperplane of (x, y, z) represents a set of state variables and the fourth
dimension is a control variable, as follows.

•   Hyperplane 0 (x, y, z, 0) represents the free form object.
•   Hyperplane 1 (x, y, z, 1) defines the odd or even step so that each cell in Hy-

perplane 0 can identify its Margolus neighborhood.
•   Hyperplane 2 (x, y, z, 2) is a control Hyperplane. Compression will be per-

formed if (x, y, z, 2) = 1, and deformation if cell(x, y, z, 2) =0.
 

This Cell-DEVS coupled model is defined as follows:
Plastic = < Xlist, Ylist, X, Y, n, {t1,...,tn}, N, C, B, Z >.

X=Y=Xlist=Ylist= Ø;  S = {s| s >= 0, s∈  R }; n=4; t1=10; t2=9; t1=12; t4=12;
N = {(-1,-1,-1,0),(-1,0,-1,0),(-1,1,-1,0),(0,-1,-1,0),(0,0,-1,0),(0,1,-1,0),(1,-1,-1,0),
(1,0,-1,0),(1,1,-1,0),(-1,-1,0,0),(-1,0,0,0),(-1,1,0,0),(0,1,0,0),(0,0,0,0),(0,1,0,0),
(1,-1,0,0),(1,0,0,0),(1,1,0,0),(-1,-1,1,0),(-1,0,1,0),(-1,1,1,0),(0,-1,1,0),(0,0,1,0),
(0,1,1,0),(1,-1,1,0),(1,0,1,0),(1,1,1,0),(-1,-1,2,0),(-1,0,2,0),(-1,1,2,0),(0,-1,2,0),
(0,0,2,0),(0,1,2,0),(1,-1,2,0),(1,0,2,0),(1,1,2,0),(0,0,0,1),(0,0,0,2)}

The definition of this Cell-DEVS coupled model using CD++ is illustrated in Fig-
ure 5 below.
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[plastic]
dim : (10,9,12,3)     delay : transport
border : nowrapped
neighbors:(-1,-1,-1,0)(-1,0,-1,0)(-1,1,-1,0)
(0,-1,-1,0)(0,0,-1,0)(0,1,-1,0)(1,-1,-1,0)
(1,0,-1,0)(1,1,-1,0)(-1,-1,0,0)(-1,0,0,0)(-1,1,0,0)
localtransition : deformation-rule
[deformation-rule]
...

Fig. 5. Cell-DEVS coupled model specification in CD++

This Cell-DEVS model that has three hyperplanes of 10*9*12 each. The cell’s be-
havior is defined by the localtransition clause, and it will be discussed in detail in the
following sections. We will present the rules at deformation and compression stages
and show how the transformation is controlled in Cell-DEVS formalism. The rules
can be generalized as follows.
1. Perform deformation if cell (0, 0, 0, 2) = 0 and this cell is on Hyperplane 0.
2. Perform compression if cell (0,0,0,2) = 1 and this cell is on Hyperplane 0
3. Even/odd step alternates if cell (0, 0, 0,1) = 0 and this cell is on Hyperplane 1
4. Deformation/compression control alternates if this cell is on Hyperplane 2

4.1   Deformation Rules in the Cell-DEVS Model

The deformation stage involves the activating different rules at odd and even steps, in
which we decide the different neighbors that the objective cell receives clay from or
distributes clay to. Only hyperplane 0 (x, y, z, 0) performs the deformation transition,
while hyperplane 1 (x, y, z, 1) helps to judge whether the cell in Hyperplane 0 change
in odd step or in even step and hyperplane 2 (x, y, z, 2) identify the deformation
stage. In each step its neighborhood can be located in a 2x2x2 block. In Figure 6 we
show the mechanism to select the Margolus block. The origin cell is colored in gray
and its neighbors are defined according to the coordinates shown in the figure. We
repeat the procedure for other cells in the same Margolus block to obtain the neigh-
bors of each objective cell in the same hyperplane.

 

X 

Y 

Z 
(0,0,0,0) (1,0,0,0)

(0,1,0,0) (1,1,0,0)

(0,0,-1,0) (1,0,-1,0)
(0,1,-1,0) (1,1,-1,0)

(0,0,0,1)

(0,0,0,2)

Neighbor in Plane 1 

Neighbor in Plane 2 Margolus Neighborhood in Plane 0 

Fig. 6. A cell and its neighborhood definition at the deformation stage

The pair < (x,y,z,0), (x,y,z,1) > define the step (odd or even). The neighbor on the
hyperplane 0 is described in the figure, and its value, together with the value of all the
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neighbors in the same Margolus block, can be used to decide which transition rule
should be applied. The deformation rules can be generalized as follows (the detailed
definition of these rules in CD++ can be found in [7].

•   Cells gain clay from neighbors on hyperplane (x,y,z,0) if (0,0,0,2) = 0,
(0,0,0,0) is below the threshold, and at least one neighbor is above the
threshold.

•  Cells distribute clay to neighbors on Hyperplane (x,y,z,0) if (0,0,0,2) = 0,
(0,0,0,0) is above threshold and at least one neighbor is under threshold.

4.2   Compression Rules in the Cell-DEVS Model

Similar to deformation, the compression only takes place on hyperplane 0. Hyper-
plane 2 controls when compression occurs: only when cell (x, y, z, 2) =1. During
compression the clay in the cells right under the moving plate is transferred into the
adjacent cells along the direction of pushing. The moving plate is represented by a set
of cells with values of zero sitting on the top of the object. We assume the plate
moves down along z-axis as shown in Figure 7. For each cell (x,y,z,0), if all neigh-
boring cells (-1,-1,2,0), (-1,0,2,0), (-1,1,2,0), (0,-1,2,0), (0,0,2,0), (0,1,2,0), (1,-1,2,0),
(1,0,2,0), (1,1,2,0) are zero and at least one of neighbor cells (-1,-1,1,0), (-1,0,1,0), (-
1,1,1,0), (0,-1,1,0), (0,0,1,0) , (0,1,1,0), (1,-1,1,0) , (1,0,1,0), (1,1,1,0) is greater than
zero, the cell should gain all clay in its neighbor (0,0,1,0). The neighbors of each cell
are defined in Figure 7.

 

X 

Y 

Z 

(0,0,0,2) 

Neighbor in Plane 2 
Pushing direction 

(0,0,2,0) (1,0,2,0) 

(0,1,2,0) (1,1,2,0) 

Neighbors in Plane 0  

(0,-1,2,0) (1,-1,2,0) 

(-1,0,2,0) 

(-1,1,2,0) 

(-1,-1,2,0) 

(0,0,0,0) 

(0,0,1,0) (1,0,1,0) 

(0,1,1,0) (1,1,1,0) 

(0,-1,1,0) (1,-1,1,0) 

(-1,0,1,0) 

(-1,1,1,0) 

(-1,-1,1,0) 

Fig. 7. A cell and its neighbor definition at the compression stage

The definition of these rules in CD++ is as follows:

[compression-rule]
%plate moving
rule : {(0,0,0,0)+(0,0,1,0)} 100 {(0,0,0,2)=1 and
cellpos(3)=0 and cellpos(0)>0 and cellpos(0)<9 and
cellpos(1)>0 and cellpos(1)<8 and cellpos(2) <10 and
((-1,-1,2,0)+(-1,0,2,0)+(-1,1,2,0)+(0,-1,2,0)+(0,0,2,0)
+(0,1,2,0)+(1,-1,2,0)+(1,0,2,0)+(1,1,2,0))=0 and
((-1,-1,1,0)+(-1,0,1,0)+(-1,1,1,0)+(0,-1,1,0)+(0,0,1,0)
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+(0,1,1,0)+(1,-1,1,0) +(1,0,1,0)+(1,1,1,0))>0 }
%step 1: add the first row to the second row
rule : 0 100 {(0,0,0,2) = 1 and cellpos(3)=0 and
cellpos(0)>0 and cellpos(0)<9 and cellpos(1)>0 and
cellpos(1)<8 and cellpos(0) < 11 and ((-1,-1,1,0)+
(-1,0,1,0)+(-1,1,1,0)+(0,-1,1,0)+(0,0,1,0)+(0,1,1,0)+
(1,-1,1,0) +(1,0,1,0)+(1,1,1,0))=0 and ((-1,-1,0,0)+
(-1,0,0,0)+(-1,1,0,0)+(0,-1,0,0)+(0,0,0,0)+(0,1,0,0)+
(1,-1,0,0) +(1,0,0,0)+(1,1,0,0))>0}
%step2 :change the first row to 0, the plate has moved
one step further

Fig. 8. Cell-DEVS specification of the compression rules in CD++.

4.3   Control Hyperplane in Cell-DEVS Model

Hyperplane 2 controls when the deformation or compression stages occur. The value
of each cell on hyperplane 2 switches between 0 (deformation) and 1 (compression).
We assume that the transport delay of performing a compression step is 3000 ms,
thirty times longer than the delay of a deformation. The 3D free-form object will
reach stable state within 3000 ms if deformation occurs.

The transition rule for the control hyperplane is as follows.
•   S 1 if cell (0,0,0,1)=0 and cell (0,0,0,0) =0 and cell itself is on hyperplane 1
•   S 0 if cell (0,0,0,1)=0 and cell (0,0,0,0) =1 and cell itself is on hyperplane 1
•   S  1 if cell (0,0,0,0) =0 and cell itself is on hyperplane 2
•   S  0 if cell (0,0,0,0) =1 and cell itself is on hyperplane 2

The specification of these rules in CD++ is illustrated in Figure 9 below.

rule : 1 100 {(0,0,0,1)=0 and cellpos(3)=1 and
(0,0,0,0)=0 }

rule : 0 100 {(0,0,0,1) = 0 and cellpos(3)=1 and
      (0,0,0,0)=1} %alternate Margolus neighborhood
rule : 1 3000 { cellpos(3)=2 and (0,0,0,0)=0 }
rule : 0 100 {cellpos(3)=2 and (0,0,0,0)=1}
%plate moving

Fig. 9. Cell-DEVS specification of control rules in CD++

5   Experimental Results

We executed this Cell-DEVS model, and studied the deformation process of a clay
object. We studied each cell at different time steps (compression or deformation), and
the total mass of the object was examined. We found that the total mass (represented
by cells in hyperplane 0) was conserved for every transition.
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6   Conclusion

We have showed how to model the deformation of 3D free-form object using the
Cell-DEVS formalism. The total mass of the free-form object is conserved during the
stages of deformation. The complex behavior has been simulated using simple and
easy-to-understand transition rules. These rules are defined using the specification
language in CD++, which is itself is simple and easy to learn. A similar study has
been carried out in [1] and [2]. However, in their work, a sophisticated simulation
program was developed in order to simulate this complex behavior. The simulation
program is application-specific, which can not be applied to general cases. By apply-
ing the Cell-DEVS formalism along with the CD++ toolkit support, more generality
can be achieved. This allows us to model complex systems in a simple fashion. Like-
wise, changing parameters for studying simple conditions is straightforward. Cell-
DEVS permits defining zones of cells with different behavior, which can be used to
analyze objects composed of different materials. Likewise, Cell-DEVS models can be
integrated with other DEVS and Cell-DEVS models, permitting defining multimodels
interacting with each other, using different modeling techniques.

One of the key aspects to simulate the deformation is to understand the character-
istics of the Margolus neighborhood. This has been studied and explored in the model
specification. The results, which have been illustrated by a visualization tool have
demonstrated the capability of Cell-DEVS modeling approach as well as the tool
utilities. The behavior of the deformation is well simulated with a simple, easy-
understood mechanism.
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Abstract. There is increasing interest in cellular automata that up-
date their cells asynchronously, i.e., at random times and independent
of each other. Research, however, has been limited to either models of
trivial phenomena, or models that require a global synchronization mech-
anism to induce nontrivial phenomena like computation. This paper em-
ploys local synchronization, a technique in which particular temporal
sequences of states are imposed locally on cells and their direct neigh-
bors, while the exact timing of state transitions is left undetermined. A
hexagonal asynchronous totalistic cellular automaton is presented that
achieves a completely asynchronous way of computation by simulating
delay-insensitive circuits, a type of asynchronous circuits that are known
for their robustness to variations in the timing of signals. We implement
three primitive operators on the cellular automaton from which any ar-
bitrary delay-insensitive circuit can be constructed, and show how to
connect the operators such that collisions of crossing signals are avoided.
The model requires six states and 55 totalistic transition rules.

1 Introduction

Cellular Automaton (CA) models have been used extensively for studying dy-
namical systems. Simulations of CAs on computers [15] suggest that the evolu-
tion of CAs from disordered initial states can be grouped into four classes:

I. Evolution leading to a homogeneous state,
II. Evolution leading to a set of separated simple stable or periodic structures,
III. Evolution leading to a chaotic pattern,
IV. Evolution leading to complex localized structures, sometimes long-lived.

This classification has mainly been investigated for synchronous CAs. Most dy-
namical systems have an overall behavior that appears asynchronous, suggesting
that synchronous CA models are not the optimal choice for simulating them. To
make matters worse, some of the phenomena observed in synchronous CAs are
actually artifacts of the synchronous mode of operation.
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This motivates study into Asynchronously Cellular Automaton (ACA) mod-
els. According to [5], asynchronous updating makes it more difficult for infor-
mation to propagate through ACAs, and thus tends to prevent initial perturba-
tions from spreading. A system whose level of asynchronicity is above a certain
threshold, rather tends to converge to a randomly fluctuating steady state [3],
suggesting class-I and class-II behavior. How can we induce class-III and class-IV
behavior in ACAs? Computation, generally associated with class-IV behavior,
has been studied on ACAs, but mainly by simulating a synchronous CA on an
ACA [9], after which a synchronous model, like a Turing Machine, is simulated
on the synchronous CA. This method suffers from an increased number of cell
states required for the ACA. Moreover, the ACA is de facto synchronous. ACAs
free from these shortcomings have been proposed [1,7,12,13,14], that, rather than
relying on global synchronization mechanisms, conduct asynchronous computa-
tions directly by simulating Delay-Insensitive (DI) circuits (see also [4]). A DI
circuit is a type of asynchronous circuit, in which delays of signals do not affect
the correctness of circuit operation. Configurations are designed on the ACA of
cells in appropriate states that behave like signals in DI circuits and like modules
whose operations change the directions or numbers of signals. Put together in
appropriate ways, the configurations operating on signals can be used to form
DI circuits that conduct computations.

This paper proposes an ACA that conducts its computations in a purely
asynchronous way, adopting the same local synchronization method as in [1,7,12,
13,14]. Unlike previous ACAs, however, the proposed ACA assumes a hexagonal
neighborhood and totalistic updating—reason to call it Hexagonal Asynchronous
Totalistic Cellular Automaton (HATCA). The DI circuits implemented on the
ACA are based on a novel set of primitive DI elements that are especially suitable
for implementations on hexagonal cellular spaces. Consequently, our ACA is
more straightforward than the comparable ACA in [1], which is also totalistic
but based on a squared cellular space with Moore neighborhood. Though both
the ACA in this paper and the ACA in [1] require 6 states, our ACA requires
less transitions rules (55 against 85). It is also less restricted in its asynchronous
updating scheme, in the sense that, unlike in [1], two neighboring cells are allowed
to undergo transitions simultaneously. In a totalistic CA like the proposed ACA,
the total numbers of cells in certain states in a cell’s neighborhood determine the
transitions the cell can undergo. A well-known totalistic synchronous CA is the
Game of Life [2], which exhibits behavior that is in class-IV. Our results may
lead to more realistic CA-based models of physical phenomena and to massively
parallel computation models with improved physical realizability.

Section 2 introduces DI circuits. We describe three primitive modules by
which any arbitrary DI circuit can be constructed. In Section 3, we define
HATCA, and in Section 4, we implement DI circuits on HATCA and describe
the transition rules required for this. We show how to implement the signal and
the primitive modules on HATCA, and how to connect them in circuits without
collisions of crossing signals. We finish with concluding remarks.
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2 Delay-Insensitive Circuits

A DI circuit is an asynchronous circuit whose operation is robust to arbitrary
signal delays. A DI-circuit needs no central clock since it is driven by input
signals; it may thus be called an event-driven circuit. The circuit is composed
of paths (wires) and modules. Signals are transmitted along the paths and are
processed by the modules.

Any arbitrary Boolean circuit in a synchronous system can be constructed
from a fixed set of primitive operators, for example from AND-gates and NOT-
gates. Such a set is called universal. Likewise, there are universal sets of prim-
itives for DI-circuits, for example [6,11,8]. We use a universal set of primitives
that is particularly suited for hexagonal cellular automata. It consists of the
following three modules:

– FORK: A module (Fig. 1(a)) that, upon receiving an input signal from its
input path A, produces one output signal in each of its output paths B and
C.

– MERGE: A module (Fig. 1(b)) that redirects an input signal from either
input path A or B to output path C.

– Arbitrating TRIA (A-TRIA): A module (Fig. 1(c)) with three input
paths (A, B, and C) and three output paths (P, Q, and R), which has two
functionalities. In the first functionality, it acts like a TRIA module [11]:
when it receives one signal from A (B) [C] and one signal from B (C) [A],
it sends an output signal to P (Q) [R]. The second functionality is similar,
except that the A-TRIA allows arbitration when the input paths A, B, and
C receive signals at the same time. The A-TRIA then arbitrarily selects two
input signals and operates on them as if it were a normal TRIA, while leaving
the third input signal pending, i.e. holding it as is.

This set of modules is universal, that is, any arbitrary DI circuit can be
constructed from them. As an example, a module called a SEQUENCER, is
constructed from three FORK, two MERGE and three A-TRIA modules, as
shown in Fig. 2. A SEQUENCER arbitrates between two input signals, one on
ai and one on bi, letting one of them pass whenever there is an input signal
from a third path c. If the signal from ai (resp. bi) passes, an output signal is
produced on ao (resp. bo).

3 Hexagonal Asynchronous Totalistic Cellular Automata

A CA consists of identical finite automata arranged as cells in a regular d(d ≥ 1)-
dimensional array, such that they are mutually connected to their neighbors [10,
2,7]. Each cell is in a state from a finite state set. The states in this paper,
0, 1, 2, 3, 4, and 5, are denoted by the symbols in Fig. 3. A cell with state
0, called quiescent cell, is commonly used for background. The state of a cell
at time t changes to a state at time t + 1 in accordance with a local function
f , which has the cell’s state and the neighboring cells’ states as inputs. In a
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Fig. 1. Primitive modules: (a) FORK, (b)
MERGE, and (c) A-TRIA
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Fig. 2. A SEQUENCER module
constructed from three FORKs, two
MERGEs and three A-TRIAs. The two
blobs (small filled circles) on the paths
denote pending signals
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Fig. 3. The symbols by which the cell
states are encoded
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Fig. 4. Update of a cell by a transition

conventional CA, all cells undergo transitions at the same time; in other words,
the CA is synchronous. Consequently, the global states are uniquely determined
at all times by the local function f .

If cell transitions occur randomly and not necessarily at the same time, the
resulting model is an asynchronous CA. In this paper, we use an asynchronous
CA which includes synchronous updating, that is, neighboring cells may undergo
transitions at the same time, but not necessarily so. This is a general case of an
asynchronously updating scheme [9,7], and it is called completely asynchronous.
In an asynchronous CA, the global states are not uniquely determined at all
times by the local function f , because of the randomness by which transitions
are timed.

The model used is a 2-dimensional hexagonal asynchronous totalistic CA,
that is, a hexagonal CA in which transitions are timed completely asyn-
chronously according to totalistic transition rules. The transition function is
a function of a cell’s state and of the numbers of neighboring cells in certain
states:

c′0 = f(c0, {nk}) (1)
nk = |{ci|ci = k}| , (2)
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where, c0 and ci are the states of cells located at 0 and i (i = 1, 2, . . . , 6) before
the update, and c′0 is the state of cell 0 after the update (see Fig. 4). The variable
nk denotes the number of cells in state k (k = 0, 1, 2, . . . , N − 1), where N is
the number of possible states. In a completely asynchronous updating scheme, a
transition takes place in a certain cell with a certain probability p, but only so if
the local function is defined for the particular combination of a cell’s state and
its neighboring cells’ states. If the local function is undefined, no transition takes
place, even if the cell is selected by the scheme. In other words, the updating
scheme is as follows:

1. for all i, j:
2. select the cell at position (i, j)
3. determine random number q ∈ [0, 1]
4. if q < p and f(cij , {nk}) is defined:
5. do transition c′ij = f(cij , {nk})
6. for all i, j: replace cij by c′ij

4 Implementing Delay-Insensitive Circuits

4.1 Signals

A signal consists of a configuration of cells in certain states that moves in a
certain direction over time. We call a continuous area of cells along which a
signal propagates a path. The propagation of a signal requires rules 1 to 8 in
Table 1 and is illustrated in Fig. 5. The signal in Fig. 5(a), composed of the four
cells in states 1 and 2, propagates along a path in the eastern direction, using
state 3 in the process. In front of the signal configuration, there is a cell in state
0 that has five neighbors in state 0 and one neighbor in state 2. The only rule
matching to this situation is rule 1, and applying this rule to the cell changes
its state from 0 to 3, yielding configuration (b). After this, configuration (b) is
transformed to one of the configurations in (c) by rule 2, and this is followed by
the intermediate configuration in (d) due to rule 3. Subsequently, configuration
(d) is transformed to (k) via (e)-(f)-(g) or (h)-(i)-(j). A configuration in (e) may
also evolve into a configuration in (i), but we leave the arrows out in Fig. 5 for
simplicity; similarly (f) may evolve into (j).

Due to the asynchronicity of the model, the order in which the cells in Fig. 5
undergo transitions may vary, and even subsequences of transitions different
from those in Fig. 5 may occur. The standard form of the signal in Fig. 5(a),
however, will always reoccur. Finally, the transition rules are designed such that
successive signals moving along the same path always remain separated by at
least one quiescent cell.

4.2 Primitives

To implement the three primitive modules {FORK,MERGE,A-TRIA} in Sec-
tion 2 on HATCA, we use six states, of which states 4 and 5 are specifically for
the modules.
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Fig. 5. Development of a signal on HATCA. A number above an arrow denotes the
applied rule. Signal configuration (a) is transformed to (b) by rule 1 in Table 1; con-
figuration (b) is transformed in one of the configurations in (c) by rule 2; and that
configuration is transformed to (d) by rule 3. The intermediate pattern (d) is trans-
formed to (k) via (e)-(f)-(g), (e)-(i)-(j), (e)-(f)-(j), or (h)-(i)-(j)

Table 1. Transition rules for propagation of a signal (No. 1-8), for FORK module (No.
9-22), for MERGE module (No. 23-33), and for A-TRIA module (No. 34-55)

No. c0 nk c′
0 No. c0 nk c′

0 No. c0 nk c′
0 No. c0 nk c′

0

1 0 501000 3 15 3 310020 2 29 3 310011 0 43 3 310002 4
2 0 311100 1 16 0 301110 1 30 1 210021 0 44 1 300012 2
3 2 050100 1 17 2 030120 1 31 1 310011 0 45 4 301002 5
4 3 330000 2 18 1 120030 0 32 1 410001 0 46 0 112101 1
5 1 330000 0 19 1 130020 0 33 1 500010 0 47 5 212001 3
6 1 420000 0 20 1 310020 0 34 0 401001 5 48 3 131001 1
7 1 510000 0 21 1 320010 0 35 5 401001 0 49 0 221100 1
8 1 600000 0 22 1 410010 0 36 5 400002 3 50 3 041001 1
9 0 301020 3 23 0 301011 3 37 3 300003 5 51 2 040101 1
10 0 211110 1 24 0 211101 1 38 3 500001 5 52 1 310002 0
11 3 130020 2 25 3 130011 2 39 3 600000 5 53 1 320001 0
12 0 201030 2 26 0 201021 2 40 0 300102 1 54 1 400002 0
13 2 031020 1 27 2 031011 1 41 3 030003 5 55 1 500001 0
14 2 010230 1 28 2 010221 1 42 1 300003 0

The FORK is composed of three cells in state 4. Upon being presented by an
input signal, the FORK typically operates like in Figs. 6 (a)-(l). The transition
rules required for the FORK are 9 to 22, listed in Table 1.
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Fig. 6. Configuration and operation of FORK module
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19,21

Fig. 7. Configuration and operation of MERGE module

The MERGE is composed of two cells in state 4 and one cell in state 5. Upon
being presented by an input signal, the MERGE typically operates like in Figs. 7
(a)-(l). The transition rules for the MERGE are 23 to 33, listed in Table 1.

The A-TRIA is composed of one cell in state 5. Its TRIA functionality is
illustrated in Fig. 8: upon being presented by two input signals, these signals
are joined such as to produce one output signal. The arbitration functionality
of the A-TRIA is illustrated in Fig. 9: upon being presented by three input
signals, two of the signals—chosen arbitrarily due to the asynchronous mode of
updating—are joined to produce one output signal, while the third input signal
is kept pending. The transition rules required for the A-TRIA are 34 to 55, listed
in Table 1.

4.3 Crossing Signals

Realizing a particular DI circuit is a matter of connecting the primitives to each
other by paths in an appropriate way and laying them out on the CA. Special
care is required for paths that cross each other, since the CA lacks a third
dimension to cross signals. If crossing signals collide, they need to resolve which
of them may pass first. Though most circuits can be designed such that crossings
are collision-free, in some circuits it is hard to guarantee this. It is possible to
add rules for crossing signals, but there is a more elegant way based on a module
specialized in crossings [1,7,12,13] that is similar to a SEQUENCER.
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Fig. 8. Configuration and operation of A-TRIA module when being presented by two
input signals. The signals are joined, resulting in one output signal
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(q)
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Fig. 9. Configuration and operation of A-TRIA module when being presented by three
input signals. Two of the signals are arbitrarily selected, and joined, while the third
signal is kept pending. The evolutions into the three possible outcomes are shown fully
in (c)–(p) and briefly in (c)–(q) and (c)–(r)

The module is realized using only our primitives and collision-free path cross-
ings. The implementation of the crossing on HATCA is shown in Fig. 10. A signal
arriving at ai (resp. bi) gives rise to an output signal at ao (resp. bo). In case
signals arrive at ao and bo simultaneously, only one is allowed through by the
A-TRIA just left of the center. To this end, the A-TRIA tries to join one of
these signals with the control signal, input at its right side. If this fails, i.e., if
the A-TRIA rather joins ao with bo, a feedback signal is generated that gives
rise to a new ao and bo. This procedure is repeated until one of ao and bo gets
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ai

bi

bo

ao

Fig. 10. Implementation of a delay-insensitive crossing module on HATCA. The arrows
show a typical example of a signal passing through the crossing from ai to ao

through. The crossing module can be used under all circumstances: the order by
which the signals arrive at its inputs is irrelevant for its correct functioning.

5 Concluding Remarks

To compute in a purely asynchronous way on an asynchronous hexagonal cel-
lular automaton, we have embedded DI circuits on it. As we can construct any
particular DI circuit by connecting the primitives proposed in this paper in ap-
propriate ways, a universal Turing Machine can be build [8]. Other examples on
how to build simple circuits on ACAs are given in [1,7,12,13]. A discussion on
the implementation of DI circuit-based program structures, such as for-loops,
etc., on ACAs can be found in [12]. Since computation is within the reach of the
proposed ACA model, it may be considered as belonging to class-IV if Wolfram’s
classification is extended to asynchronous systems.

In the approach followed in this paper and in [1,7,12,13,14], synchronization
is done locally, as opposed to the traditional approach of simulating a globally
synchronized CA on an ACA. A cell will only undergo a transition if there is a
transition rule that matches the state of the cell and the states of its neighbors.
If there is no such match, the transition cannot be accomplished, and the cell
will wait until one or more of its neighbors change states such that a match
ensues. As this mode of operation is often found in nature, where for example
chemical reactions only occur when the right molecules are available in the right
positions at the right moments, this approach may lead to improved ways to
simulate physical systems by ACAs.
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Efficient Simulation of CA with Few Activities

Richard Walter and Thomas Worsch

IAKS Vollmar, Universität Karlsruhe, Germany

Abstract. Motivated by the wish to make large simulations of Bak’s
sandpile model we investigate a simple method to simulate cellular au-
tomata with “few activities” efficiently on a computer.

1 Introduction

Simple ideas are sometimes more useful than complicated ones – if they are
noticed. In this paper we pursue a simple idea to simulate cellular automata
with small state change complexity [4] on a computer.

Self-organized criticality is a phenomenon which several systems and models
of them exhibit. One of the prototype examples is the sandpile model by Bak,
Tang and Wiesenfeld [2]. The CA part of this model has the property that most
of the time only very few cells change their states even if the lattice is large
(which is the interesting case).

In such a situation the straightforward simulation technique of computing the
new state for each cell in each global step does a lot of superfluous work: When
a cell p and all of its neighbors do not change their states during a global update
of a CA one can be sure that p will again not change its state during the next
global update. One could at least hope that in such a situation restricting the
simulation to cells where a state change might happen would pay off. We call
this the adaptive simulation algorithm. Depending on how little or how much
bookkeeping work is necessary it will be competitive for configurations with
relatively many or few “active” cells.

The rest of this paper is organized as follows: In Section 2 we quickly review
the definition of CA (thus introducing the notion we will use in the sequel) and
explain the sandpile model. In Section 3 we describe the adaptive simulation
algorithm, prove its correctness and discuss some implementation issues. In Sec-
tion 4 results of simulation runs for different CA are reported and evaluated. We
conclude the paper in Section 5.

2 Basics

2.1 Cellular Automata

We assume that the reader is familiar with the concept of deterministic syn-
chronous cellular automata. We use the following notations.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 101–110, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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By R we denote the regular grid of positions where the cells are located. We
assume that R is an additive group with neutral element 0. We use x, y, z for
the coordinates of cells. The finite set of states is always denoted as Q. Thus a
(global) configuration is a mapping c : R→ Q, or c ∈ QR for short. We usually
write cx instead of c(x) for the state of cell x. The local neighborhood N is a
finite set of differences of coordinates. We write x+N = {x+n | n ∈ N} for the
coordinates of all neighbors of cell x. Analogously x−N is the set of coordinates
of all cells for which x is a neighbor. In general we do not require 0 ∈ N , and
we write N0 for the set N ∪ {0}.

A mapping � ∈ QN is a local configuration. Given a global configuration c
we write cx+N for the local configuration observed by cell x, i.e. cx+N : N → Q :
n �→ cx+n. The local transition function is a mapping δ : QN → Q. It induces
the global transition function Δ : QR → QR by the prescription that for all
x ∈ R must hold: Δ(c)x = δ(cx+N ).

2.2 Sandpile Model

The sandpile model by Bak, Tang and Wiesenfeld [2] actually consists of two
parts. One is a CA, the other is a sequence of “external events”. We will only
consider the original simple version.

The CA part works as follows. It is a two-dimensional CA using von Neumann
neighborhood of radius 1. The set of states is Q = {0, 1, 2, 3, 4, 5, 6, 7}. The local
rule can be described like that: Each cell is a little bin which contains a certain
number q ∈ Q of grains of sand. In each step each cell does the following:

– If a cell is critical, i.e. q ≥ 4, then “it takes 4 of its grains of sand and puts
one in each of its 4 neighboring bins.” This is called the toppling of a cell.

– If a cell is not critical, i.e. q ≤ 3, then “the cell does nothing” by itself. (It
may still receive one or more grains from its neighbors.)

One does not use cyclic boundary conditions. Instead, if for example a cell at the
left border tries to put a grain of sand to its left neighbor, the grain simply “gets
lost”. That way one can always be sure, that no matter what the initial configu-
ration looks like, after a finite number of CA steps one will reach a configuration
in which all cells are not critical.

Given such a configuration one repeatedly does the following:

1. Uniformly one of the cells is chosen at random and one grain of sand is added
to it.

2. Starting at this cell there may be an avalanche. As long as there is at least
one critical cell, the CA does one global step.

There are several quantities which could be used as the size of an avalanche: the
number of global CA steps needed to reach a quiescent configuration, the total
number of cells “involved” in an avalanche or total number of cell topplings. For
the figures in this paper we have used the number of global CA steps.

The reason why for example geophysicists are interested in this (and similar
more advanced) models is that the distribution of frequencies of avalanches of
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different sizes is similar to the distribution of frequencies of earthquakes of dif-
ferent magnitudes. This is true at least if one has already reached a global state
of so-called self-organized criticality.

3 Simulation Technique

The conventional algorithm for simulating a CA works with two global configu-
rations c and c′. In c the current states of all cells are stored. By iterating over
all cells x ∈ R for each of them the new state is computed and stored in c′. At
the end the roles of c and c′ are exchanged to prepare for the simulation of the
next global step.

Algorithm 31 (Conventional simulation method for one global CA
step).

foreach x ∈ R do
c′x ← δ(cx+N )

od
c↔ c′

This algorithm always computes new states for all cells. It does so even for cells
which are inside a neighborhood where no actual state changes (from s to some
s′ �= s) took place recently.

3.1 Abstract Version of the Adaptive Algorithm

The following algorithm tries to be more clever. It maintains a set A ⊆ R of
cells, such that whenever x /∈ A one can be sure that one need not compute a
new state (because c′ already contains it).

Here is the algorithm, already extended by a few assertions needed for its
verification:

Algorithm 32 (Adaptive simulation method for one global CA step).

A1 〈 ∀x ∈ R : x /∈ A =⇒ c′x = cx ∧ cx = δ(cx+N ) 〉
foreach x ∈ A do

c′x ← δ(cx+N )
if c′x �= cx then

foreach y ∈ x−N0 do
A′ ← A′ ∪ {y}

od
fi

od
A2 〈 c′ = Δ(c), i.e. ∀x ∈ R : c′x = Δ(c)x 〉
A3 〈 ∀x ∈ R : x /∈ A′ =⇒ c′x = cx ∧ c′x = δ(c′x+N ) 〉
c↔ c′

A← A′; A′ ← ∅
A4 〈 ∀x ∈ R : x /∈ A =⇒ c′x = cx ∧ cx = δ(cx+N ) 〉
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3.2 Correctness

Assume that assertion A1 is correct, and consider an arbitrary x ∈ R just before
the foreach x ∈ A do loop is entered.

Case 1: x ∈ A. Then the loop body is executed for x. Obviously one gets c′x =
δ(cx+N ) = Δ(c)x as claimed in assertion A2.

Case 2: x /∈ A. In this case already by assertion A1 one can be sure that c′x =
δ(cx+N ) = Δ(c)x holds.

Therefore assertion A2 is true.
Now consider the set A′ after the foreach z ∈ A do loop has finished and

an arbitrary y ∈ R:

Case 1: y ∈ A′. In this case there is no need to prove anything.
Case 2: y /∈ A′. This can only happen if ¬∃x ∈ R : y ∈ x−N0 ∧ c′x �= cx. This

is equivalent to ¬∃x ∈ R : x ∈ y + N0 ∧ c′x �= cx, and this to ∀x ∈ R : x /∈
y +N0 ∨ c′x = cx.
Since y ∈ y +N0 one has c′y = cy.
Furthermore c′x = cx holds for all x ∈ y+N , i.e. c′y+N = cy+N , and therefore
δ(c′y+N ) = δ(cy+N ). We already know from A2 that Δ(c)y = c′y, hence
δ(c′y+N ) = c′y.
Therefore assertion A3 is true.

Assertion A2 tells us that the algorithm really computes c′ = Δ(c).
We note that the 0 is really necessary in the loop foreach y ∈ x−N0 do .

If a neighborhood does not contain 0 one would otherwise get wrong results in
general. One can easily get this detail wrong.

If one uses the above algorithm inside another loop to simulate several global
steps of a CA, assertion A1 is an important loop invariant. Because of the state-
ments c↔ c′ and A← A′ from assertion A3 one gets assertion A4 immediately.
And this is in fact identical with assertion A1.

3.3 Implementation in C

For the measurements reported in the next section, we used an implementation
of the above algorithm written in C. For the tests we used implementations of
local CA rules for a shift and the sandpile model.

In both cases the state of each single cell was stored in char variable. Thus
global configurations were char arrays. Because we wanted to run computations
for different R, the memory for them were malloced one-dimensional char arrays
and the transformation to two-dimensional coordinates was done by hand.

See Subsection 4.3 below for remarks on different storage schemes.
The most important aspect is an efficient implementation of the (mathemati-

cally speaking) sets A and A′ of active cells. We used the following approach: For
A and A′ one-dimensional arrays currActList and nextActList (respectively)
of elements are malloced in which cell coordinates are stored.
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– Variables currActIndex and nextActIndex are both initialized with 0.
– Adding the position p of a cell, its coordinates for short, to a list is done by

a statement like
nextActList[nextActIndex++] = p;

In order to avoid that the coordinates of one cell are added to the activity list
several times, there is an additional char array actArray which stores one bit
of information for each cell:

– If for some index p the bit actArray is 0, this means that p has not yet been
added to nextActList.

– If for some index p the bit actArray is 1, this means that p has already been
added to nextActList.

Therefore actArray[p] has to be updated when p is added to nextActList.
Without going into too many details, the C code basically looks as follows:

for (i=0; i<currActIndex; i++) {
p = currActList[i];
nextConf[p] = delta(currConf, p);
if (nextConf[p] != currConf[p]) {

for all q in p-N0 {
if (!actArray[q]) {

nextActList[nextActIndex++] = q;
actArray[q] = 1;

}
}

}
}
swap the pointers currConf and nextConf;
for (i=0; i<nextActIndex; i++) {

actArray[nextActList[i]]=0;
}
swap the pointers currActList and nextActList;
currActIndex = nextActIndex;
nextActIndex = 0;

Already in the conventional simulation algorithm one has to be careful when
trying to access “neighbors” p + n of border cells p. Often this problem can be
dealt with by allocating additional memory for border “ghost cells” which are
set to their proper values outside the global CA step.

In the adaptive algorithm an additional similar problem comes up when
looking at the potential cells p − n of which a cell p is a neighbor. In order to
avoid lots of if statements for testing whether p − n is still within bounds, we
used a method inspired by the idea of localization suggested in [6]. There is yet
another array localize with ghost cells holding for each cell the information
whether it is within the bounds of the real CA lattice. Indexing it with p − n
gives the information whether it should be added to A′.
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For meaningful results currActList has to be initialized correctly, i.e. asser-
tion A1 has to be satisfied. In the case of the shift we simply included all cells in
currActList. In particular in the case where there usually are only few active
cells, this spoils the total running times for a not too large number of global
steps.

Figure 1 shows an example. For two initial configurations with 100 and 10 000
ones the average time needed for one global step is determined by making an
increasing number k of global steps and dividing the total running time by k.
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Fig. 1. Average time needed for one global step computes by averaging over an in-
creasing number of iterations for two different initial configurations

Readers may have noticed that the above implementation is memory inten-
sive. It may happen that all cells are active during several global steps. Hence
currActList, nextActList, actArray, and localize all need the same amount
of memory as currConf and nextConf.

In the implementation of the sandpile model we use a pseudo random number
generator by L’Ecuyer which his known to be very good [3, p. 280].

4 Simulation Results

In this section we compare the running times of the conventional and the adap-
tive simulation method for a few example CA.

All actual numbers have been obtained on a Pentium 4 with 3 GHz clock
frequency with 2 GB of RAM running Debian GNU/Linux with a 2.6.x kernel.
The programs had been compiled with gcc version 3.3.3 using option -O2 (other
optimizations didn’t help). Running times are taken using the gettimeofday()
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function. It is called immediately before and after the computations to be bench-
marked and the time difference is reported. Thus we only report wall clock times
which in general do not exactly represent the running times of the process we
interested in but may be spoilt by activities of the operating system and/or other
system or user processes.

What we do want to get across in this paper is that there are interesting
applications which benefit significantly from the adaptive simulation algorithm.
As will be seen below, significantly here means a speedup factor in the range of a
few thousands. In the light of this we do not really care whether concrete running
times are off by a few percent due to OS activities. (Similarly optimizations of
the source code could also affect the speedup factor.)

4.1 Shift

The first CA we investigate simply does a shift of all cells “down one row” in
each step. Each state was stored in a variable of type unsigned char.

All simulation results reported in this and the next subsection have been
obtained for CA with 1000 × 1000 cells and cyclic boundary conditions. Times
were taken for 10 000 global iterations and then divided by this number. This
eliminates deviations which are due to operating system activities and the like
to a large extent.

Different initial configurations were chosen, where a randomly chosen subset
(of the proper size) of cells was set to 1.

For the conventional simulation method the number of ones in a configuration
of course has no influence on the time needed for a global step. But for the
adaptive method it has. As can be seen in Figure 2 for our implementations
of shift down there is a break-even point at about 0.09%. Since the number of
active cells in each global step is twice the number of 1-cells this indeed means,
that the adaptive algorithm is faster only as long as the number of active cells
is really small. At first this looks not very promising. But two important facts
have to be taken into account:

1. There are interesting CA like the sandpile model where the number of active
cells usually is really small.

2. In the case of the shift CA the number of active cells must be small for the
adaptive algorithm to be competitive because the conventional implementa-
tion of the local rule is extremely efficient; we can use a simple memcpy()
for it. If in the conventional case the local rule takes more time, then the
overhead of the adaptive algorithm becomes less disadvantageous.

4.2 Sandpile Model

In Section 2.2 we mentioned that for the sandpile model to produce results which
are relevant for the application one must already have reached a configuration
which exhibits self-organized criticality (SOC). To give a vague impression of
what this means the following experiment was carried out. We started with a
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Fig. 2. Average running times of the shift CA depending on the fraction of cells (in
percent) in state 1 in the initial configuration for the conventional (“conv” line) and
the adaptive (“adap” line) algorithm

completely “empty” configuration where all cells were in state 0. Then grains
of sand are thrown onto it. For each batch of 1000 grains we record the sum
(over all grains) and the maximum (for one grain) of global CA steps and the
CPU computation time needed for the batch as well as the relative frequencies
of states 0, . . . , 3 after it. The results are shown in Figures 3 and 4. There
is a quite sharp change of behavior which occurs for 1000 × 1000 arrays after
approximately 2 140 000 grains. (For the curious: Experiments with other array
sizes indicate that in general the point is at about 2.140 times the number of
cells. But these investigations are off-topic in this paper.)

The speedups for the adaptive over the conventional algorithm depend on
the type of configuration. when started with an empty array, during the first
batches we observed speedups between 7000 and 8000 for a 1000× 1000 lattice.
For a SOC configuration speedups were between 100 and 120.

4.3 Assessing Feasibility and Compatibility with Other Methods

The adaptive simulation method is faster than the conventional one whenever
there are relatively few locations with activity. Besides the sandpile model this
includes for example the game of life, some Ising models, and models where set
of “micro agents” moves around on a lattice, e.g. [1].

There are already some methods known to speed up the simulation of CA.
One possibility is parallelization, which may come in different flavors.

If one has several processors, domain decomposition is a standard approach.
It gives reasonable speedup numbers as long as the lattice is large. But what one
does speed up is only the conventional simulation method (which may be slow
as we have seen above).
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Fig. 3. Sum (top) and maximum (middle) of absolute numbers of global CA steps and
CPU running times for the adaptive method (bottom) in seconds per batch: possibly
a phase transition during the transient period of the sandpile model before (or when?)
reaching SOC.
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Fig. 4. Relative frequencies of states in quiescent configurations: possibly a phase tran-
sition during the transient period of the sandpile model before (or when?) reaching
SOC.

Another method to process several cell updates simultaneously is to store
several states in each of the native machine word processed by the CPU. For
example recently Weimar [5] has reported remarkable results using multispin
coding.



110 R. Walter and T. Worsch

Concerning the latter it is more or less obvious that the adaptive simulation
algorithm can be used together with it and that one can expect some additional
savings.

On the other hand, an efficient application of the adaptive algorithm in a
setting with a real parallel machine is less trivial. For reasonable results one
probably needs a CA where there a few activities and these should be spread
out fairly regularly over the whole lattice.

5 Conclusion and Outlook

We have demonstrated that the simple idea of looking only at the active cells and
their neighbors for the computation of a global CA step can result in impressive
speedups over the conventional simulation method. Of course, this is only the
case if there are relatively few active cells.

Most probably other people have used this approach before us. The main
contribution here is an elegant description with verification of its correctness.
During systematic investigations we also discovered what may be a phase tran-
sition during the initialization phase of the sandpile model as a byproduct.

We stress again that there are interesting applications having the required
property of few activities in at least most global steps. We have shown a few mea-
surements for the sandpile model. Others will be investigated in the future. We
will also have to have a look at efficient parallelization of the adaptive simulation
method which is not completely straightforward.
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Abstract. An experimental analysis of the asynchronous version of the
“Game of Life” is performed to estimate how topology perturbations
modify its evolution. We focus on the study of a phase transition from an
“inactive-sparse phase” to a “labyrinth phase” and produce experimental
data to quantify these changes as a function of the density of the initial
configuration, the value of the synchrony rate, and the topology missing-
link rate. An interpretation of the experimental results is given using the
hypothesis that initial “germs” colonize the whole lattice and the validity
of this hypothesis is tested.

1 Introduction

Cellular automata were originally introduced by von Neumann in order to study
the logical properties of self-reproducing machines. Following Ulam’s suggestions,
the requirements he made for constructing such a machine was the discreteness
of space using cells, discreteness of time using an external clock, the symmetry
of the rules governing cells interaction, and the locality of these interactions; it
resulted in the birth of the cellular automaton (CA) model. In order to make
the self-reproduction not trivial he also required that the self-reproducing ma-
chine should be computation-universal (e.g., [13]). The resulting CA used 29
elementary states for each cell and updates used 5 neighbors. Later on, Conway
introduced a CA called “Game of Life” or simply Life which was also proved to
be computation universal [2]. This CA is simpler than von Neumann’s in at least
two ways: the local rule uses only two states and it can be summarized with by
sub-rules (birth and death rules).

However, the question remained open to know what is the importance of
perfect synchrony on a CA behavior. Indeed, since the first study on the effects
of asynchronous update carried out by Ingerson and Buvel [6], many criticisms
have been addressed to the use of the CA as models of natural phenomena.
Some authors investigated, using various techniques, how synchrony variations
changed CA qualitative behavior [6], [10], [3], [5], [14], [8]. All studies agree on the
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fact that for some CA, there are situations in which small changes in the update
method lead to qualitative changes of the evolution of the CA, thus showing the
need for further studies of robustness to asynchronism. Similarly, some authors
investigated the effect of perturbing the topology (i.e., the links between cells)
in one dimension [11] by adding links, or in two dimensions with small-world
construction algorithms [15], [9]. Here too, the studies showed that robustness
to topology changes was a key factor in the CA theory and that some CA showed
“phase transitions” when varying the intensity of the topology perturbation.

The aim of this work is to question, in the case of Life, the importance of
the two hypotheses used in the classical CA paradigm: what happens when the
CA is no longer perfectly synchronous and when the topology is perturbed? In
Section 2, we present the model and describe the qualitative behavior induced
by the introduction of asynchronism and/or topology perturbations. In Section
3.1, we observe that (i) Life is sensitive to asynchronism; (ii) robust to topology
perturbations and (iii) that the robustness to asynchronism is increased when the
topology characteristics become irregular. Section 3.2 is devoted to presenting a
rigorous experimental validation and exploration of these phenomena for which
a potential explanation based on the notion of “germ” development is discussed
and studied in Section 4.

2 The Model

Classically, Life is run on a regular subset of Z
2. For simulation purposes, the

configurations are finite squares with N ×N cells and the neighborhood of each
cell is constituted of the cell itself and the 8 nearest neighbors (Moore neighbor-
hood). We use periodic boundary conditions meaning that all cell position indices
are taken in Z/NZ. The type of boundary conditions does play an important
role at least for small configurations as shown in [4].

Life belongs to the outer-totalistic (e.g., [12], [11]) class of CA: the local
transition rule f is specified as a function of the present state q(c) and of the
number S1(c) of cells with states 1 in the neighborhood. The Life transition
function f(q, S1) can be written:

f(0, S1) = 1 if S1 = 3 ; f(0, S1) = 0 otherwise, (birth rule)

f(1, S1) = 1 if S1 = 2 or S1 = 3;f(1, S1) = 0 otherwise. (death rule)

In the sequel, we consider Life as an asynchronous cellular automaton (ACA)
acting on a possibly perturbed topology.

There are several asynchronous dynamics: one may, for example update cells
one by one in a fixed order from left to right and from bottom to top. This update
method is called “line-by-line sweep” [14] and it has been shown that this type
of dynamics introduce spurious behaviors due to the correlation between the
spatial arrangement of the cells and the spatial ordering of the updates. These
correlations can only be suppressed with a random updating of the cells. In
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this work, we choose to examine only one type of asynchronism which consists
in applying the local rule, for each cell independently, with probability α. The
parameter α is called the “synchronicity” [5] or the synchrony rate; one can also
view it as a parameter that would control the evolution of a probabilistic cellular
automata (PCA) where the transition function results in applying Life rule with
a probability α and the identity rule with probability 1− α.

We choose to perturb topology by definitely removing links between cells. Let
G0 = (L, E0) be the oriented graph that represents cells interactions: (c, c′) ∈
E if and only if c′ belongs to neighborhood of c. The graph with perturbed
topology G = (L, E) is obtained by examining each cell c ∈ L and, for each
cell in the neighborhood of c and removing the link (c, c′) with a probability ε−;
the parameter ε− is called missing-link rate. Note that, as the local function is
expressed in an outer-totalistic mode, we can still apply it on neighborhoods of
various sizes. The definition we use induces an implicit choice of behavior in the
case where a link is missing : the use of S1 in the local rule definition implies
that the cell will consider missing cells of the neighborhood as being in state 0.
Other choices would have been possible; for example assuming this state to be
1 or the current value of the cell itself.

3 Observations and Measures

3.1 Qualitative Observations

Figure 1 shows that the behavior of Life depends on the synchrony rate α: a phase
with labyrinthine shapes appears when α is lowered. Bersini and Detours studied
this phenomenon and noticed that the asynchronous (sequential) updating of
Life was significantly different from the (classical) synchronous version in that
sense that a “labyrinth phase” (denoted by LP) appeared (see Fig. 1 below). For
small lattice dimensions, they observed the convergence of this phase to a fixed
point and concluded that asynchrony had a stabilizing effect on Life [3].

The phase transition was then measured with precision by Blok and Berg-
ersen, who used the final density (i.e, the fraction of 1’s sites) as a means of
quantifying the phase transition. They measured the value αc for which the
phase transition was to be observed and found αc = 0.91 [5]. They showed that
the type of phase transition is continuous (or a second-order transition): when α
is decreased from α = 1.0 to α = αc, no change is observed in terms of the values
of the average density. When we have α < αc the “labyrinth phase” gradually
appears and the average density starts increasing in a continuous way. It is thus
the derivative of the density that shows discontinuity rather than the function
itself.

Figure 2 shows that the removal of links between cells does not qualitatively
perturb the aspect of the final configurations attained. So, according to the
observation of steady states, synchronous Life seems somehow robust to topology
perturbations. However, we also noticed that the transients are much shorter in
presence of topology errors: for N = 50×50, the order of magnitude of transients
are T = 1000 for ε− = 0 and T = 100 for ε− = 0.1.
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α = 1.0 α = 0.5 sequential updating

Fig. 1. Life configurations for N = 50 × 50, after T = 100 time steps, starting from
a random configuration of density dini = 0.5. In the sequential updating, cells are
randomly updated one after another.

ε− = 0 ε− = 0.05 ε− = 0.10

Fig. 2. Life configurations for synchronous evolution (α = 1.00) with N = 50 × 50,
after T = 1000 time steps, starting from a random configuration of density dini = 0.5.

ε− = 0 ε− = 0.05 ε− = 0.10

Fig. 3. Life configurations for N = 50 × 50, after T = 1000 time steps, starting from a
random configuration of density dini = 0.5: (up) α = 0.90 (middle) α = 0.75 (bottom)
α = 0.50. The figure in the upper-left corner shows that the system is still in a transient
mode.
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Figure 3 shows what happens when both asynchronism and topology pertur-
bations are added. Rows of Fig. 3 display the behavior with a fixed synchrony
rate α and columns display the behavior with a fixed missing-link rate ε−. We
see that increasing topology errors from ε− = 0 to ε− = 0.05 makes the phase
transition occur for a higher value of synchrony rate αc. With a further increase
from ε− = 0.05 to ε− = 0.10, the phase transition cannot be observed any more,
at least for the selected values of α.

This demonstrates that both parameters ε− and α control the phase tran-
sition between the “inactive-sparse phase” [9] and the “labyrinth phase” (LP).
The next section is devoted to quantitatively measure the interplay of these two
control parameters.

3.2 Quantitative Approach

To detect the apparition of the labyrinth phase (LP), we need to look at the
configurations by eye or to choose an appropriate macroscopic measure. Clearly, a
configuration in LP contains much more 1’s than a configuration in the “inactive-
sparse phase” ([9]). This leads us to quantify the change of behaviour using
the measurement of the “steady-state density” (i.e. the average density after a
transient time has elapsed). This method has been chosen by various authors
(e.g. Blok and Bergersen [5]) and it has been applied to exhaustively study both
the dynamics [7] and the robustness to asynchronism [8] of one dimensional
elementary cellular automata.

We define the steady-state density ρ(dini, α) using the sampling algorithm
defined in [8]: Starting from a random initial configuration constructed with
a Bernoulli process of parameter dini, we let the ACA evolve with a synchrony
rate α during a transient time Ttransient then we measure the value of the density
during a sampling time Tsampling. The value of ρ is the average of the sampled
densities.

The sampling operation results in the definition of a function ρ(dini, α) that
can be represented in the form of a “sampling surface”. This surface contains part
of the information on how the behaviour of a CA is affected by asynchronism.
Figure 4 shows the experimental results obtained for N = 50 × 50, Ttransient =
1000 , Tsampling = 1000. The transient time Ttransient is chosen according to the
observations made in [1] where equivalent transient times were found for greater
lattice sizes.

Let us first look at what happens for dini ∈ [0.2, 0.8] (right column of Fig. 4).
The invariance of the surface relatively to the dini-axis shows that the macro-
scopic behavior of Life does not depend on the value of this parameter within
this range. The upper right corner of Fig. 4 shows that for ε− = 0 (regular
topology), the phase transition occurs for αc ∼ 0.90 as expected [5]. However,
when ε− increases, experiments show that αc also decreases. This means that the
settlement of LP becomes more difficult as links are removed; this can be inter-
preted as an increase of the robustness to asynchrony. We can observe that for
ε− = 0.10 , the surface is flat and horizontal, which means that the behavior is
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Fig. 4. Sampling surfaces for ε− = [0 · · · 0.10], N = 50 × 50, Ttransient = 1000 ,
Tsampling = 1000. The left column has a different range for dini to focus on the be-
havior for small initial densities.
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not anymore perturbed by asynchronism (at least if we consider our observation
function).

The left column of Fig. 4 shows the behavior of Life for dini ∈ [0, 0.2]. We
observe two different abrupt change of behaviors. On the one hand, there is a
value of dc

ini which separates the “inactive-sparse phase” and LP. On the other
hand, the value of dc

ini increases as ε− increases. This means that LP becomes
more difficult to reach when links are removed; which again can be interpreted
as a gain of robustness.

Experiments were held for various lattice sizes and allowed to control that
the sampling surface aspect was stable with N ; we however observed that when
ε− and α are fixed, the value of dc

ini is a decreasing function of N .
All the previous phenomena may be the consequence of multiple intricate

factors. In the next section, we study the evolution of so called “micro-confi-
gurations” put in an empty array and propose a first hypothesis in the direction
of understanding these behaviors.

4 Micro-Configurations Analysis

4.1 Experiments

The observation of the settlement of LP shows that it can develop from very
localized parts of the lattice and then spreads across the lattice until it fills it
totally. By analogy with a crystal formation, we call “germs” these particular
configurations that have the possibility to give birth to an invasive LP. We inves-
tigate the existence of germs by performing an exhaustive study of the potential
evolution of micro-configurations, i.e. 3× 3 configurations that are placed in an
empty array. There are 512 such configurations and we experimentally quantify,
for each one, the probability that a it becomes a germ. Our goal is to infer the
behavior of the whole structure from the evolution of these micro-configurations.

Setting the synchrony rate to α = 0.5, we used the following algorithm:
For every micro-configuration i ∈ I, (a) we initialize the lattice N × N with i,
and (b) we let the CA evolve until it reaches a fixed point or until it reaches
LP. We repeat S = 1000 times operations (a) and (b) for the same initial micro-
configuration but for a different update histories. We consider that the CA has
reached LP if the density is greater of equal than a limit density d∞ = 0.1.
Indeed, we observed that if the CA was able to multiply the number of 1’s from
the micro-configuration to a constant ratio of the lattice, then it will almost
surely continue to invade the whole lattice and, asymptotically, reach LP. We
experimentally obtain the probability Pgerm[i] that a configuration i is a germ.
Grouping micro-configurations by the number k of 1’s they contain, we obtain
an array with 9 entries Pgerm(k), k ∈ [0, 9], displayed in Table 1.

Results show that for k < 3, Pgerm(k) = 0, which means that all such micro-
configurations always tend to extinction. For n ≥ 3, the probability to reach LP
increases as n increases.
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Table 1. Probability Pgerm(k) for a micro-configuration to be a germ (in %) as a
function of the number k of 1’s for different missing-link rates ε− (in %).

k 0 1 2 3 4 5 6 7 8 9
ε− = 0 0 0 0 1.28 4.34 7.88 14.52 21.76 29.92 40.90
ε− = 2 0 0 0 0.28 2.17 3.93 7.22 11.18 15.34 21.70
ε− = 4 0 0 0 0.19 0.72 1.24 2.40 3.96 5.52 8.00
ε− = 6 0 0 0 0.02 0.06 0.09 0.24 0.34 0.63 1.30
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Fig. 5. Probability to reach LP as a function of dini for different lattice sizes N ∈
{20, 30, 40, 50} and different missing-link rates: ε− = 0, ε− = 0.02, ε− = 0.04 from top
to bottom. Left column shows theoretical curves calculated with the independent-germ
hypothesis; the right column shows the actual measurements.
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4.2 Inferring Some Aspects of the Global Behavior

Our idea is to use the previous results about germs to extend them to a descrip-
tion of the global behavior of Life. Unfortunately, we are not able to do that
in the exact way. In a first approximation, let us assume that we can infer this
global behavior by approximating the probability PLP for a uniformly initial-
ized system to reach LP using an “independent-germ hypothesis”: interactions
between potential germs are neglected and we assume that LP is reached if and
only if there is at least one cell that gives birth to LP. This results in the appli-
cation of formula : PLP = 1− (1−PLP1)N∗N where PLP1 is the probability that
one cell gives birth to LP. We have PLP1 =

∑9
k=0 Pgerm(k) · Papp(k, dini), where

Papp(k, dini) is the probability that a micro-configuration initialized randomly
with dini contains k 1’s. It is simply obtained by applying the binomial formula:
Papp(k, dini) =

(9
k

)
dini

k(1− dini)9−k.
Calculated and experimental values of PLP(dini, ε

−) are given in Fig. 5 and
show that this assumption is justified in a first approximation even if the pre-
dictions seem more accurate for small values of ε−.

The germ hypothesis allow us to understand better some of the observed
behavior. Let us first consider the abrupt change of behavior observed for dini ∈
[0, 0.20]: this can come from the fact that as dini increases the probability to
observe a micro-configuration that contains more 1’s increases thus increasing
the probability to find a germ in the initial configuration. We can also understand
with this point of view the invariance of the sampling surfaces in the dini-axis
with dini > 0.20 by the fact, observed in Fig. 5 that in this case PLP ∼ 1, that is
the “labyrinth phase” always appears. In the same way, the shift of dc

ini observed
in Fig. 4 when varying ε− can be explained by the looking at the variations of
Pgerm(k) with ε− : we see that all probabilities to reach LP decrease when ε−

increases. Finally, we are able to qualitatively predict the scaling of dc
ini with

the lattice size N from the plots the function PLP(dini, ε
−) : when dini and PLP

are relatively small (i.e., PLP < 0.1), we have a linear scaling of PLP with N2;
whereas as PLP is close to saturation, there tends to be no variations with N .

5 Conclusion

Experiments have shown that Life’s transition from an “inactive-sparse phase”
to a “labyrinth phase” (LP) is a continuous phase transition dependent on the
synchrony rate α and whose critical value αc is controlled by the missing-link
rate ε−. As the topology was perturbed (i.e., when ε− increased), the inactive-
sparse phase domain extends while the LP domain shrinks. The abrupt change
in behavior according to the values of initial density dini was interpreted with the
hypothesis that the settlement of LP results from the development of “germs”,
i.e. small configurations that are able to “colonize” the whole lattice. The study
of the evolution of potential germs from micro-configurations allowed us to start
to understand the observations and to give some predictions on the probability
to reach LP starting from a random configuration. One interesting question is
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to examine whether these observations hold for a large class of CA or if they are
somehow related to the computational universality of Life.
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Abstract. A local information measure for a one-dimensional lattice
system is introduced, and applied to describe the dynamics of one-
dimensional cellular automata.

1 Introduction

Cellular automata (CA) are spatially extended dynamical systems. They have
been widely used as models of spatial dynamical processes [1]. They have
also been used as simple systems in which to study the phenomenon of self-
organization, i.e., the ability of a system to build up structure from homogeneous
initial conditions.

In this paper we use concepts from information theory to study the dynamics
of cellular automata. The field of information theory was founded by Shannon
in his 1948 paper [2]. The Shannon entropy introduced in [2] is a global quantity
that measures the average information content per symbol in symbol sequences
generated from a given distribution, when all correlations are taken into account.

Since the work of Boltzmann and Gibbs, entropy has been used in physics
as a measure of the disorder in a system. The connections between physics and
information theory are strong. For instance, in the framework of Jaynes [3], the
entropy of a system with many degrees of freedom quantifies the uncertainty
regarding the microstate of the system. A number of physicists, going back to
Wheeler’s vision of ”It from Bit”, have argued that the concept of information
should be used to describe fundamental physical processes (e.g., [4,5]). One area
where information theory has been particularly important is in the thermody-
namics of black holes (e.g., [6]).

In numerical and mathematical studies of self-organizing spatially extended
systems, the microstate of the system may often be known in great detail or ex-
actly. In this case, it is useful to define local versions of entropy or information to
characterize the structure that arises in the time evolution [7,8]. In [8], such local
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quantities were utilized to describe structure arising at different length scales in
continuous spatiotemporal systems. Information flow in spatial dimensions and
between length scales was also discussed. A number of other authors have also
investigated information transport in spatially extended dynamical systems [9,
10,11,12,13,14].

If the time evolution is reversible, microscopic entropy is a conserved quan-
tity. This is the case both for classical systems viewed in terms of phase space
distributions, and in quantum mechanics. An important question is whether we
can introduce a local version of the microscopic entropy that is locally conserved.
In other words, we would like to define a corresponding local information flow
so that the system obeys a local continuity equation. Since the information or
entropy depends on the degree of correlation in the system, it is not immediately
obvious that this can be done.

Several authors have however suggested that such an approach may be pos-
sible. This was first proposed in the context of CA by Toffoli [10], who showed
the local continuity of information flow in a restricted setting of perturbations
around uncorrelated equilibria of particle conserving reversible CA, such as lat-
tice gas automata. The continuity equation for information flow in 1D CA of
this paper, which takes correlations into account, was first formulated in [15].

The goal of this paper is to provide a mathematically rigourous foundation
for these statements in the case of one-dimensional reversible and surjective CA
rules. In Sect. 2 we introduce a local information measure for a 1D lattice system
and discuss its properties. In Sect. 3 we define the information flow and derive
the local continuity equation.

2 Local Information

The Shannon entropy measures the average information gained by observing a
new symbol from an infinite string being read in some direction, given knowledge
of the past. The intent of introducing a local information quantity is to measure
exactly how much information is contained in each symbol. However, the corre-
lations in a symbol sequence can in general be arbitrarily long. Consequently, it
is impossible for information to be completely localized. That is, the local infor-
mation at a particular position i cannot always be correctly computed merely by
looking at the configuration in a finite neighbourhood of i. The natural approach
is therefore to define the local information as a limit which converges to a local
analogue of the Shannon entropy as more and more distant neighbours are taken
into account, and which can be computed locally when the correlations are finite
in extent. The speed of convergence depends on the typical length of correlations
in the system, which could be quantified as in [16].

In the following, A is a finite set and AZ is the space of all bi-infinite se-
quences of symbols from A. For a sequence x ∈ AZ, we use the notation xi+k

i

for the length k + 1 block (xi, xi+1, . . . , xi+k). A probability measure μ on AZ

is defined by a consistent set of block probabilities μ(ai . . . ai+n) for all finite
blocks ai . . . ai+n of symbols in A and positions i ∈ Z.
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We define the local information in the following way. Let μ be a probabil-
ity measure on AZ. Define the left local information at position i of x ∈ AZ,
conditioned on n past symbols, as

Sn
L(x; i) = − logμ(xi|xi−1

i−n) . (1)

Then define the left local information at position i by SL(x; i) = limn→∞ Sn
L(x; i),

and define the quantities Sn
R and SR in the same way, but conditioned to the right

instead, using μ(xi|xi+n
i+1 ). Finally, define the local information S as 1

2 (SL +SR).
The quantity Sn

L(x; i) is the information gained from the symbol at position
i when only knowledge of the n left symbols are assumed. If μ is Markov there
is an n such that Sn

L = SL. In other cases, correlations are not finite and no
such n will exist. The information SL(x; i) depends on the measure μ. However,
in an ergodic case, the correct probabilities of finite blocks can be recovered
with probability one from x by estimating the block frequencies. In a numerical
simulation, this would normally be the case.

A position i in a sequence has high local information if its symbol is un-
expected given knowledge of already observed symbols. We can illustrate this
using two examples of CA dynamics. For some CA, the time evolution can after
an initial transient be described in terms of domains of some background pat-
tern together with moving domain boundaries. The background pattern typically
consists of blocks from a regular language which is invariant under the CA (e.g.,
[17]). The domain boundaries are local configurations which are often periodic
and propagate with fixed velocity (often called particles), or move at random
depending on the local context. They may be destroyed, transformed or created
during collisions. In terms of local information, the background pattern gener-
ated by the CA will have low information, common particles will haver higher
information, rarer particles will have even higher and extremely rare events will
have very high information.

An example is elementary CA rule 110, using Wolfram’s rule numbering sys-
tem [18], which generates a background pattern of large spatial and temporal
periodicity and a large diversity of particles. A space-time diagram and a numer-
ical estimate of the local information for rule 110 is shown in Fig. 1. As can be
seen, local information acts as a filter for the space-time diagram and quantifies
the structure that is built up.

An example that shows a different type of spatial structure is elementary CA
rule 18. Here, domain boundaries (kinks) perform random walks and annihilate
pairwise upon collision [19,20]. The background pattern is in this case the regular
language consisting of all blocks without consecutive 1’s. The CA acts as the
additive rule 90 on the background pattern. A space-time diagram for rule 18
along with the corresponding local information is found in Fig. 1. Notice that
although the background in this case has non-zero entropy it is still filtered out
by the local information. For both rule 110 and rule 18, the probability measure
at each time step was estimated from the block frequencies for blocks of length
14 in a CA run with a sequence of length 107. The initial measures were iid
product measures with the probability of a 1 being respectively 0.5 and 0.2.
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Fig. 1. Space-time diagrams and the corresponding local information S14 for elemen-
tary CA rules 110 and 18.

For the definition of local information to make sense, we need to check that
it converges with n. The convergence of the local information Sn

L to SL follows
immediately from results by Khinchin (Lemma 7.2 and Lemma 7.7) given in
connection with a proof of the entropy theorem in [21]. When applied in our
setting, these prove the existence of the local information in the following sense:
Fix i ∈ Z. For all n, Sn

L(·; i) ∈ L1(μ), and Sn
L(·; i) → SL(·; i) almost everywhere

and in the L1-norm. By symmetry, the same is true for Sn
R(·; i).

Another requirement of a local information measure is that in the case of
a translation invariant measure μ the average of the local information should
equal the Shannon entropy h. Write H(X|Y ) for the conditional entropy of the
random variable X given Y . We can then show that E[Sn

L ] = H(x0|x−1
−n) and

E[SL] = h. The same is true for SR and S.
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The first statement is proved by the calculation∫
AZ

Sn
Ldμ = −

∑
x0

−n

μ(x0
−n)

(
log

μ(x0
−n)

μ(x−1
−n)

)
= H(x0|x−1

−n) . (2)

The second statement then follows from the L1 convergence of local information
and the fact that H(x0|x−1

−n)→ h [22, Ch. 4.2]. The equality for SR and S follows
since H(x0|x−1

−n) = H(x0|xn
1 ).

3 Information Flow

We now consider the time evolution of the local information introduced in the
previous section. In this paper, we primarily discuss reversible CA rules (e.g.,
[23]), where the global CA mapping on bi-infinite sequences has a unique inverse.
Since microscopic classical dynamics in physics is reversible, this is a very impor-
tant class of CA for modelling physical phenomena. Some well-known physical
CA models are lattice gas automata [24] and CA for simulating spin systems such
as the Q2R rule [25]. Simple nearest-neighbour reversible CA have in particular
been studied by Takesue (e.g., [26]). The elementary reversible CA rule 26 in [26]
can be considered as the simplest known system with plausible thermodynamic
behaviour when one interprets its locally conserved quantity as energy.

We also consider the more general class of surjective cellular automata, where
the global mapping is onto. In this case, the number of preimages of any infinite
sequence is bounded [27]. Since there are interesting examples of surjective rules
among the elementary CA (both additive rules, and more complicated examples
such as rule 30), but only trivial examples of reversible rules, simple illustrative
examples of CA behaviour are often from this class. For surjective CA, and thus
also for reversible CA, the global Shannon entropy (as well as all Rényi entropies)
is preserved in the time evolution [28,29]. For non-surjective rules, where infinite
sequences typically have an infinite number of preimages, the entropy decreases
in time reflecting the shrinking phase space.

Our aim is to show that the local information introduced above obeys a local
continuity equation under the time evolution of a CA, or in other words, that
there is an analogue of the continuity equations which apply to locally conserved
physical quantities such as charge or particle density. We show how a flow JL
that satisfies a continuity equation can be constructed. We consider the case of
a reversible CA F , but the construction can also be carried out for surjective
CA (see [30] for details).

Fix x ∈ AZ, and let SL(t; i) = SL(F t(x); i). We will show that there is a
well-defined function JL(t; i) = JL(F t(x); i) such that

ΔtSL +ΔiJL = 0 . (3)

Here, Δ is the forward difference operator, so that ΔtSL = SL(t+ 1; i)−SL(t; i)
and ΔiJL = JL(t; i+1)−JL(t; i). With these definitions, JL(t; i) is the informa-
tion flow from position i− 1 to position i in iteration t+ 1 of the CA. Since the



126 T. Helvik, K. Lindgren, and M.G. Nordahl

flow is associated with a change between two time steps (just like other currents
in physics which involve a time derivative), it will naturally involve the state and
measure of the CA at t+ 1 as well as t, even though it can be expressed solely
in terms of quantities defined at t,

In the following, we consider a reversible CA F with left radius m, right
radius r and local map f : Am+r+1 → A. The inverse of a reversible CA is also
a CA [31]. Let the inverse CA F̃ of F have local map f̃ with left radius M and
right radius R. Fix x ∈ AZ, and let y = F (x).

In general, the measure μ changes in time due to the cellular automaton time
evolution, unless we happen to start from an invariant measure for the CA. Let
μ0 be a measure on AZ and let μt = F t(μ0). The evolution of μt is given by the
standard relation (e.g., [29])

μt+1(yi
i−n) =

∑
f−1(yi

i−n)

μt(xi+r
i−n−m) (4)

where f−1(yi
i−n) is the set of all blocks xi+r

i−n−m that map to yi
i−n under f . For

simplicity of notation, we consider the information flow at spatial coordinate 0 in
the first iteration of F , but this can trivially be changed to an arbitrary position
i and an arbitrary time step t to t+ 1.

We also define the joint measure ν of two consecutive time steps as the
measure on (A×A)Z defined by

ν(x0
−n, y

0
−n) = μ0({zr

−n−m ∈ Am+n+r+1|z0
−n = x0

−n and f(zr
−n−m) = y0

−n}) .
(5)

It is easy to show that ν actually is a measure, and furthermore that ν is
translation invariant if μ0 is translation invariant. Note that by summing over
all possible y0

−n or x0
−n we obtain from the definition ν(x0

−n) = μ0(x0
−n) and

ν(y0
−n) = μ1(y0

−n).
From the definition of local information we have

ΔtSL(0) = lim
n→∞

(− logμ1(y0|y−1
−n) + logμ0(x0|x−1

−n)
)
. (6)

Adding and subtracting the same terms, we can express this change as

ΔtSL(0) = lim
n→∞

(
log

ν(x0, y0|x−1
−n+M , y−1

−n)

μ1(y0|y−1
−n)

− log
ν(x0, y0|x−1

−n, y
−1
−n+m)

μ0(x0|x−1
−n)

+ γn

)

= lim
n→∞

(
log

ν(x0
−n+M |y0

−n)
ν(x−1

−n+M |y−1
−n)
− log

ν(y0
−n+m|x0

−n)
ν(y−1

−n+m|x−1
−n)

+ γn

)
(7)

where

γn = − log
ν(x0, y0|x−1

−n+M , y−1
−n)

ν(x0, y0|x−1
−n, y

−1
−n+m)

(8)
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converges to zero almost everywhere as n→∞. This can be proved using mar-
tingale methods. See [30] for details.

We can now write

ΔtSL(0) = lim
n→∞(− log ν(y0

−n+m|x0
−n) + log ν(y−1

−n+m|x−1
−n)

+ log ν(x0
−n+M |y0

−n)− log ν(x−1
−n+M |y−1

−n)) . (9)

Let us show that two of these terms have well-defined limits. The other two can
be resolved in the same way. The first term can be written as

− lim
n→∞ log ν(y0

−n+m|x0
−n) = − lim

n→∞ logμ0(xr
1 ∈ B|x0

−n) (10)

where B ⊂ Ar is the set of extensions to the right of x0
−∞ that are compatible

with the image sequence y0
−∞. That is, B = {zr

1 ∈ Ar|f(x0
−m−rz

r
1) = y0

−r}. The
right hand side of (10) converges because μ0(xr

1|x0
−n) converges for each block xr

1.
This follows from the convergence of local information. If r > 0 there is at least
one block for which this conditional probability is non-zero, otherwise x will have
infinite local information at some position. If r = 0 we define μ0(xr

1 ∈ B|x0
−n)

to be 1. If we denote by Z0 the set of all preimages zr
−∞ of y0

−∞ that satisfies
z0
−∞ = x0

−∞, (10) becomes

− lim
n→∞ log ν(y0

−n+m|x0
−n) = − log

∑
Z0

μ0(zr
1 |x0

−∞) . (11)

Using the reversibility of the CA, we have analogously that

lim
n→∞ log ν(x0

−n+M |y0
−n) = lim

n→∞ logμ1(yR
1 ∈ C|y0

−n) (12)

where C ⊂ AR is the set of extensions of y0
−∞ to the right that are compatible

with the preimage x0
−∞. By the same argument as above the right hand side

converges. We can also express limn→∞ log ν(x0
−n+M |y0

−n) purely in terms of x
and μ0. In fact, one can prove that

lim
n→∞ logμ1(yR

1 ∈ C|y0
−n) = log

∑
Z0
μ0(zr

−R+1|x−R
−∞)∑

Z μ
0(zr

−R+1|x−R
−∞)

(13)

where Z0 is as above and Z is the set of all preimages of y0
−∞. Since F is

reversible and R is the right radius of the inverse, all preimages agree on z−R
−∞,

but might be different to the right of coordinate −R.
Equations (9), (11) and (13) now enable us to define the locally conserved

information flow

JL(i) = J+
L (i)− J−

L (i) (14)

where

J−
L (i) = − log

∑
Z0

μ0(zi+r−1
i |xi−1

−∞) , (15)

J+
L (i) = − log

∑
Z0
μ0(zi+r−1

i−R |xi−R−1
−∞ )∑

Z μ
0(zi+r−1

i−R |xi−R−1
−∞ )

. (16)
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Fig. 2. Left: The information J−
L (i) needed to determine yi−1

−∞ which is not found in
xi−1

−∞ flows to the left across the boundary. Right: The information J+
L (i) in xi−1

−∞ which
is not present in yi−1

−∞ leaks out to the right across the boundary.

Here, Z are the preimages of yi−1
−∞ and Z0 are those preimages that satisfies

zi−1
−∞ = xi−1

−∞. Both J+
R (i) and J−

R (i) are non-negative.
By using these definitions, (9) can be written as the continuity equation

ΔtSL +ΔiJL = 0 (17)

which is valid at every i and t and for all measures μ0, not necessarily translation
invariant.

The expressions J−
L and J+

L have natural information theoretic interpreta-
tions. This is more readily apparent if the flow is written in terms of quantities
defined both at t and t+ 1:

JL(1) = J+
L (1)− J−

L (1) = lim
n→∞(− log ν(x0

−n+M |y0
−n) + log ν(y0

−n+m|x0
−n)) .

(18)

The quantity − log ν(y0
−n+m|x0

−n) is the additional information needed to
uniquely specify y0

−n+m when knowing x0
−n. The definitions above can be viewed

as a choice of boundary conditions in the definition of the flow. In the case of
ΔSL(1), we only want the contribution from information flow across the bound-
ary between 0 and 1 and not the boundary at −n. Due to the condition on the
left boundary of the finite strings (knowing m more symbols of x than of y, see
Fig. 2) the left part of y0

−n+m is uniquely determined by x0
−n, and we avoid

the unwanted effect of an information flow across the left border. Therefore,
the remaining information needed to determine the right part of y0

−n+m must
come from the coordinates to the right of 0. Consequently, a flow J−

L (1) from
coordinate 1 to 0 is induced. The limit n→∞ must be taken to ensure that all
information contained in x0

−∞ about its left prolongation is taken into account.
The quantity − log ν(x0

−n+M |y0
−n) is the additional information needed to

uniquely specify x0
−n+M given knowledge of y0

−n. Once again the left boundary
conditions ensure that the left part of x0

−n+M is uniquely determined, see Fig. 2.
However, not all information about the right part of x0

−n+M is found in y0
−n. This

missing information leaks out to the coordinates to the right of 0 inducing the
flow J+

L (1). Technically, the boundary conditions are obtained by introducing a
term γn which vanishes in the limit, see (7).

By an argument similar to that used for reversible CA, the existence of
a continuity equation can also be extended to a larger class of CA than the
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reversible CA. The crux of the argument used to find a continuity equation
for reversible CA is that all preimages of y0

−n agree on a central block. This is
also the case for those surjective CA where almost all y ∈ AZ have exactly one
preimage. These are the CA with M(F ) = 1 in the notation of Hedlund [27]. In
this case J−

L (i) has the same expression, but in J+
L (i) R will be changed to the

stopping time τ , which is the smallest integer such that all preimages of yi−1
−∞

agree to the left of coordinate i− τ . We will present the details of this and other
cases as well as examples in [30].

4 Conclusions

We have studied local information quantities SL and SR that measure the local
information density of a one-dimensional lattice system. These are useful for
detecting and quantifying structure in a lattice configuration.

An information flow JL has been introduced such that a continuity equation
ΔtSL + ΔiJL = 0 holds under iteration of a one-dimensional reversible CA.
We have discussed how the CA generates two different types J+

L and J−
L of

information flow satisfying JL = J+
L − J−

L . Moreover, we have sketched how an
expression for JL may be found in other cases by choosing boundary conditions
in a suitable way.

The continuity equation is a fundamental property of information transport
in reversible systems. But we expect local information in cellular automata to
have further interesting properties. In particular, a continuity equation in physics
can be viewed as a constraint, rather than an equation that determines the
dynamics of the system. In a similar way, one may expect information flow to
have different dynamic characteristics in different CA. We have seen examples of
CA building up high information in local configurations. Other CA might show
diffusive behaviour and smear out initial inhomogeneities in local information.
Such properties would give much information about the dynamical behaviour of
the CA.
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Abstract. A model performing mesh partitioning into computationally
equivalent mesh parts on regular square lattices using a diffusion con-
trolled cellular automaton (DCCA) is proposed and studied in this ar-
ticle. Every processor has assigned a domain seed at the beginning of
a simulation. Algorithm works with growth of seeds and migration of
domain borders, the later is triggered when the difference of diffusive
agents on both sides of a border exceeds a given threshold. The model is
built using self-organization principles ensuring convergence. Solutions
are dynamically stable configurations achieved from any initial configu-
ration.

1 Introduction

Mathematical formulation of physical, engineering and other scientific problems
often leads to a model expressed by a set of Partial Differential Equations (PDE).
Numerical formulation of a set of PDE is typically done by the Finite Element
Method (FEM). This technique splits a continuous problem – typically without
any analytic solution – into a finite number of discrete problems called the fi-
nite elements. The whole problem is then solved by this discrete solution above
the whole set of finite elements. Fine FE meshes approximates the continuous
problem more precisely then coarse meshes. Therefore, the data storage require-
ment and the computational cost rapidly becomes a ’bottleneck’ of a computer
simulation. This naturally leads to use of parallel computers to solve extra large
FE meshes. One of the most used techniques – splits a mesh into sub-domains
where each sub-domain is assigned to different processor – uses large distributed
memories, and message passing for inter-processor communication. Among all
parallel algorithms dealing with this problem, we could distinguish three main
groups of methods: the parallel direct methods, the parallel iterative methods
and the domain decomposition methods.

Most of the research had been done on development of mesh partitioning
algorithms based on a load balancing approach, see for example the papers [1,
2,3] and references therein. Algorithms with special interest to the aspect ratio
of the sub-domains were investigated later on. The most efficient mesh parti-
tioning algorithms are now implemented in program libraries, like [4,5,6,7,8,9].
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The partitioning problem is known to be NP-complete in general and there is
no single algorithm that is always capable of producing the best solution. Many
algorithms are based on heuristics of varying degrees of efficiency, which may
fail because of special properties of the partitioning problem being considered.
Most of these algorithms are based on graph theory because the topology of the
finite element mesh could be represented as a graph.

Cellular automata (CA) are often represented as discrete dynamical systems
where space, time and variables are discrete. CA–model discretize space into a
given number of dimensions – in our case into two–dimensional (2D) lattice of
squares. The elements of this lattice are called cells. A neighbourhood is defined
to every cell – a list of the nearest neighbouring cells – that is uniform through
the whole lattice. Every cell contains a list of variables, e.g. domain number,
amount of a diffusive agent, etc. The evolution of the system is driven by a
transition rule that computes new values of variables of an updated cell using
old values of variables of cells laying in the neighbourhood and values of the
cell itself taken at the previous CA–step. Comprehensive information about the
CA can be found in [10,11,12,13], at the web page of the author and at links
provided there. A good introduction into CA with examples is provided at web
page [14].

We propose a novel diffusion controlled cellular automaton (DCCA) model
performing domain decomposition on square lattices – restricted to square lat-
tices – into N computationally equal parts. Algorithm works with growth of
domains from domain seeds using migration of domain borders, the later is trig-
gered when the difference of the diffusive agent on both sides of a boundary
exceeds a given threshold. The model is built using self-organization principles
ensuring convergence. This model performs load balancing only. CA-models of
dynamic recrystallization [15] and living cells [16] motivate growth of seeds, and
models of dynamic recrystallization and grain boundary migration [17,18] moti-
vate migration of domain boundaries.

2 Cellular Automaton Model

Explanation of the model is done in three subsequent parts in order to make the
definition of this model easier to follow. In the first one, the general concept of
diffusion controlled cellular automata (DCCA) is proposed. In the second one,
all variables used in the proposed model are defined. Finally, all five sub-steps
of the DCCA-model are defined.

General Concept of Diffusion Controlled CA. A diffusion controlled cel-
lular automaton is built upon several sub-steps: growth of domains from domain
seeds, diffusion of a diffusive agent, and migration of domain boundaries. All
starts in domain seeds; the rest of cells is empty. Their number defines the num-
ber of domains, which are finally assigned to distinct processors. Every domain
seed initially occupy space of just one cell where the initial amount of the diffu-
sive agent – conserved during the whole simulation – is stored.
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Fig. 1. A figure displaying dispersion of the growth-factor into three directions distr[i]
for the middle cell under consideration within the first diffusion step

Growth of a domain is allowed only if the difference of the diffusive agent
between growing domain and empty cells exceeds a given threshold. If domain
borders meet then growth is terminated and the migration starts to operate.
When the difference of diffusive agent on one side exceeds a prescribed thresh-
old, a migration event occurs, i.e. domain boundary of domain having a higher
content of the diffusive agent migrates into domain having a lower content.

Definition of Variables. The algorithm is relatively complicated because one
complete step is composed of five subsequent sub-steps: growth, migration1,
diffusion1, diffusion2, migration2 where the lower index tells that given pro-
cess is split into two separate parts. One cycle is accomplished only when all five
sub-steps in the above defined order is accomplished.

The following variables are used: (a) domain-number assigns an unique num-
ber to all cells from a given domain or to wall; (b) growth-factor stores the amount
of growth factor; (c) ditribution[0], ditribution[1], ditribution[2], and ditribution[3]
are temporary variables used to store the fractions of growth-factor split in four
directions: they are defined as relative translations [-1,0], [0,-1], [1,0], and [0,1];
and (d) protect protects a given cell – assumed to migrate – from being migrated
by other neighbouring cell. A cell under consideration means the cell with the
relative coordinates [0,0].

All variables belonging to every cell are initialized to zero values except seeds.
Every simulation starts in a number of cells – called domain seeds – that is equal
to the number of required domains. The amount of growth-factor is strictly
conserved in every domain.

Rules Defining DCCA. All five rules defining the DCCA algorithm are
explained in this subsection.
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Growth rule G performs growth of domain seeds until all space that could
be occupied is consumed:
(a) All cells from the von Neumann neighbourhood (W, S, E, N) of the cell under
consideration are tested against possibility to grow into the place occupied by
it. Growth is not allowed into cells marked as the wall cells.
(b) A neighbouring cell with the greatest content of growth-factor will be allowed
to grow into the position of cell under the consideration. When two or more
domains meet, the domain having greatest potential to grow wins.

This sub-step G is checked during every cycle even in the case when no
empty cell is available to be occupied by growth of a domain. Cells initialized as
a wall enables us to insert irregular boundary and holes into the simulated lattice.

Migration rule M1 tests five conditions for a cell under consideration.
Variable protect could be set to a value that lock the potential migration sub-step
against being influenced by other cells until the migration sub-step is finished.
A migration threshold is defined. It ensures that migration operates above some
difference of diffusive agents of neighbouring domains:
(0) Is the difference of the growth-factor of both cells above the threshold?
(a) If domain-numbers of cells [0,0] and [-1,0] are different ⇒ set protect = 10.
(b) If domain-numbers of cells [0,0] and [0,-1] are different ⇒ set protect = 11.
(c) If domain-numbers of cells [0,0] and [1,0] are different ⇒ set protect = 12.
(d) If domain-numbers of cells [0,0] and [0,1] are different ⇒ set protect = 13.
Condition (0) has to be fulfilled for all cases. Conditions (a), (b), (c), and (d)
are exclusive.

Implementation of the sub-step M1 before diffusion sub-steps D1 and
D2 and the sub-step M2 is fundamental. It is necessary to protect cells that
are going to be migrated from diffusion of growth-factor inside them. The
growth-factor belonging to any domain has to be conserved.

Diffusion rule D1 is implemented by use of a modified finite difference
scheme of the Laplace operator. One physical diffusion step is split into two
distinct sub-steps. In the first one D1, the growth-factor is deposited into four
directions. In the second one D2, deposited growth-factor is shifted into appro-
priate neighbouring cells and then one physical diffusion step is finished:
(a) Number of neighbouring cells belonging to the given domain within von Neu-
mann neighbourhood is counted (maximum of four).
(b) The amount of growth-factor is equally divided between all neighbouring cells
within the von Neumann neighbourhood and the cell itself that belongs to the
same domain. Remaining amount of the growth-factor after this division stays
in the cell under consideration. Therefore, the growth-factor is conserved!
(c) Growth-factor belonging to a neighbouring cell is dispersed into the variable
distr[i] that are associated with direction i pointing to this cell.

A schematic figure displaying preparation of dispersion of the growth-factor
into three directions distr[i] for a cell under consideration can be seen in
Fig. 1. Data are stored in the cell that disperses the growth-factor. Please
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Fig. 2. The resulting time evolution of domain sizes Ai for four domain seeds located
in the bottom-left corner where domain sizes belonging to top-right and bottom-left
seeds are marked

note that a cell that does not belong to given domain is located in the
south. Therefore, the growth-factor cannot be dispersed into this direction
denoted by the number equal to 1. Hence, the total amount of diffusive agent is
divided into four equal parts – three neighbours and the cell under consideration.

Diffusion rule D2 represents the second finalizing part from two subse-
quent diffusive steps. Diffusive agent is migrated into destination cells selected
in diffusive sub-step D1:
(a) The amount of growth-factor deposited in temporary variables distr[i] of
neighbouring cells – i.e. in directions pointing to this cell – belonging to the
same domain are added into the growth-factor variable.
Remark: When we collect the growth-factor from east then we take the growth-
factor from variable distr[(0 + 2)%4]. The symbol % denotes modulo operation.

Migration rule M2 is the final sub-step of the whole cycle. It is the second
part of migration, migration2. Protected movements of domain border into the
cell [0,0] are realized in this sub-step:
(a) If protect = 10 then the domain from direction [-1,0] is migrated into.
(b) If protect = 11 then the domain from direction [0,-1] is migrated into.
(c) If protect = 12 then the domain from direction [1,0] is migrated into.
(d) If protect = 13 then the domain from direction [0,1] is migrated into.
(e) The variable protect is set to zero.

Those new potential reorientations in the second migration sub-step M2
leading to creation of disconnected small domains are rejected. The whole simu-
lation cycle is accomplished by the second migration sub-step. Only output from
this sub-step can be used as the numerically correct one.
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3 Results and Discussion

The properties of the CA-model are studied on several examples working with
four and eight domain seeds and a change of the domain shape. Every sub-step
of the full simulation step requires different amount of time to be completed.
Therefore, optimization of the proposed algorithm should be primarily focused
into the most computationally expensive sub-steps of the algorithm. The algo-
rithm of growth sub-step G is based on diffusion of the growth-factor – let us
call it diffusive-growth – that enables us to control achievement of approximately
globular shape of domains.

Fig. 3. Snapshots of the evolution of domain shapes taken at six different times in the
case of eight domain seeds. The simulation starts at the top-left corner and proceeds
in rows (times 0, 1k, 10k, 20k, 60k, and 150k)

Let us assume for a moment that growth is without restriction of diffusion
of the diffusive agent – i.e. the pure growth. The good message is that the pure
growth without diffusion – i.e. non-diffusive-growth – is roughly ten times faster
compared to the growth with presence of the growth-factor. The bad message
about the non-diffusive-growth is that it produces rather unrealistic initial do-
main decompositions – with elongated and narrow domain shapes – requiring
much longer migration time. The migration sub-step M is much computationally
expensive than the growth one G. Therefore, the total simulation time is more
longer for the non-diffusive-growth then for diffusive-growth.
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There is shown evolution of initial configurations having four domain seeds
and two different initial configurations with eight domain seeds. The initial stage
of evolution of domains of four domain seeds is same as in Fig. 3 with four seeds
located at bottom-left corner before impingement them with other seeds. Those
seeds located in the bottom-left corner are initial ones, the initial configuration
is far away from the ideal one. In other words, one domain – the top-right –
is growing too fast and growth of the others is suppressed by growth of this
dominant domain. Therefore, simulation spends a long time in migration sub-
step M and the total simulation time becomes too long. The resulting area Ai

evolution with respect to time of all four domain sizes can be seen in Fig. 2 where
the top curve belongs to the domain in the top-right corner. The curve having
the smallest slope belongs to the domain located in the bottom-left corner, see
Fig. 3. More ideal positions of domain seeds diminish the simulation time.

Fig. 4. The resulting time evolution of domain sizes Ai for eight domain seeds located
in the area without a hole – for the topology in Fig. 3

A simulation with eight domain seeds is displayed in Figs. 3 and 4 where
snapshots of the evolution of domain shapes are provided in Fig. 3 and relevant
evolutions of the domain sizes in Fig. 4. Not surprisingly, the use of a higher
number of seeds for the same total size of the simulated lattice diminishes the
total simulation time. It is because domains become smaller. Distances that
have to be migrated by domain borders are shorter. The final shapes of all
domains except one located in the up-left corner are convex. Non-convex shapes
of domains automatically mean longer domain borders.

The initial positions of domain seeds are not distributed homogeneously. Four
seeds are located closely in the bottom-left corner and the other four seeds are
spread across the rest of the lattice. This initial configuration leads to a distorted
growth of seeds. Some are suppressed to grow by others that are growing too
fast.

A simulation with eight domain seeds and a hole located in the middle of the
lower part of the lattice is displayed in Figs. 5 and 6. Diffusive agent serves as a
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Fig. 5. The evolution of domain shape at six different times in the case of eight domain
seeds located in the very same positions as in Fig. 3 and with a hole in the middle of
the lower part of the lattice. The simulation starts at the top-left corner and proceeds
in rows (times 1k, 2k, 20k, 50k, 80k, and 150k)

compactor of domains, i.e. it helps to keep them together. Nevertheless, presence
of holes brings anisotropy into the lattice and slows down the overall diffusivity
within the lattice. Hence, the total simulation time is substantially longer than
in the case without presence of the hole.

The simulation starts in the similar way as in the case of eight domain seeds
without a hole. Growth of domain seeds quickly fills the whole lattice. The prob-
lem is that those four domain seeds located in the bottom-left corner are allowed
to grow and migrate only upwards contrary to the previous case. Therefore, their
movement is substantially slowed down. Induced anisotropy of the lattice leads
to production of non-convex domains. One of domains – the second one from
the up-right corner – has a quite large curvature.

The CA-model is constructed in such way that domains finally occupy the
approximately equal volume, and therefore, processors have the same computa-
tional load. This is done by use of self-organization principles in the CA-model.
It is easy to see from results that position of the domain seeds at the very begin-
ning of a simulation strongly affects the total simulation time – by at least one
order of magnitude – and the final shape of domains. The CA-model proposed in
this contribution is formulated for the case of regular square lattices having four
neighbours. Generalizations to trigonal lattices having three neighbours and to
non-periodic grids is the subject of the future work.
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Fig. 6. The time evolution of domain sizes for eight domain seeds located in the area
with the hole – for the very same topology as in Fig. 5. Compare it to the case having
the very same location of domain seeds but without the hole, Figs. 3 and 4

It is expected that domain decomposition of complicated topologies using
DCCA in 3D is too hard for this model. There is development of more sophisti-
cated models, which could be sufficient to solve any problem in 3D. This model
should be understood as an introduction into the whole class of new models.

4 Conclusions

A novel diffusion controlled cellular automaton (DCCA) model performing do-
main decomposition on regular square lattices with special attention to load
balancing is proposed and studied in this work. It is recognized that conver-
gence speed is the highest in the case when the positions of domain seeds are
estimated closely to their ideal positions. It was found that presence of holes
within the lattice leads in the case of bad positions of the initial seeds to a
dramatic increase of the total simulation time.
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Abstract. The cellular automata discrete dynamical system is consid-
ered as the two-stage process: the majority rule for the change in the
automata state and the rule for the change in topological relations be-
tween automata. The influence of changing topology to the cooperative
phenomena, namely zero-temperature ferromagnetic phase transition, is
observed.

1 Introduction

Lattice models are the basic instrument in the study of phase transitions in
equilibrium statistical mechanics (see, e.g., [1]). The Ising model is the sim-
plest model of nearest-neighbor ferromagnetic interactions where the collective
features are studied. Traditionally, the phase transition has been considered in
regular lattices. According to the renormalization group theory, detailed struc-
ture of interactions as well as the structure of network connections are irrelevant.
Therefore, for example, cellular automata have been continuously tested with the
hope that these systems can imitate nature [2].

If the cellular automata are considered on a regular lattice and each site i
of the lattice is occupied by a binary variable, si, which assumes the values ±1,
then referring to these variables as spins which point either ‘up’ (+1) or ‘down’
(−1), we employ the terminology of the Ising model. The Ising nearest-neighbor
interaction in case of cellular automata becomes usually a simple majority rule,
it is: if most of the nearest neighbors of i spin point up (down) at time t then
the value of the i spin at time t + 1 is up (down). This deterministic rule is
interpreted as the zero-temperature approximation to the Ising interactions. The
research here is aimed on the ergodicity, i.e., on the uniqueness of the final state.
Especially, one asks if starting from a random distribution of spins states one
ends up with a homogeneous states of all spins up or all spins down. To mimic the
temperature effects one adds a stochastic noise to perturb with some probability
the execution of the deterministic dynamics. The research here is focused on
properties of the transition from the non-ordered phase to the ordered phase -
ferromagnetic phase transition.

Recent research in the structure and topology of real networks [3,4] has shown
that social, biological, technological networks are far from being regular. How-
ever, they also are being far from a random network. It has been shown that
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networks called small-world networks and scale-free networks exhibit mixed prop-
erties of regular lattices and a random graph [3,5]. This has trigged to study
of standard models of statistical mechanics in these networks. The transition
from non-ordered phase to the ordered phase in the spin system spanned on
the small-world network shows a change in behavior from the regular case to
the mean-field characteristics [7,12]. Interesting that, depending on the network
construction, the phase transition at the finite temperature exists or not [6].
Moreover, when the scale-free network is employed then the critical properties
of the Ising model are different from those ones observed in the regular networks
[13,14]. Many authors have considered other problems in these new networks:
percolation properties [8], the spread of infection diseases [9] social relations [10],
computer organization [11].

Small-world networks are intermediates between regular lattices and the ran-
dom graph. A small-world network is generated by rewiring with a probability p
the links of a regular lattice by long-distance random links [5]. The presence of
a small fraction of ‘short-cuts’ connecting otherwise distant points, drastically
reduces the average shortest distance between any pair of nodes in network.

In case of cellular automata such the small-world network means that the
cellular automata is no longer homogeneous — inhomogeneity is due to the
topology. Sets of nearest-neighbors differ from a site to a site.

There is one important property which is ubiquitous in biological and artifi-
cial networks and which is missed in the small-world network — the distribution
of the vertex degree does not show wings decaying as a power-law. Two important
ingredients have been shown to be sufficient to generate such feature: growing
number of vertices and preferential attachment of links. The well established
Barabasi-Albert model based on these two mechanisms has been proposed [3].
The distributions of the vertex degree in this network is of the form P (k) ∝ k−γ

where γ ∈ [2, 3] and k a vertex degree. Thus adapting the Barabasi-Albert idea
to cellular automata one obtains a computing system with the topology that
evolves.

In this paper we address the question of the role played by the topology
in the zero-temperature ferromagnetic transition considered in the cellular au-
tomata of spins. The starting system is the cellular automata on a square lattice.
The square lattice used here is strongly clustered in the sense that if j and k
are neighbors of i then there is a short path between them that does not pass
through i. In order to keep the high clustered property (typical for the small-
world network) and reproduce the distribution of the vertex degree with the
power-low decay (sign of the scale-free network) we propose the evolution rule
for the network. Hence, the cellular automata time step means the change of the
spin states and the change of the network topology. It will be shown that with
increasing p- the rewiring parameter, the cellular automata work as the solver
to the density classification task [15], highly accurately, namely our cellular au-
tomata converge to a fixed point of all 1’s if the initial configuration contains
more 1’s than -1’s by 2%, and, symmetrically, to a fixed point of all -1’s if the
initial configuration contains more -1’s than 1’s by 2%.
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2 Model Description

We present the model of the spin cellular automata located in N vertices among
which there is an explicit integer parameter N0 fixing the total number of edges.
These N spins are located to form a square lattice with the periodic boundary
conditions. Hence, if the linear size of the lattice is L then N = L × L and
N0 = 4N . We start with the ordinary nearest-neighbor relations, i.e., for any i
site the nearest-neighbor spins are located in the following set of vertex indices:
N(i, 0) = {i−L, i−1, i, i+1, i+L}. Initially, each spin state is set up randomly
with the probability ρ.

The evolution step consists of the two subsequent steps: (A) the asynchronous
stochastic evolution of topological relations and (B) the synchronous determin-
istic majority rule.

2.1 Evolution of the Lattice

In each time-step t and for each vertex i the following rearrangement of the edges
is performed: from the set of neighbors N(i, t) of the vertex i (at the given time
t) one element j is chosen at random with the probability p. Thus p relates to
the parameter of the small-world evolution [5]. Then, another vertex k is picked
up from the set of all vertices N−{i} randomly. A new edge is created between i
and k independently of the fact that there was or not an edge between them. The
edge between i and j is deleted. Hence the total number of edges N0 is conserved.
This evolution we will call stochastic on the contrary to the evolution in which
some preferences are applied. The proposed preferences are in the agreement
with the basic conviction how to obtain a scale free distribution for the vertex
degree: ‘the richer you are, the richer you get‘ — principle [3].

The preferences are as follows: in each time step t and for each vertex i, from
the set of neighbors N(i, t) an element j is chosen with the probability modified
by the degree of j vertex. Namely, the probability that j neighbor is unlinked is

p[1− deg(j)
T

] (1)

where deg(j) denotes the degree of j vertex, T denotes the value of the unlink
threshold. The degree of a vertex denotes the number of edges attached to the
vertex. By (1) if deg(j) ≥ T then it is impossible to unlink j. This process will
be called the intensional detachment. The edge between i and j is deleted. Then
a new vertex is randomly chosen but with the preference to link to a vertex with
the high vertex degree. It is, a randomly picked up vertex k is accepted with
probability

deg(k)
T

(2)

Thus if deg(k) ≥ T then randomly chosen k is certainly accepted. This process
will be called the preferential attachment.

In the following we will name:
model 0 : the completely stochastic edge evolution,
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model 1 : the intensional detachment and the stochastic attachment,
model 2 : the stochastic detachment and the preferential attachment,
model 3 : the intensional detachment and the preferential attachment.

2.2 Evolution of Spins

Synchronously, in each time step, the majority rule is applied to set the state of
every spin in the next time-step. The rule acts on all spins belonging to the the
set of nearest neighbors N(i, t) of the given ith spin. In the case when the result
of voting is zero, the ith spin does not change the state.

3 Results

The system simulated is a square lattice with L = 200 and periodic boundary
conditions. We start with a random distribution of spin states with probability
ρ to set the spin state to +1. In each time step we measure magnetization – the
sum of all spins states normalized by L2. If the magnetization is 1 or the time
step reaches the limit of the hundredth step, then we stop the evolution and
record the following characteristics: magnetization, susceptibility (the variation
of the magnetization), vertex degree and number of time steps to reach the
stable state. The experiment is repeated 200 times for each p and ρ value. The
threshold value for the preferences, see (1), (2), is T = 8 in all experiments.

3.1 Final State Characteristic

The sharp change in properties of the final state of cellular automata is ob-
served when ρ is crossing 0.5, see Fig.1, Fig.2. The final state switches between
the state of all spins down if ρ < 0.5 (magnetization = −1) to the state of
all spins up if ρ > 0.5 (magnetization = 1), Fig.1. Depending on the model of
the network evolution this transformation goes fast: model 0, or less rapidly:
model 3. The transformation can be estimated by measuring the intervals of ρ
around the 0.5- value which lead to the final states with with magnetization
close to ±1, see Fig.1. More accurate marks for these intervals can be found by
observing susceptibility, see Fig.2. In case of unperturbed network (p = 0) the
susceptibility takes the parabola-like shape on the log-plots. With increasing p
the suscpetibility becomes the sharply pointed curve with maximum at ρ = 0.5.
The basic step in ρ in the experiments performed is Δρ = 0.02. Therefore the
peaks of susceptibilities are recognized within the interval (0.48, 0.52). In the
small windows of Fig.2 one can observe how fast and which way the parabola
transforms into the sharply pointed curves. The significant qualitative change
occurs when p changes from p = 0.01 to p = 0.02. In particular, if one assumes
that the interval of critical changes means the susceptibility greater than 1 (at
average this condition is equivalent to the demand of the absolute magnetization
being smaller than 0.9), then one finds:
— ρ ∈ (0.30, 0.70) in case of cellular automata without the network evolution
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Fig. 1. Magnetization of final configurations vs initial probability for a spin to be UP
(ρ) for different values of short-cut edges (p) what is indicated by curve’s labels: (A)
model 0 – stochastic linking and unlinking, (B) model 1 – intentional unlinking, (C)
model 2 – preferential linking to, (D) model 3 – intentional unlinking and preferential
linking to. The large frames present the general dependences on p and ρ; the inside
frames show the change of magnetization if ρ is close to 0.5 and p is small. The lines
without point markers are results for p = 0.001, 0.002, . . . , 0.01 subsequently.

— ρ ∈ (0.48, 0.52) in case of cellular automata with the network evolving ac-
cording to the rules of models 0,1,2
— ρ ∈ (0.46, 0.54) in case of cellular automata with the network evolving ac-
cording to the rule of model 3.
Because of the observed rapid changes in main characteristics one can say that
the cellular automata solve the density classification task. Especially, model 0
solves the density classification problem extremely efficiently: quickly and with
the high certainty.

Also time needed to reach the fixed point stabilization changes when p is
increasing. If p > 0.1 and ρ << 0.5 then the time to stabilization is larger than
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Fig. 2. Log plots of susceptibility of final configurations vs initial probability for a
spin to be UP (ρ) for different values of short-cut edges (p) what is indicated by
curve’s labels: (A) model 0 – stochastic linking and unlinking, (B) model 1 – intentional
unlinking, (C) model 2 – preferential linking to, (D) model 3 – intentional unlinking
and preferential linking to. The large frames present the general dependences on p and
ρ; the inside frames show the change of susceptibility if ρ is close to 0.5 and p is small.
The lines without point markers are results for p = 0.001, 0.002, . . . , 0.01 subsequently.

in case of the system with not evolving network. However, the stabilization is
reached in less than 40 steps. If ρ ∈ (0.4, 0.6) and p is small, p < 0.01, then the
fixed point stabilization is not observed in less than 100 steps. The properties
shown in figures collect features found as snap-shots of cellular automata states
at the one hundredth step. This limitation does not introduce any important
restriction. It is because that when the network does not evolve then, due to
the many invariants of the spin-state rule, one observes the stabilizations on
configurations which oscillate with some time period. This results in that the
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stabilization time is read as t = 100. Such limit configurations occur also if p
is small, i.e., p < 0.01. When the rewiring process is stronger the oscillating
patterns disappear in less than 100 steps. The stabilization different from the
fixed points is not observed if p > 0.01.

3.2 Degree Distribution

The vertex degree distributions are presented in Fig.3. The plots collect results
recorded when the cellular automata systems arrive to the limit of either a ferro
fixed point stabilization or a hundred step of time. Hence the total number of
changes in the network depends on the time given to the evolution. However,
if p ≥ 0.01 then after a hundredth steps the average probability for an edge to
change is 1. Thus, the difference between a network state after a hundred steps
with p = 0.01 and after the first step with p = 1 consists in the synchronousness
of events: with increasing p the edge evolution becomes more synchronous.

All plots of the vertex degree distribution with p ≤ 0.01 characterize the
network configurations that are obtained at the one hundredth step. In case of
model 0 the fast convergence to the Gaussian distribution (the parabola shape in
the log-plot) centered at k = 4 is observed. The significant distinction from the
Gaussian shape in cases of other models is due to the preferences introduced.
One observes vertices with the degree higher than 20 which in the Gaussian
world do not exist. Because of the threshold value considered here, T = 8, the
vertices with the degree larger than 8 are protected from unlinking and preferred
in linking. Therefore the number of vertices with high degree is growing with
increasing p. However, the presented distributions do not have wings depending
polynomially on the vertex degree, namely, decaying as k−γ for some γ and k
vertex degree.

4 Concluding Remarks

We have considered properties of spin cellular automata initially spanned on
the regular square lattice and then rewired each time step systematically. What
we have observed is the final spin state. We have concentrated on the two con-
figurations: all spins up and all spins down. It has appeared that only these
two configurations are possible as the final configuration for spins. Which one of
these two emerges is depended on ρ the density of 1 in the initial configuration.
Due to the changes in the network the interval of uncertainty about the final
configuration contracts sharply to the small interval around the critical value of
ρ = 0.5. From the statistical physics point of view main investigations concern
the ergodicity problem, i.e. the memory about the initial state properties in the
evolving systems. The strong connectivity arisen from the small-world network
enhances sharply the solution. The cellular automata considered are ergodic out-
side the interval ρ ∈ (0.48, 0.52) what means that the interval of ergodicity is
definitely larger than the interval of ρ in case of the ordinary spin cellular au-
tomata. Therefore we claim that the systems considered can work as solvers of
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Fig. 3. Log plots of vertex degree in final configurations vs initial probability for a
spin to be UP (ρ) for different values of short-cut edges (p) what is indicated by
curve’s labels: (A) model 0 – stochastic linking and unlinking, (B) model 1 – intentional
unlinking, (C) model 2 – preferential linking to, (D) model 3 – intentional unlinking
and preferential linking to. The gray lines are results for p = 0.001, 0.002, . . . , 0.009
subsequently; the dotted lines are results for p = 0.2, 0.3, . . . , 0.9 subsequently.

the density task. Moreover, since the analysed properties have been collected at
time moments much smaller than the system size, the stated features seem to
be universal in the sense that they are size independent.

Our work is only preliminary. The dynamical system considered here needs
further investigations. We have studied the zero-temperature Ising problem. Now
the study of stochastic spin evolution should be undertaken. Moreover, the net-
works considered here can bee included into the one thermodynamic ensemble,
so-called canonical ensemble, because all networks have the same number of
edges [16]. For the canonical ensemble there is a possibility to fix a temperature
and associate the energy to every network configuration. Such approach states
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the new question: how this temperature and this energy relate to the ordinary
thermodynamic characteristics of spin system.
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Abstract. This paper discuss a class of 2-dimensional asynchronous cel-
lular automata with conservation of mass, for the formation of patterns
in groups. The previous study [14] reported a methodology of searching,
automatically, for pattern-forming cellular automata using a genetic al-
gorithm; this approach successfully found a few types of pattern-forming
rules. The current study is a series of statistical analyses of one of the
classes found by the above methodology, with the hope of understanding
the mechanisms of the pattern formation. These analyses lead to some
basic logic necessary to the pattern formation, but not to enough infor-
mation to elucidate the whole mechanism of the pattern formation. This
result suggests that the existence of unidentified cooperative operations
between the different transitions of the cellular automaton rule to carry
out the pattern formation.

1 Introduction

Nature produces many kinds of patterns, and the mechanism of such pattern
formations are often unknown. Cellular automaton (CA) is a mathematical tool
suitable for such studies and has been exploited intensively by many researchers.
Because this mathematical tool is especially suitable for visual analyses of the
results of calculation, the self-organization of spatial patterns is a very common
topic among studies. For instance, the hodgepodge machine[1], and the cyclic cel-
lular automata[2] give intricate patterns and are reminiscent of real phenomena
of some chemical reactions. The formation of crystal-like pattern is also studied
by a class of CAs [13].

In common CAs, all of the cell states are updated synchronously, and the
patterns formed by such CAs are usually heavily dependent on the synchronous
timing of the events occurring at each cell. This means that such pattern for-
mations are sensitive to a tiny delay of the events at each cell. Such perturba-
tions always exist in the natural environment, yet self-organization observed in
real physical, chemical, or biological systems is robust and not dependent upon
synchronous timing. Several scientists have already started questioning the as-
sumption of the synchronous adjustment of random boolean networks[7,3,4] and
CAs[8,12,11,16,14].

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 151–160, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



152 T. Suzudo

Fig. 1. The three kinds of patterns found by using genetic algorithms: (a)checkerboard,
(b)stripe, and (c)sand-like.

Applications of artificial dynamical systems, such as random boolean net-
works or CAs, to the study of spatial pattern formations are expected to re-
veal the mechanism of advanced self-organizations frequently seen in biochem-
ical systems and sometimes even in solid-state physical systems such as self-
protection, self-replication, self-maintenance, etc. However, the discrepancies,
discussed above, between artificial and natural systems may spoil the fruit
yielded by such studies.

In this paper, we will consider asynchronous CAs leading to a certain spatial
order. As an example we will discuss pattern formations in 2-dimensional CAs
defined on a regular lattice, and a genetic algorithm will be applied to searching,
automatically, for pattern-forming CAs. Techniques to search for CAs using a
genetic algorithm were exclusively studied for the collective behaviors such as a
density task[16,10], a classification[6], and a period three behavior[9]. However,
few studies have been done for searching for spatial pattern formations. For
this purpose, we will consider a kind of interactive particle system (or a kind
of lattice gas), in which the total number of non-zero cells is conserved. This
mass-conservative condition is essential to the searching methodology, because
this eliminates CAs which unnaturally generate and annihilate particles to form
spatial patterns; such CAs are meaningless for the study of pattern-forming
mechanisms.

In the previous work [14], three types of pattern-forming CAs, ckeckerboard,
stripe, and sand-like, were found (See Fig. 1). This paper describes a follow-
up study that statistically analyzes the rules found by the above methodology
hoping that we can obtain some fundamental mechanism related to pattern
formations. The analyses in this paper are focused on the checkerboard type
out of the patterns mentioned above; this pattern is already discussed in [14] in
depth from the phase transition’s point of view.

In Sections 2 and 3, the mathematical structure of the CA applied to this
study and the methodology to search for pattern-forming rules are explained,
respectively. Section 4 shows the results of the statistical analyses, and some
related discussions are given. The conclusion is given in Section 5.
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2 Asynchronous Cellular Automata with Mass
Conservation

Cellular automata are dynamical systems in which the current state of each cell
is determined by the states of its neighboring cells at the previous time step. We
consider, in this paper, an interactive particle system modeled by a CA having
two kinds of cells, occupied and empty cells. In common cellular automaton
schemes, each cell has its own neighborhood and its state is determined regardless
of what states its neighboring cells will take. In other words, the update rule of
a cell is a many-to-one mapping, which is why the total mass is not conserved
in such schemes. One technique employed to realize mass-conservative dynamics
within CA is to divide the whole cellular space into many blocks composed of
several cells with the states of each block being updated with the total mass in the
block conserved. In this case the rule becomes a many-to-many mapping. This
technique is called partitioning, and such a rule is called a block rule. Margolus
neighborhood is a typical method of partitioning and has been applied to various
CAs with the above conservation laws [15].

While the partitioning technique has been applied mainly to synchronous
CAs, for example Fredkin’s Billiard Ball Machine[5], we will, in this study, apply
the technique to asynchronous updating schemes: The position of the block,
composed of several adjacent cells to be updated, is randomly selected and the
states of cells in the selected block are updated while the remaining cells are
left unchanged. From now on, we will simply call this block ‘neighborhood’. The
rule applied to neighborhood is constant over time, just as it is for the common
synchronous scheme. See Fig. 2 for a schematic picture of the asynchronous
partitioning in the case of von Neumann-type neighborhood being adopted. We
will concentrate on this type of the neighborhood throughout this paper.

Fig. 2. Asynchronous partitioning cellular automata: A set of 5 neighbpring cells, ran-
domly selected, are updated in the order indicated by the arrows.

Because the influence of a single update to the dynamics is much smaller
than that of an update in the common synchronous method, the unit time is
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newly defined as being composed of
xmax · ymax

Nneighbor
asynchronous updates, where

Nneighbor is the total number of neighbor cells, i.e. five for the von Neumann
neighborhood; xmax(= 100) and ymax(= 100) are the dimensions of the cellular
space. With this new definition, a cell is, on average, updated once in a unit
time step, which is consistent with the common synchronous updating schemes.
Note that some cells may not be updated in a unit time step, while others may
be done more than once.

We adopt, in this study, a commonly used torus-type boundary condition in
which the top and left edges of the cellular space are connected to the bottom
and right ones, respectively. The state of each cell is assumed to take an integer
equal to either nil or unity. The nil state denotes an empty cell and is depicted in
our graphs as a white cell, while the other state is one occupied by a particle and
is depicted in our graphs as a black cell; i.e. the dynamical system is regarded
as a mono-particle artificial chemical system or a kind of lattice-gas system. The
particles merely move around the cellular space neither separating into two new
pieces, nor merging with others to form a new particle. To satisfy this mass
conservation law, the update rule must be defined such that the total number
of particles in neighborhood does not vary.

The initial condition of each run is given by placing particles randomly on
the cellular space with a specified “density”, which is the ratio of the number
of particles to the total number of cells in the cellular space. We here set the
density at 0.5. For the random number generations, a unique randomizing seed
is used for each space tried, ensuring that the initial configurations are always
different.

3 A Methodology to Search Automatically for
Pattern-Forming Cellular Automata

We, in this paper, measure the degree of pattern formation by the spatial entropy
of global cellular states. Thus, finding pattern-forming CAs means finding those
with the spatial entropy being relatively small. The space of CA rules is discrete
and two closely similar rules do not necessarily produce a similar development.
The optimization of cellular automaton rules therefore tends to become a messy
problem; classical tools such as steepest descent method are not applicable. Ge-
netic algorithms are, however, useful for problems in which the function to be
minimized (or maximized) has a rugged surface, and we apply this technique to
our problem as described below.

Each rule in consideration is composed of 2Nneighbor = 32 mappings. The
graphic patterns of all the 32 entries of the mapping are shown in Fig. 3. Be-
cause such graphic patterns can be indexed by integers, the rules of our interest
can be represented by the array of 32 integers, say T [i](i = 0, 1, . . . , 31). This
integer array becomes the chromosome of this genetic algorithm. The value of
T [i], i.e. the output of i’th entry assumes an integer between 0 and 31, but as
described above each transition must satisfy the mass-conservative condition,
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Fig. 3. All the entries of the transitions of the cellular automata.

and the transitions changing the mass inside the neighborhood are prohibited;
then the whole rule space is approximately composed of ∼ 1014 rules, which is
much smaller than that of the general rule space of 3232 rules.

The algorithm of the searching is:

1. Choose M chromosomes, i.e. mass-conservative cellular automaton rules at
random, where M is called a population.

2. Run all of these CAs.
3. If at least one of the CAs satisfies a condition of being optimized (see below

for the detail of the condition), stop the program; continue otherwise.
4. Calculate the fitness functions (given below) of all the CAs.
5. Choose the Me(0 < Me < M) best-fit CAs for the next generation; they are

called elites.
6. Choose Mn pairs of individuals at random out of the remaining CAs for

the next generation so that the total of the elite and non-elite individuals
becomes M again in the next generation, i.e. M = Me + 2Mn.

7. Cross over each pair of non-elites at a randomly chosen point with probabil-
ities of Pc, crossover rate.

8. Mutate each non-elites with probabilities of Pm per a transition. Note that
new transitions also satisfy the mass-conservative condition.

9. Go to Step 2.
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Table 1. The parameters of the genetic algorithms

symbol explanation value
M population 20
Me the total number of the elite 6
Pc crossover rate 0.5
Pm mutation rate 0.05
Ho

s the target value of Hs 0.57

The fitness function is defined as:

F = (
1

Hs(tc)−Ho
s

) · tc, (1)

where Hs(t) is a spatial entropy of global cellular states at the time step t (A
rigorous definition of Hs is given in Appendix A.); Ho

s is the target value of
optimization of Hs; tc is the transition time, that is, the time when the time
development of Hs becomes almost steady. The length of tc is determined by
the sequential tests of

|Hs(t+ 1)−Hs(t)| < ε, (2)

|Hs(t+ 2)−Hs(t+ 1)| < ε, (3)

and
|Hs(t+ 3)−Hs(t+ 2)| < ε. (4)

The smallest t satisfying all of eqs.(2)-(4) was considered as tc, where ε was
empirically set at 0.003. In case a pattern formation occurs, the transition time
(i.e. tc) is long, For this reason, the multiplication by tc in eq.(1) was added

to a simple
1

Hs(t)−Ho
s

, and it was empirically found that this multiplication

improved the optimization speed. The condition to stop the program is when at
least one of the individual was found Hs(tc) < Ho

s . The parameters for running
the genetic algorithm are summarized in Table 1.

4 Statistical Analyses of the Rules Found by the Genetic
Algorithm

Many runs of the optimization trial by the genetic algorithm were conducted,
and the rules that satisfied the condition were collected. The number of gener-
ations needed to reach the condition of being optimized is sometimes less than
a hundred, but a few other cases reached 300 generations at which the program
gave up the further optimization and went to a next trial. The spatial patterns
that the rules found by the searching give are the same as those in [14], i.e. ,
(a)checkerboard, (b)stripe, and (c)sand-like pattern (see Fig.1). In the following,
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Table 2. The Shannon entropy of the selected transitions

entry entropy entry entropy entry entropy entry entropy
0 0.0 8 0.72 16 0.11 24 0.67
1 0.71 9 0.99 17 0.66 25 0.98
2 0.70 10 1.00 18 0.66 26 0.99
3 0.98 11 0.65 19 0.98 27 0.73
4 0.69 12 0.99 20 0.68 28 0.98
5 0.99 13 0.66 21 0.99 29 0.71
6 0.98 14 0.69 22 0.98 30 0.64
7 0.67 15 0.10 23 0.71 31 0.0

we will concentrate on the analyses only of the rules that develop the checker-
board pattern.

The total number of the collected checkerboard rules is ∼ 1000. For these
rules, the probability of what transition is selected through the optimization
process, say pi,j , were calculated, where i and j are indices for the entry and the
output of the transition, respectively. Using pi,j , the Shannon entropy of pi,j for
each entry i was calculated; the results are shown in Table 2.

From the entropy values, it is possible to classify each entry into 4 groups:

I Entry-0 and Entry-31 (The entropy is exactly nil; each entry has only one
possible transition because of the mass-conservative restriction.),

II Entry-15 and Entry-16 (The entropy is ∼ 0.1; the entry pattern already
matches the checkerboard pattern and the identical mapping is dominantly
selected.),

III Entry-3, Entry-5, Entry-6, Entry-9, Entry-10, Entry-12, Entry-19, Entry-21,
Entry-22, Entry-25, Entry-26, and Entry-28 (The entropy is almost unity,
thus the transition is almost randomly selected. From Fig. 3, we can rec-
ognize that these entries are not directly related to the creation of the
checkerboard pattern.), and

IV The remaining entries (The entropy is in the range of 0.64 − 0.73; The
further analysis will be given below.).

The key point of the above grouping is whether or not the entry is one of the
matching patterns of which the checkerboard pattern is composed, that is, 15th
and 16th graphic patterns in Fig. 3.

The most-frequently selected transition for each entry and its probability,
sup

i
pi,j , were also calculated (See Table 3). From Table 3, we notice that Group

IV can be classified into two subgroups:

IVa Entry-1, Entry-2, Entry-4, Entry-8, Entry-23, Entry-27, Entry-29, and
Entry-30 (The value of sup

i
pi,j is around 0.6 − 0.7; The patterns for these

entries are possible to transit to either of the two matching patterns of
which the checkerboard pattern is composed, and such transitions are most-
frequently selected.), and
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Table 3. Transition most-frequently selected by the optimization; the values in the
parenthesis is its probability (i.e. . sup

i

pi,j .)

0 → 0(1.0) 8 → 16(0.63) 16 → 16(0.97) 24 → 24(0.33)
1 → 16(0.64) 9 → 9(0.14) 17 → 17(0.30) 25 → 25(0.14)
2 → 16(0.65) 10 → 10(0.13) 18 → 18(0.31) 26 → 26(0.14)
3 → 3(0.16) 11 → 11(0.31) 19 → 19(0.15) 27 → 15(0.63)
4 → 16(0.66) 12 → 12(0.14) 20 → 20(0.31) 28 → 28(0.16)
5 → 5(0.14) 13 → 13(0.32) 21 → 22(0.12) 29 → 15(0.65)
6 → 10(0.14) 14 → 14(0.29) 22 → 22(0.16) 30 → 15(0.70)
7 → 7(0.31) 15 → 15(0.98) 23 → 15(0.64) 31 → 31(1.0)

Fig. 4. The time development of the cellular automaton given by the rule in Table 3.

IVb Entry-7, Entry-11, Entry-13, Entry-14, Entry-18, Entry-20, and Entry-24
(The value of sup

i
pi,j is ∼ 0.3; The patterns of these entries are close to one

of the matching patterns, but the transition to them are prohibited under
the mass-conservative condition; the identical mappings in these entries are
most-frequently selected.).

Through the above classification, we seem to understand how each transition
is selected to achieve the checkerboard pattern. Natural question is then; “Is this
all about the tricks of the pattern formation?”. If so, a rule created by putting
all the most-frequently selected transitions of Table 3 together must have a
performance of making the checkerboard pattern as good as that given by the
“raw” rules obtained by the optimization. Figure 4 gives the time development of
the CA composed of the most-frequently selected transitions. The graph at t = 25
has the spatial entropy of ∼ 0.72, much larger than 0.57, the optimization target.
The configuration of the cellular states at t = 25 (Fig. 4b)is almost identical to
that at t = 50 (Fig. 4c), and the spatial entropy of the cellular states are not
improved even in the further time-development. Such a poor performance does
not meaningfully vary with the initial condition of the cellular states, so this
rule’s performance cannot compare with that of the rule composed of a raw set
of transitions found by the searching. See Fig. 1(a); this graph is a cellular states
developed by a typical rule found by the searching.
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Although the statistical analyses given above seem theoretically sound, these
are not enough to elucidate the whole mechanism of the pattern formation. In
other words, the genetic algorithm selects each transition more cleverly than
we can intuitively do. This result is not, however, surprising because complex
phenomena such as pattern formations cannot be decomposed into a simple
addition of many simple actions, but are organized by combinations or sometimes
networks of them.

5 Conclusion

As a study of self-organization, the spatial pattern formation of CAs was stud-
ied. Especially, to seek the pattern formation more consistent to Nature, asyn-
chronous CAs under the mass conservation law was explored and the asyn-
chronous partitioning scheme was applied for this purpose. A methodology for
automatically searching for the pattern-forming CAs was introduced, and its
performance was confirmed. The methodology can be extended to more compli-
cated situations for more realistic simulations of natural phenomena.

In addition, the rules giving the checkerboard pattern were collected by using
the searching method for the purpose of their statistical analyses. The proba-
bility how often a certain transition is selected by the searching was discussed.
It was possible to explain why certain transitions are dominantly selected by
the searching, but the success of such analysis was limited because it failed to
explain all the mechanisms of the pattern formation. This indicated that the
checkerboard-pattern formation cannot be explained by a deduction of a simple
addition of the mappings.

A further development of this study is to analyze the interaction between
different transitions. For this purpose we perhaps need much more samples of
the rules, and therefore it is necessary to drastically improve the searching speed.
I hope that this extension could open a wide range of potential studies for ap-
proaching the origin of self-organization in Nature.
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A Definition of Spatial Entropy of the Global
Configuration of CAs

Consider four adjacent sites of the cellular automaton space such as (i, j), (i +
1, j), (i, j+1) and (i+1, j+1), where i and j are the x-axis and y-axis position
of an arbitrary cell, respectively. There are 24 = 16 possible patterns for this
local patch if each cell takes either ‘0’ or ‘1’ state. In this paper, we use

Hs(τ) ≡ −
∑

k

P k
s (τ)log16(P k

s (τ)), (5)

as the definition of the spatial entropy of global configuration at an arbitrary
time step τ , where P k

s (τ) is the probability for a particular pattern of the local
patch at the time step τ . Note that a base of 16 is used for the logarithmic
function as the entropy assumes a real number between nil and unity.
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Abstract. This paper reviews the history of embedded, evolvable self-
replicating structures implemented as cellular automata systems. We
relate recent advances in this field to the concept of the evolutionary
growth of complexity, a term introduced by McMullin to describe the
central idea contained in von Neumann’s self-reproducing automata the-
ory. We show that conditions for such growth are in principle satisfied by
universal constructors, yet that in practice much simpler replicators may
satisfy scaled-down — yet equally relevant — versions thereof. Examples
of such evolvable self-replicators are described and discussed, and future
challenges identified.

1 Introduction

In recent decades, the study of embedded self-replicating structures in cellular
automata has developed into one of the main themes of research in Artificial
Life[31,32]. A common goal motivates such research: to extract the fundamen-
tal organizing principles that govern real-world biological phenomena (and, in a
wider sense, life as we know it[13]) from an abstraction of their driving biophys-
ical processes. Central among such processes is self-replication in its variety of
forms. The eminent mathematician John von Neumann was the first to suggest
that essential features of such biological self-replication, with its many degrees of
freedom and complex kinematics, could be usefully represented in a discrete cel-
lular space with uniform local rules[41]. His seminal self-reproducing automata
theory, which he situated “in the intermediate area between logic, communica-
tion theory and physiology”[41, p.204], set the stage for future research in ar-
tificial self-replication[16] and remains among the defining achievements of this
field[17].

Following von Neumann’s work of the late 1940s and early 1950s, research on
CA-based self-replicators split into a number of major trends. Among these, the
majority are efforts to implement regulated behavior (universal construction[8,
9,20,38,40], self-replication[5,12,14,18,22,34], self-inspection[11], functionality[7,
19,37]) manually introduced to satisfy pre-defined goals of the designer. Such
goal-oriented design is important for resolving theoretical problems (bounds and
limitations on self-replicating structures) and for direct application (computa-
tion, problem-solving, nanotechnology), yet does little to address the fundamen-
tal issue that shaped von Neumann’s original theory. This issue centers on the
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vague and intuitive concept of “complication”[41, p.78], roughly measured in
terms of the number of elementary parts of a machine or organism. Von Neu-
mann observed that natural organisms have a surprising collective tendency to
increase such complication over time. Such increases are unexpected, resulting
from robustness and adaptability of the natural self-replication process rather
than from any specific functionality. Von Neumann proved that, in principle,
such increases are not confined to natural automata but may equally be achiev-
able in artificial ones, in particular by one of his own creation: a complicated
universal construction machine embedded in a 29-state CA system. His machine
realizes an ingenious separation between static description (tape) and active
translation (machine) that has since become synonymous with the concept of
self-reproduction[15]. Yet while significant as a defining example, von Neumann’s
design has been widely critiqued for its reliance on a lengthy set of rules and ex-
pansive space. His machine and others like it are so computationally demanding
as to be largely unfeasible1; hence simpler alternatives with comparable potential
are sought.

Considerable disagreement on the topic of such simpler replicating structures
has arisen over the fifty years since von Neumann first developed his theory. Such
disagreement stems from conflicting definitions of “self-reproduction” and from
misconceptions regarding von Neumann’s original intent. Most commonly, the
“self-reproduction problem”[3, p.xv] has been stated in terms of “non-trivial”
self-reproduction, understood to mean reproduction of structures with some
minimal level of complexity. First mentioned by Burks[4, p.49], this idea was
later adopted by Langton[12] and subsequently incorporated as a guiding princi-
ple in CA-based self-replication models[31]. Langton’s famous Self-Reproducing
(SR) Loop, a model often mistakenly viewed as a simplification of von Neu-
mann’s machine, embodies a common belief derived from this way of thinking:
that minimal non-trivial self-reproduction is explicit (or self-directed[22]) self-
reproduction. Such an interpretation is natural when one focuses on engineering
aspects of von Neumann’s machine design, which indeed embody a highly explicit
translation/transcription copy process. Yet it fundamentally overlooks an essen-
tial property stressed by von Neumann himself, namely that “self-reproduction
includes the ability to undergo inheritable mutations as well as the ability to
make another organism like the original”[42, p.489]. Such capacity to withstand
viable heritable mutations was central to von Neumann’s formal theory and to
the evolutionary growth of complexity described therein[17,36].

In this paper, we take a new look at the history of self-replication stud-
ies in cellular automata. With hereditary variation in mind, Sections 2 and 3
review key concepts underlying von Neumann’s original work, highlighting an
area of the field that has received little attention. These are the recently de-

1 Von Neumann’s machine required 29 states and a highly complex set of transition
rules, occupying an estimated 50,000 to 200,000 CA cells[31, p.241]. Pesavento[20]
recently simulated a modified version of this CA, yet was unable (due to prohibitive
computational demands) to implement even a single complete self-reproduction cy-
cle.
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veloped evolvable loop- and worm-shaped self-replicators of marginal hereditary
and structural complexity[1,6,29,30,35], reviewed in Section 4, that straddle the
boundary between von Neumann’s powerful yet fragile machine and more robust
yet trivial systems. In Section 5, we identify future challenges and relate their
importance in the field of Artificial Life to von Neumann’s original search for
the evolutionary growth of complexity.

2 Embeddedness, Explicitness, and Heredity

A defining property of CA systems of self-replicators, embeddedness quantifies
the extent to which state information of an individual is expressed in the arena
of competition2. Taylor[36, p.216] argues that embeddedness is important be-
cause it enables “the very structure of the individual to be modified”[original
emphasis], likely a necessary condition for open-ended evolution. Related to em-
beddedness is the range of possible interactions that are allowed between objects
or structures. Von Neumann’s machine is fully embedded; the entire specifica-
tion of the machine — its various control organs, memory, and construction arm
— are expressed in the cellular space itself rather than hidden in auxiliary non-
interactive locations. At any time, the construction process may be modified or
disrupted via local rules applied to cells adjacent to the machine. This is dis-
tinct from e.g. systems of evolutionary computer programs such as Tierra[21],
popular and well-studied in Artificial Life, which assume an unlimited number
of CPUs existing outside of the arena of evolution, beyond the influence of other
individuals. Since CA by their nature do not “hide” any information (with the
exception of the transition rules themselves), CA-based replicators are as a rule
highly embedded and in general allow for direct and unrestricted interactions
among them. This goes some way to explaining their popularity as a medium
for the theoretical study of self-replication.

Self-replicators embedded in CA share an important defining property with
biological organisms: both are fundamentally built up from — and interact
through — a common material structure grounded in physical laws (i.e. CA
rules). Unlike other evolutionary systems such as those of computer programs,
CA-based models supply no universal structural cues: everything down to the
separation between replicator and its environment is distinguished relative to
the system observer. This property has the side-effect of making such systems
intrinsically “messy” to analyze, yet has the potential to elevate the richness
and surprise of their evolutionary dynamics to levels inherently excluded from
less embedded systems. Von Neumann never witnessed such dynamics; although
his system is in principle capable of producing them, it is in practice far too
computationally demanding and structurally fragile to be useful in this regard.
This key difference manifests the importance of developing simpler, more robust
models of self-replication imbued with the potential for evolvability.

Since von Neumann’s original work, the majority of discussions on such CA-
based embedded models of self-replication have focused on the explicitness of
2 This discussion of embeddedness is based on an analysis by Taylor[36, p.215-219].
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the self-reproduction process rather than any potential evolvability contained
therein[12,18,22,32]. Langton, who supplied possibly the most well-known argu-
ment to this effect, makes the case that

Von Neumann’s work suggests an appropriate criterion, which is all the
more appropriate because it is satisfied by molecular self-reproduction:
the configuration must treat its stored information in two different man-
ners[...]: interpreted, as instructions to be executed (translation), and
uninterpreted, as data to be copied (transcription).[12, p.137, original
emphasis]

Although von Neumann indeed based the design of his construction machine
on this translation/transcription process, and although he did emphasize the
interpreted/uninterpreted distinction at the heart of his theory, this does not
imply that such separations should be considered an appropriate criterion for
self-reproduction. A criterion based on explicitness alone is, in any case, some-
what arbitrary as the transition rules of the CA will always play some role in
enabling structures to copy themselves.

More appropriate as criterion is the issue of heredity, on the basis of which
simple replicators such as Langton’s Loop can be unambiguously distinguished
from potentially evolvable machines such as that of von Neumann. Whereas
Langton takes the translation/transcription process to be of primary interest,
von Neumann emphasized static descriptions, the importance of which

is that they replace the varying and reactive originals by quiescent and
(temporarily) unchanging semantic equivalents and thus permit copy-
ing[,] the decisive step which renders self-reproduction (or, more gener-
ally, reproduction without degeneration in size or level of organization)
possible.[41, p.122-123, emphasis added]

Such non-degenerative reproduction is an immediate consequence of construc-
tion universality, an important result recently clarified and strengthened by
McMullin[17]. Yet whereas such universality is computationally demanding and
biologically implausible, a less stringent yet explicit encoding — one that en-
ables a shift in heredity from limited towards indefinite — is in fact possible and
indeed has already been implemented in a number of models[1,10,26,30,35]. Such
a shift enables evolutionary complexity growth, described in the next section.

3 The Evolutionary Growth of Complexity

In his recent re-appraisal of von Neumann’s work, McMullin[17] summarizes
three principal conditions he deems necessary to solve the problem of what he
calls the evolutionary growth of complexity. Namely, to do so

one would need to exhibit a concrete class of machines [...] in sufficient de-
tail to satisfy ourselves that they are purely mechanistic; one would need
to show that they span a significant range of complexity; and finally, one
would have to demonstrate that there are construction pathways leading
from the simplest to the most complex[17, p.351, original emphasis]
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He goes on to show that von Neumann’s machine satisfies these require-
ments, that it is thus capable of “incremental, bootstrapping increases in
complexity”[17, p.354, original emphasis], and moreover that it is arguably the
simplest machine so far capable of doing so. The proof of this result rests
on the construction universality that von Neumann worked so hard to real-
ize in his machine. Whereas the concept of complexity is notoriously ill-defined
(von Neumann referred to his own understanding of it as “vague, unscientific
and imperfect”[41, p.78]), this turns out not to be essential for demonstrating
complexity-increasing construction pathways — the central piece of the puzzle.

Having elucidated the above result, McMullin goes on to ask the important
question: “what further conditions are required to enable an actual, as opposed
to merely potential, growth in complexity?”[17, p.360, emphasis added]. Von
Neumann’s machine does not qualify as “actual” primarily due to the fact that
its structure is extremely fragile, unable to withstand minimal external pertur-
bations. Such fragility would render any interactions — notably those between
parent and child immediately following self-reproduction — highly destructive,
preventing the coexistence of a population of such machines. In addition, neither
current computational resources nor those of the foreseeable future hold much
promise for implementing such a complicated system on any significant scale.

There is an added concern, and this relates to the concept of a Darwinian —
as distinct from mutational — growth of complexity. The former entails actual
growth and requires direction from selection pressures, whereas the latter merely
implies possible growth and only requires the presence of construction pathways.
McMullin notes that, if the former were to occur at all, they would happen “along
paths in the genetic network that lead “uphill” in terms of fitness”. Yet a fixed
genetic network such as that of von Neumann’s machines “may impose severe
limits on the practical paths of Darwinian evolution (and thus on the practical
evolutionary growth of complexity)”[17, p.358, original emphasis]. The question
of whether or not a population of replicating machines, directly competing and
evolving within such a network, would indeed favour increases in complexity is
clearly an important one, yet one to which a complicated system such as von
Neumann’s provides no concrete answers.

One may thus ask: what then are the practical alternatives to fragile and
complicated universal constructors, and are they capable of any evolutionary
growth in complexity? Addressing the latter question, McMullin makes the im-
portant admission3 that the solution he presents “may seem to imply that a
general constructive automaton (i.e., capable of constructing a very wide range
of target machines) is a prerequisite to any evolutionary growth of complexity. It
is not.”[17, p.357,original emphasis] If we are interested in studying complexity-
increase during the earliest stages of life, a universal constructive automaton in
any case hardly seems like the appropriate model; such a complicated machine
would have to be preceded by simpler, less sophisticated replicators. It is to such
simpler evolvable replicators that we turn our attention in the following section.

3 McMullin makes this point in the context of a related discussion on genetic rela-
tivism/absolutism.
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4 Evolvable Self-Replicators in Cellular Automata

A wide array of self-replicating structures have been implemented in cellular
automata since von Neumann first introduced his self-reproducing automata
theory. Such models are often conceptualized as situated on a linear scale of
“complexity”, with complicated universal constructors at one end and simple
self-replicators at the other. Because the terms “simple” and “complex” are
themselves so ill-defined, it is not always clear what properties should be asso-
ciated with the intermediate region between these extremes. Sipper[31, p.245],
for instance, situates self-replicators with added computational and functional
capabilities[7,19,37] in this region. Models such as these are indeed interesting
from the point of view of achieving targeted behaviours, but in terms of studying
the evolutionary process itself — and in particular that of complexity-increase
— they fall short of the requirements stated earlier4. In particular, such models
lack the “surprise!”[23] element that plays a crucial role in the emergence of
complexity-increasing evolution.

Taylor[36, p.200] presents an alternative 2D visualization in which each sys-
tem is assigned to a point on a plane, with x and y axes representing the copying
process (explicit/implicit) and heredity (limited/indefinite), respectively, of self-
replicators. The diagram we have drawn in Fig. 1 is based on Taylor’s and, like
his, is not intended to be quantitatively accurate; rather it is a qualitative tool
to better visualize certain key concepts. Von Neumann’s machine, which carries
out a highly explicit translation/transcription process, is also construction uni-
versal and hence appears close to the upper left (indefinite/explicit) portion of
the diagram. In contrast, self-reproduction of template-based replicators[10,34]
is largely implicit in “physical” rules, allowing any arbitrary string to be repli-
cated; hence they appear close to the upper right (indefinite/implicit) portion
of the diagram. Langton’s Loop and other minimal self-replicators appear at
the same level on the heredity scale as do trivial self-replicators; neither accom-
modates any hereditary variation, although Langton’s CA has a more explicit
translation process.

Note that certain evolving self-replicating loops and worms — not yet devel-
oped at the time when Taylor produced his thesis — are included at the center
of the diagram, far from Langton’s Loop along the hereditary axis. It is this cen-
tral region, representing self-replicators of marginal hereditary and structural
complexity, that is our focus. Such structures should have the following virtues:
they should have some potential for hereditary variability, should be sufficiently
robust to self-replicate continuously without self-destruction, and should be suf-
ficiently simple in specification to be realized on a computer.

Chou and Reggia[6] designed the first such system while studying the emer-
gence of CA-based self-replicating loops from a “soup” of components. Initiated
with a random distribution of “unbound” cells, the soup is “stirred” (using

4 This represents another interpretation of “complexity”, namely that of computational
functionality (or universality). McMullin[17, p.348-349] addresses this perspective
and finds it inadequate for describing evolutionary complexity-growth.
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Fig. 1. Categorization of CA-based Self-Replicators.

Fig. 2. Pattern formation of some different size-6 evoloop species after 5000 time steps.

only local rules) until a minimal-sized loop appears by chance. This structure
is identified by local rules, certain “bound” bits are set to distinguish it, and a
self-replicating loop emerges. An evolutionary cycle then commences and con-
tinues indefinitely: smaller loops, induced by “growth bits” scattered about the
space, become progressively larger until the space cannot accommodate them, at
which point smaller ones re-emerge. Chou and Reggia did not aim at studying an
evolutionary process with this work but rather the emergence of self-replicators.
Evolution in this model, explicitly induced and somewhat artificial, was not a
priority. Heredity was also highly constricted, with each loop “species” defined
exclusively by replicator size.

Sayama’s “evoloop” model[29], developed shortly thereafter and based on
his earlier self-replicating loop called the SDSR Loop[28], differs significantly in
these regards. Although it borrows its basic structure from Langton’s Loop, the
evoloop exhibits more complex and interesting evolutionary behaviour than do
earlier minimal self-replicators of its kind — behaviour traditionally assumed to
require a more complicated system specification. Within this model occur evo-
lutionary processes (viewed here as variation plus natural selection) that result
exclusively from the local, structural interaction of embedded self-replicators.
Such variation and selection processes are not defined a priori but rather emerge
spontaneously from the low-level “physics” of the CA, a distinctly bottom-up
feature that distinguishes it from earlier evolutionary models. Initially it was
believed that such variation was limited to size only, but extensive and detailed
studies[24] have since revealed that the genetic state-space grows combinatorially
with loop size. Each genotype within this vast possibility space has unique growth
patterns (Fig. 2) and genealogical connectivity[27], exerting a demonstrable and
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decisive pressure on selection and resulting in a rugged fitness landscape[26],
producing a limited form of complexity-increase in hostile environments[25].

Evolutionary systems of self-replicating structures with other shapes have
also yielded interesting evolutionary potential. Morita and Imai[18] were the
first to develop CA-based shape-encoding worms and loops. A variety of differ-
ent structural patterns can replicate successfully in this model, however colli-
sions leading to mutations are explicitly disallowed. Sayama[30] borrowed this
basic shape-encoding worm structure and adapted it to enable gene transmis-
sion through structural interaction, enabling worms to change their genotype
(and phenotype) in a bottom-up way. Results from experiments with this model
showed a tendency of worms to increase their average length over time, hence
demonstrating a limited form of complexity-increase.

Suzuki and Ikegami[35] applied the shape-encoding mechanism to study
interaction based evolution of loop structures. Although more complicated
than the models already mentioned, this CA allows for a variety of different
loop-shaped structures (other than the traditional square) to successfully self-
replicate, mutate, and evolve, and in this respect it is quite unique. The main
thrust of this work is an interaction mechanism between replicating structures
that makes use of a hypercycle-like network of collision rules. Using such a net-
work, it was found that larger, more complex loop structures emerged at the
boundary between waves of superior and inferior species in a propagating hy-
percycle formation.

Using a novel CA system incorporating both self-inspection and genetic re-
production strategies, Azpeitia and Ibáñez[1] investigated the spontaneous emer-
gence of robust cellular replicators (self-replicating loops). Emergence in this sys-
tem is notably achieved without explicit mechanisms (e.g. “bound” or “growth”
bits as in [6]). The detailed comparison of self-inspection and genetic reproduc-
tion strategies in this study is moreover unique among those we have discussed.
In their conclusions, the authors note: “experiments suggest that self-inspection
reproduction could be a precursory stage for the genetic one.” Yet “despite hav-
ing a better chance to trigger the reproduction dynamics, self-inspection would
be taken over by the evolutinary advantages of genetic reproduction.”[1, p.142]

Systems of template-based replicators[10,33,39] aim at simulating the emer-
gence of living (i.e. self-replicating and possibly evolving) structures from a soup
of non-living components under virtual physical laws; they hence bear similarities
to the models already mentioned. Hutton[10] recently designed such a system in
a CA-equivalent Artificial Chemistry (Squirm3) in which strands of “atoms” self-
replicate via a set of reaction rules that apply locally throughout the space. No
limitations are imposed on this replication process, hence any arbitrary strand,
if immersed in a sufficiently large random soup of atoms, will self-replicate. Al-
though the number of different possible “types” is thus quite high in this system,
all strands have the same basic behaviour. Hutton discovered the emergence of
self-replicators and a limited form of adaptation to the environment, although
he concluded that more reactions were necessary to enable complexity growth.
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5 Conclusion

The systems we mentioned in the previous section constitute a small sample of
the possible marginal self-replicators that could potentially be devised in CA.
Results with these models, notably the genetic diversity and complex geneal-
ogy recently discovered with the evoloop[24,26], demonstrate that complexity-
increase of a limited kind is possible in practice using such evolvable explicit
self-replicators. In many ways such models constitute the first step towards von
Neumann’s original goal of complexity-increase in CA, steps that he himself
could never take because his model was too fragile and complicated.

Models of the kind discussed here are also important as a teaching tool. For
a student who is learning about the principles of evolution, a system such as
the evoloop has unique advantages over more complicated systems such as those
of evolutionary computer programs. Namely, the basic mechanism for evolution
(variation and selection) is in one case emergent, in the other case prescribed.
Whereas the latter case assumes certain basic principals of biology, the former
allows one to discover them. The analysis and insight that ultimately lead to
such a discovery are at the heart of scientific thinking.

An immediate future challenge is to incorporate within CA systems of self-
replicators the possibility for functional interaction potentially leading to more
complex hierarchical relations between organisms. The diversity of multi-cellular
life that has evolved in the biosphere is clear evidence that self-replication at
concurrent multiple scales plays a critical role in the growth of complexity. Al-
though the emergence of self-replication has been shown[1,6,10], self-replication
of macro-scale replicators from simpler micro-scale ones has not5. The study
of self-replication and evolution — and in particular the search for complexity-
increasing evolution — would likely benefit from work in this direction.
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Abstract. This paper presents results of a study of a genetic algorithm, designed
to evolve cellular automata for solving a given problem. Evolution is performed
between the cell’s update-rules in a local manner, allowing for easy parallelization.
As a case study, the algorithm was applied to the density classification problem:
classifying any given initial configuration according to the percentage of 1-valued
cells. The main result presented in this paper is an ’unlearning’ phenomenon:
highly fit solutions are generated by the algorithm, only to be ’unlearned’ and
completely disappear as the evolutionary run continues.

1 Introduction

Cellular Automata were invented in the late 1940’s by von Neumann[1] as simplified
models to study self-reproduction. Since then, CA have been widely used to study
complex behavior. In such studies, the update rules which dictate the CA behavior are
either designed per se or mimic the local behavior of problems at hand. The results
and analysis are then based upon global behavior which is apparent (or not) in the
computation over time. A well known example of such problem is Conway’s Game
of Life, which displays complex behavior (and universal computation [11]) using very
simple local rules. Other examples such as fluid flow simulation, growth modeling and
Ising Spin models can be found in [4]. [4] also includes theoretic analysis of CA and
various implementation details and considerations. In all of the above examples, and
many other, the CA rules are typically available or are inspired by nature.

On the other side of CA research is the reverse problem: How to decide what rules
should be used in order to perform a specific computation? Answering this question is a
complicated and crucial issue, both for utilizing and implementing CA as real life tools
and for explaining natural phenomena as the result of local interactions.

One approach to this problem involves using Genetic Algorithms in an attempt
to ’evolve’ a CA for solving a specific task (for example, [2,3,5]). A more extensive
description of the field can be found in [8]. In 1996, Moshe Sipper published a Genetic
Algorithm designed to co-evolve non uniform CA for performing computational tasks
[6,7]. In his papers [6,7], Sipper shows that using that algorithm, CellularAutomata were
evolved to performed several complex tasks. However, a study of the algorithm and its
parameters is not presented. This paper presents some interesting insights based upon
such a study.
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Algorithm 1 Pseudo-code of the cellular programming algorithm
Parameters:

– M - How many time steps the evolved CA would be allowed to perform when computing the solution.
– C - How many initial configurations are used for rule evaluation.
– Stopping criteria

1. Initialization:

a) For each cell i in the CA do (possibly in Parallel)
i. Initialize rule table of cell i.

ii. fi = 0 { fitness value }
b) c = 0 { initial configuration counter }

2. while not done do:

a) generate a random initial configuration.
b) run CA on initial configuration for M iterations.
c) For each cell i do (possibly in Parallel):

i. if cell i is in the correct final state then fi = fi + 1
d) c = c + 1
e) if c mod C = 0 then { evolve every C configurations }

i. For each cell i do (possibly in Parallel):
A. Compute nfi (c) { number of fitter neighbors }
B. if nfi (c)=0 then don’t change the rule of cell i
C. else if nfi (c)=1 then replace the rule of cell i with the fitter neighboring rule, followed by mutation.
D. else if nfi (c)=2 then replace the rule of cell i with the crossover of the two fitter neighboring rules,

followed by mutation.
E. else if nfi (c)>2 then replace the rule of cell i with the crossover of the two randomly chosen fitter

neighboring rules, followed by mutation.

F. fi = 0

2 Algorithm and Methods

This section presents the algorithm designed by Sipper in [6,7,8] for co-evolving a CA
for solving a given problem. We will use the same definition of Cellular Automata as in
[7], where uniform CA implies that the cells’ state is updated using a single update rule.
This is in contrast to non-uniform CA where each cell has its own local update rule. A
more formal notion of GeneticAlgorithms and the related operators (Crossover, mutation
etc.) can also be found in that paper. The algorithm studied in this paper is presented in
Algorithm 1. At every iteration, the quality of the current CA rules is evaluated over a set
of randomly selected initial configurations followed by creation of new rules using the
better ones of the previous step. The algorithm is supplied with a method for the correct
measurement of the cells’ final behavior/value. This can be in the form of an “oracle”
able to evaluate the correct result for a given example or by some sort of a criteria to
measure the output correctness (for example: correct behavior over time). After a given
number of such examples have been presented to the CA and its rules are evaluated, an
evolution step is performed. Each cell is compared with its neighboring cells. If the cell
is the best cell in its neighborhood, it is left unchanged (this will be further referred to
as elitism). If not, its better neighbors are used to create the cell’s new rule.

The algorithm is different from the standard GA approaches to CA programing
taken, for example, by Mitchel et al., in [5]. In Mitchel’s algorithm, the population
consists of uniform CA and their evaluation is done independently. Therefore, there is
no dependence between population elements of the same generation. However, in the



174 B. Leskes and P.M.A. Sloot

algorithm suggested by Sipper, the GA population are the cell rules and therefore their
evaluation is highly interdependent. Due to the way evaluation is done, the cells are
highly influenced by their neighbors. A ’bad’ neighbor can cause the current cell to be
evaluated badly as well. Furthermore, evolution is done in a local manner, since each
cell is evolved using only the neighboring rules. This leads to a very local but dependent
evolution. Cells’success affects the success of their neighbors and vice versa. In contrast,
in Mitchel’s Algorithm, every CA (rule) in the population can be crossed over with any
other in the population and not only with a very limited neighborhood. On one hand the
local evolution used might hinder the algorithm, since it may prevent a good rule from
being fully exploited. On other hand, such interrelations lead to fitter groups of rules:
rules which are fit for working together. It is this interaction between rules and their
effect on each other’s evolution process that gives rise to the name co-evolution. This
algorithm is similar to the Diffusion Genetic Algorithms[9], where each element is only
allowed to ’mate’ with its close neighbors. However, in that model, each element of the
population is a ’solution’ while here, it is the population itself which serves as one.

Note that the Algorithm itself can be viewed as an extended form of (stochastic)
CellularAutomata, acting as a non-uniform CA for a fixed number of iterations, followed
by a local evolution step. The algorithm can also be described in terms of an Abstract
Cellular Genetic Algorithm, a framework for a parallel population based process [12,
13]. This means that most of it can be performed, at least in principal, in parallel.

2.1 Implementation

This section describes the specific implementation used to study the algorithm. The
description is divided into two parts, corresponding to the main ingredients of the algo-
rithm: The non-uniform CA being evolved, and evolution related operations.

Non-Uniform CA: The CA studied here are all two dimensional grids of size N ×N
(which will be referred to as size N in the rest of the paper). Following the reasoning
presented by Sipper, the CA performs a number of iterations equal to the number of
cells, N2. All cells have a value of 1 or 0 and have a von Neumann neighborhood with
periodic boundaries. Each cell’s rule was stored as 25 bits denoting the the cell’s value
in the next iteration for all possible setting of its neighborhood. In order to map the
neighborhood configuration to a bit, the neighborhood cell values were converted into a
binary number in the following order of importance: Cell value, Left, Right, Down and
Up.

Evolution Operators: The algorithm uses crossover and mutation operators. The im-
plementation of those operators was as follows:

– Crossover: To crossover two rules, a point is selected randomly along their lengths
(at a corresponding location on both rules). The new rule, or the crossover result
would be either the merger of the first part (before that point) of the first rule with
the second part of the second rule, or the first part of the second rule with the second
part of the first one. This choice was made using a 50%-50% distribution.

– Mutation: In order to mutate a rule, each bit of the rule would be flipped with a
probability pm, which is part of the algorithm’s parameter-set.
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2.2 Solution Quality Assessment

Investigating an algorithm immediately entails running it in various scenarios and com-
paring the solutions produced by the algorithm. In this case this entails that it is necessary
to have a method of comparing the evolved CA. Furthermore, the various CA that emerge
during an evolutionary run need also to be compared and assessed. There is no guaranty
that the best CA will be the one present at the last step. There exist several ways for
defining such a CA fitness score (see [5],[8, page 82]), but here the average fitness of
the CA’s cells will be used. This fitness assignment is easy to calculate from the data
collected by the algorithm during its run and allows to save only the best CA. Note that
this fitness does not necessarily depict the global demands of the given problem. This
point will be further discussed in Section 4.1.

3 Experiments

As part of this study many experiments have been performed, designed to test the effects
of the parameters (and some others criteria) on the learning capabilities of the algorithm.
Only two of the results will be presented here. As a test case, we chose the Density Clas-
sification problem in which the CA is required to detect whether the initial configuration
has more then 50% 1-values. If so, the entire CA has to be set to the value 1. Otherwise,
all cells should have the value 0. This problem has been proven [10] to be unsolvable for
a uniform CA: no uniform CA can classify all initial configurations correctly. However,
this does not say anything regarding a non-uniform CA, nor how good a uniform CA
can get (apart from never doing perfect). The initial configurations were generated in the
following way: First, a desired density was drawn uniformly over [0,1] and then a con-
figuration with such density was chosen randomly. This makes the problem somewhat
easier since it spreads the density of the initial configuration uniformly over [0,1] while
choosing an initial configuration completely at random would lead to a higher chance
of it having a density in the neighborhood of 0.5, a region which have proven hard for
CA. This problem has been investigated in detail by Mitchel et al., and Sipper [5,7,6,8].

4 Results

Two aspects of the algorithm will be presented here. In the first part, three fit solutions
are presented and analysed. The second part deals with an ’unlearning’ phenomenon
discovered during the experiments.

4.1 Solution Examples

In this section, three examples of the best evolved solutions to the Density Classification
problem are presented. Figure 1 presents and compares the solutions in several aspects.
The first row of sub-figures shows the diversity of the rules among the three solutions.
Each rule is colored uniquely such that a rule which is present in two separate solutions
is colored in the same color in both. The second row of graphs shows the distribution
of the rules present in each solution. On the x-axis the rules are ordered in an arbitrary
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Fig. 1. Three Density Classification solutions, evolved by the algorithm.

order, which is maintained in the graphs in the third row. These graphs show, for each
rule in the solution the average minimum and maximum hamming distance to other rules
in the same solution. These quantities serve as a measure of how different the rules are.
The fourth row presents a more detailed evaluation of the solutions. The graphs display
the probability that the solution would compute a correct answer as a function of the
density in the initial configuration. By correct it is meant that all cells of the CA display
the correct answer (0 or 1). This was evaluated using 5000 initial configurations drawn
at random and independently. Last, the solution’s average fitness is displayed, along
with the solution’s true average quality. The true average quality of the solutions was
evaluated using 5000 initial configuration as well.

While being almost completely different, the three solutions have an almost equal
average fitness. The left solution has the highest score of 0.9832 , followed by the middle
one and 0.9811 and the right one with 0.9796. However, looking at the true quality of the
solution, or the probability that its output would be correct as defined by the problem,
the situation is reversed. The best solution is now the right one, with a score of 0.929.
Following is the middle one with a score of 0.8818 and last is the left solution with a
score of 0.6734. The graphs showing the solution’s quality as a function of the initial
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density show that the left most solution does not classify well densities larger then 0.5,
resulting in its poor performance. These graphs also show that all solution perform
poorly for densities in the range [0.4,0.6]. This can be expected since in these domains
the difference between the number of 1’s and 0’s is small and therefore determining
which value dominates is harder.

Using two methods to evaluate solutions can be expected to give different results.
The first method used is average fitness of the different rules, which is measured inde-
pendently for each rule along 300 initial configurations. The second measures the entire
CA, meaning that in order to achieve a good score all rules must display the correct
output. Nevertheless, it was expected that the difference would not prove meaningful
and that a solution which is deemed good by the average fitness score would also be good
according to the full problem definition. The difference and its effect on correct classifi-
cation put in doubt the choice of average fitness as a solution measurement. Differences
such as the one between 0.98 and 0.67, are too large to be accepted.

The distribution of rules, displayed in the second row of Figure 1, suggests that higher
rule diversity produces a better density classifier. The left most solution is dominated by
a single rule, and performs the poorest. The right solution is the most diverse one and
has the highest quality.

While different, the rules are not far apart. The maximum hamming distance between
two rules in all the solutions is 10 (out a maximum possible of 32) and this is reached
only for two rules in the middle solution, which has only one instance each. Furthermore,
rules that are more common tend to be more central. The averaged distance from those
rules to others is relatively low. This is to be expected since the algorithm mutates good
rules when they are copied to a different location. It follows that a set of rules which are
close-together will result.

4.2 A Look into the ‘Unlearning’ Phenomenon

In several occasions during the experiments, it became clear that a good solu-
tion can be evolved during a run, only to be ’unlearned’ or disappear. The good
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solution would gradually be replaced by a
worse one, resulting in a poor quality solution.
A clear example of this can be seen in Figure 2,
where 10 runs of the algorithm are shown.
As the figure suggest, ’unlearning’ is not rare,
making our reproducible. Another point of in-
terest is that the ’unlearning’ runs seem to
converge to a fitness of around 0.79 (see Fig-
ure 3 as well). In this section this ’unlearning’
phenomenon is presented in more detail. All
experiments shown here relate to the Density

Classification problem with the following parameters:N = 32, C = 300, pm = 0.001.
One immediate question that arises is whether the unlearning is final: will the algo-

rithm, after loosing the previous good solution, evolve a new one? This can be expected,
since as the evolutionary run continues it is likely that a new good solution will emerge.
In order to check this, several long evolutionary runs were performed, involving 10,000
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evolutionary iterations. Figure 3 shows two such typical runs, one successful and the
other displaying ’unlearning’. As can be seen, the ’unlearning’ is stable and final. Once
a value of ≈ 0.78 has been reached (after a peak of ≈ 0.9) it remains roughly stable for
the rest of the run. Note the sharp drop just before the thousandth iteration and the drops
after 3500 and 7500 iterations.

A different run where unlearning can be seen is presented in Figure 4. The first three
figures display the average fitness and the number of instances of 18 rules. These rules
had the most instances during the run1 and are ordered according to this criteria. The
rules are ordered 6 per graph, beginning with rules 1 to 6 , followed by 7-12 and 13-18.
The rules are tagged with numbers resulting from reading the rule bit string as a binary
number. Figure 4 also shows the average fitness of the solution, in similar fashion to
previous experiments, to allow comparison and understanding of the run. In comparison,
a successful run is displayed in Figure 5.
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Fig. 3. Successful Learning and Unlearning - long evolutionary runs.

As can be clearly seen in Figure 5, the unlearning beginning is accompanied by a
sharp increase and decline in rule 250000192192. This rule first appears at time step 605,
where the average CA fitness is fairly high, 0.955. In the next 35 steps, by time step 640,
51 instances of this rule are present with an average rule fitness of 0.97. The rule continues
to expand and reaches its peak in time step 662, where it has 171 instances: the maximum
number of instances of a rule during the whole run. By this time the rule average fitness
has dropped to 0.927 along with the average CA fitness (which is now 0.927 as well).
At this point the rule begins to disappear, loosing instances while the average CA fitness
continues to decrease. In time step 750, only 1 instance of this rule is present and its
fitness is 0.867. Note the behavior of the second rule (186170228192), which is present
in the period where the average CA fitness is high and disappears roughly when rule
250000192192 reaches its peak. After the disappearance of rule 250000192192 no other
rule is dominant and a mixture of rules is maintained. However, the average fitness does
not rise again. These dominant patterns are notably different from the patterns displayed
in the successful run, where rule diversity is kept along the run.

This experiments are not sufficient to determine the cause of the unlearning phe-
nomenon, nor to explain the complicated dynamics between rules during the evolu-
tionary processes. However, it seems that the behavior seen in Section 4.1, where rule

1 The 18 rules which had the best max
k

(
Ri

k

)
value, where Ri

k denotes the number of instances

rule i had at iteration k
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diversity seemed to coincide with better density classifiers, reappears here. Once a rule
managed to dominate the lattice, the quality of the CA decreases, causing a decrease
in the fitness of the top rule and therefore allowing other rules to take over. The rule
could only maintain its high fitness because of the presence of other rules in sufficient
quantities. Being the best rule, it quickly multiplies reducing the number of other rule
instances, to a point where it has diminished its ’source of power’ and it immediately
starts to decrease. Since introduction and removal of rules is mainly done at the edges
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of its continuous domain (inside evolution rarely occurs and if it does the rule would
always survive crossover - the main creator of new rules), the process is gradual. Once
the rule covered a large part of the lattice, several iterations are necessary for it to shrink
back and perhaps disappear.

This can explain the rise and fall of rule number 250000192192, but it does not
explain why, after the rule disappeared, the evolutionary process does not manage to
generate, once again, a good solution. Further, this might explain the relatively slow
declines seen in Figure 3 but it does sufficiently explain the sharp drop and recovery
just before the thousandth iteration nor the apparent convergence to a fitness ≈ 0.79.
When using the Density Classification as a goal and fitness evaluation, the rules are
highly interdependent. This fact makes analysis of rule interaction and understanding of
the evolution process difficult. More experiments, and perhaps different measurement
methods are needed.

5 Conclusions

This paper presents a study of an algorithm designed by M. Sipper [6,7,8] for program-
ming non-uniform CA. The algorithm uses random examples (and their correct output)
to evaluate fitness values of the CA rules and based on these, performs crossover and
mutation operations in order to improve the current CA. The algorithm operates in a
strictly local fashion, allowing easy parallelisation.

The study investigated the effects of the algorithm parameters, using the 2D density
classification problem as a test case. When applied to this specific problem and several
other reported by Sipper, the algorithm was successful in producing highly fit solutions.
However, what is a fit solution and how it is defined has proven to be a key issue. One
possible choice, and the one taken in this study and by Sipper, is to define CA fitness as
the average fitness of its rules. This is a natural choice since it can be easily extracted
from the fitness values of the rules, which are already calculated by the algorithm.
Furthermore, since the algorithm is a genetic one, it is expected or, in some sense, it is
the task of the algorithm to evolve a fit population2. However, due to the local nature of
rule fitness evaluation, this has proven to be a problem. When correct problem output is
defined in global terms, as in the density classification problem, it is not necessarily the
case that a population which is in average locally fit will also be fit in a global sense.
There is a large gap between the average fitness of a CA and its true global performance.
Furthermore, these two measures are not correlated: CA with small rule diversity tend to
be more fit but perform worse in absolute terms. CA using a richer set of rules are slightly
less fit but perform significantly better. Since cellular automata are commonly used to
produce global behavior, a general rule-fitness function, which is strongly connected to
this notion, is needed.

During the experiments it became apparent that the algorithm may sometimes loose a
good solution and produce an inferior one. This phenomenon, named here ’unlearning’,
was briefly adhered and seems to be caused by the interactions between the population
members - the CA rules. The decrease in solution fitness coincides with an increase in

2 The typical definition for the goal of a genetic algorithm is to find a highly fit solution, or
individual. However, the algorithm is usually measured in terms of average population as well.
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the relative representation of a single rule. The rule’s portion of the population increases
until it has covered almost all cells, followed by a sharp decline. At the end of this
decline the rule disappears completely and other rules come in its place. Given the
apparent connection between rule diversity and the CA’s quality, this might explain the
observed slow decrease in CA fitness. However, some of the other observed behavior is
yet to be explained: sharp drops in fitness followed by and immediate recovery, apparent
convergence to a specific fitness value and the algorithm’s failure to generate a new fit
solution. In our experiments, ’unlearning’ was more common in the larger CA. This
suggests that that ’unlearning’ is not caused by the finite size of the CA but further
research on the effects of the size of the CA should performed. More experiments and
new techniques are needed to study this phenomenon.
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Abstract. Genetic Algorithms have been used before to evolve transi-
tion rules for one dimensional Cellular Automata (CA) to solve e.g. the
majority problem and investigate communication processes within such
CA [3]. In this paper, the principle is extended to multi dimensional CA,
and it is demonstrated how the approach evolves transition rules for the
two dimensional case with a von Neumann neighborhood. In particular,
the method is applied to the binary AND and XOR problems by us-
ing the GA to optimize the corresponding rules. Moreover, it is shown
how the approach can also be used for more general patterns, and there-
fore how it can serve as a method for calibrating and designing CA for
real-world applications.

1 Introduction

According to [6] Cellular Automata (CA) are mathematical idealisations of phys-
ical systems in which space and time are discrete, and physical quantities take
on a finite set of discrete values. The simplest CA is one dimensional and looks
a bit like an array of ones and zeros of width N , where the first position of the
array is linked to the last position. In other words, defining a row of positions
C = {a1, a2, ..., aN} where C is a CA of width N and aN is adjacent to a1.

The neighborhood sn of an is defined as the local set of positions with a
distance to an along the connected chain which is no more than a certain radius
(r). This for instance means that s2 = {a148, a149, a1, a2, a3, a4, a5} for r = 3 and
N = 149. Please note that for one dimensional CA the size of the neighborhood
is always equal to 2r + 1.

The values in a CA can be altered all at the same time (synchronous) or
at different times (asynchronous). Only synchronous CA are considered in this
paper. In the synchronous approach at every timestep (t) every cell state in the
CA is recalculated according to the states of the neighborhood using a certain
transition ruleΘ : {0, 1}2r+1 → {0, 1}, si → Θ(si). This rule basically is a one-to-
one mapping that defines an output value for every possible set of input values,
the input values being the ‘state’ of a neighborhood. The state of an at time t
is written as at

n, the state of sn at time t as st
n and the state of the entire CA C

at time t as Ct so that C0 is the initial state and ∀n = 1, . . . , N at+1
n = Θ(st

n).
Given Ct = {at

1, ..., a
t
N}, Ct+1 can be defined as {Θ(st

1), ..., Θ(st
N )}.
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Because an ∈ {0, 1} the number of possible states of sn equals 22r+1. Because
all possible binary representations of m where 0 ≤ m < 22r+1 can be mapped to
a unique state of the neighborhood, Θ can be written as a row of ones and zeros
R = {b1, b2, ..., b22r+1} where bm is the output value of the rule for the input
state that maps to the binary representation of m − 1. A rule therefore has a
length that equals 22r+1 and so there are 222r+1

possible rules for a binary one
dimensional CA. This is a huge number of possible rules (if r = 3 this sums up
to about 3, 4× 1028) each with a different behaviour.

One of the interesting things about these and other CA is that certain rules
tend to exhibit organisational behaviour, independently of the initial state of
the CA. This behaviour also demonstrates there is some form of communication
going on in the CA over longer distances than the neighborhood allows directly.
In [3] the authors examine if these simple CA are able to perform tasks that
need positions in a CA to work together and use some form of communication.
One problem where such a communication seems required in order to give a good
answer is the Majority Problem (as described in section 3.1). A genetic algorithm
is used to evolve rules for one dimensional CA that do a rather good job of solving
the Majority Problem [3] and it is shown how these rules seem to send “particles”
and communicate by using these particles [4]. These results imply that even very
simple cells in one dimensional cellular automata can communicate and work
together to form more complex and powerful behavior.

It is not unthinkable that the capabilities of these one dimensional CA are
restricted by the number of directions in which information can “travel” through
a CA and that using multiple dimensions might remove these restriction and
therefore improve performance. Evolving these rules for the Majority Problem
for two dimensional CA using a Moore neighborhood (explained in section 3) is
reported in [2] showing that the GA did not clearly outperform random search.

The goal of the research is to find a generalization and report phenomena
observed on a higher level, with the future goal to use this research for iden-
tification and calibration of higher-dimensional CA applications to real world
systems like parallel computing and modelling social and biological processes.
The approach is described and results are reported on simple problems such
as the Majority Problem, AND, XOR, extending into how it can be applied to
pattern generation processes.

2 The Genetic Algorithm

As mentioned before, this research was inspired by earlier work [3,4] in which
transition rules for one dimensional CA were evolved to solve the Majority Prob-
lem (as defined in section 3.1). The GA is a fairly simple algorithm using bi-
nary representation of the rules, mutation by bit inversion, truncation selection,
and single-point crossover. The algorithm determined the fitness by testing the
evolved rules on 100 random initial states. Every iteration the best 20% of the
rules (the ‘elite’ rules) were copied to the next generation and the other 80% of
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the rules were generated using single-point crossover with two randomly chosen
‘elite’ rules and then mutated by flipping exactly 2 bits in the rule.

To be able to compare two dimensional CA with one dimensional CA the
GA used in section 3.1 is a copy of the the GA used in [3,4]. The GAs in section
3.2 and 4 on the other hand are modified to fit the different problem demands,
as will be explained in these sections.

3 Experimental Results for Two Dimensional CA

The two dimensional CA in this document are similar to the one dimensional
CA discussed so far. Instead of a row of positions, C now consists of a grid of
positions. The values are still only binary (0 or 1) and there still is only one
transition rule for all the cells. The number of cells is still finite and therefore
CA discussed here have a width, a height and borders.

The big difference between one dimensional and two dimensional CA is the
rule definition. The neighborhood of these rules is two dimensional, because there
are not only neighbors left and right of a cell, but also up and down. That means
that if r = 1, sn would consist of 5 positions, being the four directly adjacent
plus an. This neighborhood is often called “the von Neumann neighborhood”
after its inventor. The other well known neighborhood expands the Neumann
neighborhood with the four positions diagnally adjacent to an and is called “the
Moore neighborhood” also after its inventor.

Rules are defined with the same rows of bits (R) as defined in the one dimen-
sional case. For a von Neumann neighborhood a rule can be defined with 25 = 32
bits and a rule for a Moore neighborhood needs 29 = 512 bits. This makes the
Moore rule more powerful, for it has a bigger search space. Yet, this also means
that searching in that space might take more time and finding anything might
be a lot more difficult. In [2] the authors discourage the use of the Moore neigh-
borhood, yet in section 3.2 and section 4 results clearly show successes using the
Moore neighborhood, regardless of the langer search space.

In a one dimensional CA the leftmost cell is connected to the rightmost
cell. In the two dimensional CA this is also common such that it forms a torus
structure.

3.1 Majority Problem

The Majority Problem can be defined as follows: Given a set A = {a1, ..., an}
with n odd and am ∈ {0, 1} for all 1 ≤ m ≤ n, answer the question: ‘Are there
more ones than zeros in A?’.

The Majority Problem first does not seem to be a very difficult problem to
solve. It seems only a matter of counting the ones in the set and then comparing
them to the number of zeros. Yet when this problem is converted to the dimen-
sions of a CA it becomes a lot more difficult. This is because the rule in a CA
does not let a position look past its neighborhood and that is why the cells all
have to work together and use some form of communication.
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Fig. 1. This figure displays the number of rules that have a certain fitness value in
the two dimensional experiment and compares this to the one dimensional experiment.
The fitness bins are 0.01 in width and for both algorithm F169,103 is calculated for 300
rules.

Fig. 2. This figure shows a correct classification of the Majority Problem by a two
dimensional CA with both width and height equal to 13 and λ = 84/169. The transition
rule was one of the best tested in the experiment and scored F169,103 = 0.715.

Given that the relative number of ones in C0 is written as λ, in a simple
binary CA the Majority Problem can be defined as: Find a rule that, given an
initial state of a CA with N odd and a finite number of iterations to run (I),
will result in an ‘all zero’ state if λ < 0.5 and an ‘all one’ state otherwise.

The fitness (f) of a rule is is therefore defined as the relative number of
correct answers to 100 randomly chosen initial states, where a ‘correct answer’
corresponds to an ‘all zero’ state if λ < 0.5 and an ‘all one’ state otherwise. In [3]
the authors found that using a uniform distribution over λ for the initial states
enhanced performance greatly; this is used here as well. The best runs will be
tested using randomly chosen initial states with a normal distribution over the
number of ones. The relative number of correct classifications on these states is
written as Fn,m where n is the width of the CA and m is the number of tests
conducted.

Preliminary experiments showed that it took much more time to evolve rules
for the Moore neighborhood than for the von Neumann neighborhood. The tests
that were done with the Moore neighborhood also did not result in any en-
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couraging results, this being in line with [2]. That is why the von Neumann
neighborhood was chosen for this experiment. Because this neighborhood con-
sists of five positions, the search space for CA rules is a lot smaller than in the
one dimensional experiment. Instead of the 27 = 128 bits in the rule, R now
consists of 25 = 32 bits, thus drastically decreasing the serch space. This means
that the search space decreased from 2128 to 232 and is now 2(128−32) = 296 times
smaller!

For this experiment we used a CA with width = 13 and height = 13. This
means that these CA have 13× 13 = 169 cells (N) and are 169− 149 = 20 cells
larger than the one dimensional CA used in the original experiment.

This algorithm was run 300 times and each winning rule was tested by calcu-
lating FN,M using F169,103 . These results are plotted againts results of our own
one dimensional experiment (not reported here, analogue to [3,4]) in Figure 1.
The striking difference between this distribution of fitness and the distribution
of fitness in the one dimensional experiment is the absence of the peak around
FN,M ≈ 0.5 in the two dimensional results. In those results almost all the evolved
rules have a fitness above 0.58. A fitness around 0.66 seems to be average and
the best rules have a fitness above 0.7. That is all very surprising taking into
account that the von Neumann neighborhood only consists of 5 cells.

The Majority Problem is a good example of a problem that forces cells in
a CA to ‘communicate’ with another. The communication ‘particles’ can be
seen in the one dimensional experiment, but are not easily spotted in the two
dimensional experiment. That does not mean there are no ‘particles’ traveling
in the two dimensional CA, because it might be very hard to identify these
particles. In a two dimensional CA ‘particles’ are no longer restricted to traveling
in only one direction, but can travel to multiple directions at the same time.
Traveling particles in two dimensional CA can therefore look like expanding
areas with a distinct border. But there might be multiple particles traveling at
the same time, meeting each other and thereby creating new particles. This is
why communication between cells in a two dimensional CA is not very visible in
the Majority Problem, although results show that this communication is present.

Fig. 3. This figure displays the iterations of a CA solving the AND problem. Every
row shows the iteration of the rule using a different initial state. Note that in the first
column (t = 0) the initial states are clearly visible and in the last column the coloring
matches the output of an AND port.
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Table 1. Fitness values found in the AND problem.

Number of runs
Neumann Moore

Fitness with crossover without crossover with crossover without crossover
100 0 0 31 21

98-99 0 0 41 54
95-97 0 0 14 25
90-94 77 93 14 0
80-89 23 7 0 0
70-79 0 0 0 0
< 70 0 0 0 0

3.2 AND and XOR Problem

To show the communication between cells in a two dimensional CA a different
experiment was conducted. A genetic algorithm was used to evolve rules for two
dimensional CA that could solve the simple binary operators AND and XOR.
These operators both have two input values and one output value which can only
be determined if both input values are known. This is unlike the OR operator for
example where the output value is always one if one or more of the input values
is one, so if only one input value is known to be one then the value of the other
input value is not needed. This may look very trivial, but it is very important
in order to force the CA to combine the two values and thereby communicate.

The AND Problem. To show the communications in a CA the information
that needs to be combined must be initialized as far apart as possible. The
following problem definition takes this into account: Given a square CA with
two ‘input cells’, one top left and one bottom right: find a rule that iterates the
CA so that after I iterations the CA is in an ‘all one’ state if both the ‘input
cells’ were one in the initial state and in an ‘all zero’ state otherwise.

Small two dimensional CA were used with a width and a height of 5 cells
and I was set to 10. The borders of the CA were unconnected to allow a larger
virtual distance between the two corner cells. This means that the leftmost cell
in a row was not connected to the rightmost cell in the same row and the topmost
cell was not connected to the bottommost cell as was done with the Majority
Problem experiment. Instead every cell on the border of the CA was connected
to so called ‘zero-cells’. These ‘zero-cells’ stay zero whatever happens.

When using two input cells, there are four different initial states. These states
are written as S(v1,v2) where v1 and v2 are the two input values. All cells other
than the two input cells are initialized with zero.

The fitness of a rule is defined as the total number of cells that have the
correct values after I iterations. The number of ones in iteration t is written as
Ot

(v1,v2). The total fitness of the AND problem is defined as f = (N −OI
(0,0)) +

(N − OI
(0,1)) + (N − OI

(1,0)) + OI
(1,1). This makes the maximum fitness equal to

4× 5× 5 = 100.
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In this experiment another variation of the simple genetic algorithm was
used. A generation step starts by sorting the rules according to their fitness.
Then it selects the top ten% of the rules as ‘elite’ rules and copies them without
changes to the next generation. Every ‘elite’ rule is then copied nine times or
is used in single-point crossover to make the other 90% of the population. Both
methods were tested and compared. The generated rules are mutated and also
moved to the next generation. Mutation is done by flipping every bit in the rule
with a probability pm. The algorithm stops if it finds a rule with f = 100 or
it reaches 1000 generations. In prelimenary experiments a number of different
values of pm were tested. Setting pm to a rather high value of 0.05 turned out to
be the most effective choice, confirming our insight that with increasing selection
strength higher mutation rates than the usual 1

l (l beging the the length of the
binary string) are performing better [1].

The algorithm was run 100 runs with and without single-point crossover and
using both the von Neumann and the Moore neighborhoods. The results are
shown in Table 1.

Although rules evolved with the von Neumann neighborhood are not able to
solve the problem perfectly, it is already surprising that it finds rules which work
for 93%, for such a rule only misplaces 7 cells in the final state. All the other 93
cells have the right value. This suggests that the information was combined, but
the rule could not fill or empty the whole square using the same logic.

The Moore neighborhood is clearly more powerful and was able to solve the
problem perfectly. The rules that are able to do this clearly show communi-
cational behaviour in the form of “traveling” information and processing this
information at points where information “particles” meet.

It is also surprising that using crossover in combination with a Neumann
neighborhood does not outperform the same algorithm without the crossover.
This may be due to the order of the bits in the transition rule and their meaning.
This is worth exploring in future work. Maybe using other forms of crossover
might give better results in combination with multi dimensional CA.

Fig. 4. This figure displays the iterations of a CA solving the XOR problem. Every
row shows the iteration of the rule using a different initial state. Note that in the first
column (t = 0) the initial states are clearly visible and in the last column the coloring
matches the output of an XOR port.
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Table 2. Fitness values found in the XOR problem.

Number of runs
Neumann Moore

Fitness with crossover without crossover with crossover without crossover
100 0 0 0 1

98-99 0 0 4 4
95-97 0 0 7 6
90-94 2 1 19 21
80-89 76 96 69 66
70-79 18 3 1 2
< 70 4 0 0 0

Fig. 5. The bitmaps used in the pattern generation experiment.

The XOR Problem. The XOR Problem is not much different from the AND
problem. We used the same genetic algorithm and the same CA setup. The only
difference is the fitness function. We defined the XOR problem as follows: Given
a square CA with two ‘input cells’, one top left and one bottom right: find a rule
that iterates the CA so that after I iterations the CA is in an ‘all one’ state if
only one of the ‘input cells’ was one in the initial state and in an ‘all zero’ state
otherwise. This means that the total fitness of the XOR problem is defined as
f = (N −OI

(0,0)) +OI
(0,1) +OI

(1,0) + (N −OI
(1,1)).

The algorithm was run with pm = 0.05 for a maximum of 1000 generations
for 100 runs with both Neumann and Moore neighborhoods with and without
single point crossover. The results are shown in Table 2.

These results support earlier finding in suggesting that single-point crossover
doesn’t really improve the performance when used in a two dimensional CA. The
results show that the algorithm using only mutation has found ways to solve this
rather difficult communicational problem. The Neumann neighborhood seemed
unable to perform for 100%, yet it came rather close with one rule classifying
the problem for 92%. The algorithm found one transition rule using the Moore
neighborhood that is able to solve the problem for the full 100%. This rule
depicted in Figure 4 shows clear signs of “traveling particles” and is another
example of how a local rule can trigger global behaviour.

4 Evolving Bitmaps

Now that it is shown that two dimensional CA’s can communicate, it is time to
increase the challenge for the CA a bit. The aim of this experiment is to evolve
rules for two dimensional CA that generate patterns (or bitmaps).
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Table 3. Number of successful rules found per bitmap.

Successful rules
Bitmap (out of a 100)
“square” 80

“hourglass” 77
“heart” 35
“smiley” 7
“letter” 9

Fig. 6. This figure shows some iteration paths of successful transition rules.

The Bitmap Problem is defined as follows: Given an initial state and a specific
desired end state: find a rule that iterates from the initial state to the desired state
in less than I iterations. Note that this does not require the number of iteration
between the initial and the desired state to be fixed.

The CA used in this experiment is not very different from the one used in
the AND/XOR experiment (section 3.2). In prelimenary experiments we tried
different sizes of CA, but decided to concentrate on small square bitmaps with a
width and a height of 5 cells (as done in section 3.2). To make the problem harder
and to stay in line with earlier experiments the CA have unconnected borders
like in section 3.2. The von Neumann neighborhood was chosen instead of the
Moore neighborhood and therefore sn consist of 5 cells (r = 1) and a rule can
be described with 25 = 32 bits. The searchspace therefore is 232 = 4294967296.

After testing different initial states, the ‘single seed’ state was chosen and
defined as the state in which all the positions in the CA are zero except the
position (�width/2�, �height/2�) which is one. For the GA we used the same al-
gorithm as we used in the AND and XOR experiments. Because this experiment
uses a Neumann neighborhood and the AND and XOR experiments suggested
that the combination between the von Neumann neighborhood and single point
crossover was not a good idea, this experiment used only mutation. Like in sec-
tion 3.2 mutation is performed by flipping every bit in the rule with a probability
pm. In this experiment pm = 1/32 = 0.03125.

In trying to be as diverse as possible five totally different bitmaps were chosen,
they are shown in Figure 5. The algorithm was run 100 times for every bitmap
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for a maximum of 5000 generations. The algorithm was able to find a rule for all
the bitmaps, but some bitmaps seemed a bit more difficult than others. Table 3
shows the number of successful rules for every bitmap. Note that symmetrical
bitmaps seem to be easier to generate then asymmetric ones.

Although this experiment is fairly simple, it does show that a GA can be used
to evolve transition rules in two dimensional CA that are able to generate pat-
terns even with a simple von Neumann neighborhood. Ongoing experiments with
bigger CA suggest that they don’t differ much from these small ones, although
the restrictions on what can be generated from a single-seed state using only a
von Neumann neighborhood seem to be bigger when size of the CA increases.

5 Conclusions

This paper shows how two dimensional CA are able to solve the majority problem
with similar results compared to one dimensional CA used in [3,4]. Using the
same GA as in [3,4] a better average fitness was achieved suggesting that evolving
two dimensional CA is easier and more reliable.

The paper shows that two dimensional CA can show communicational be-
haviour in the form of the AND and XOR problems and that this behaviour can
be evolved using a GA. The document also shows that a more generic behaviour
can be evolved using a GA by showing how different patterns can be iterated
from the same initial state. These results all suggest that a multi dimensional
CA is a very powerful tool and in combination with GAs they can be evolved to
exhibit specific bahaviour. It is therefore feasible that this combination can be
used to solve all sorts of real world problems.
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Abstract. Recently we have proposed a stochastic cellular automaton
model of ants on a trail and investigated its unusual flow-density relation
by using a mean field theory and computer simulations. In this paper,
we study the model in detail by utilizing the analogy with the zero range
process, which is known as one of the exactly solvable stochastic models.
We show that our theory can quantitatively account for the unusual non-
monotonic dependence of the average speed of the ants on their density
for finite lattices with periodic boundary conditions. Moreover, we argue
that the flow-density diagram exhibits a second order phase transition
at the critial density only in a limiting case.

1 Introduction

There has been significant progress in modelling complex systems by using cel-
lular automata (CA) [1,2]; such complex systems include, for example vehicular
traffic [3] and biological system [4]. In most cases, particle-hopping CA models
have been used widely to study the spatio-temporal organization in systems of
interacting particles driven far from equilibrium[2,3]. In the traffic system, the
vehicles are represented by particles while their mutual influence is captured by
the inter-particle interactions. Usually, these inter-particle interactions tend to
hinder their motions so that the average speed decreases monotonically with the
increasing density of the particles.

In a recent letter [5] we have reported a counter-example, motivated by the
traffic-like flow of ants in a trail [6], where the average speed of the particles
varies non-monotonically with their density because of the coupling of their
dynamics with another dynamical variable. We have discussed the similarity
and differences between our ant-trail model (ATM) and vehicular traffic. Our
ATM model is a stochatic CA model with two coupled variables, and reduces to
the asymmetric exclusion process (ASEP)[7] in special limiting cases.

In [8] we have developed a formalism by introducing the loose cluster ap-
proximation and successfully captured the non-monotonicity heuristically with
the help of analytical results of ASEP, which is an exactly solvable stochastic
model. In this paper, we study the phenomenon in detail by utilizing the analogy
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Fig. 1. Schematic view of the model for ASEP(a) and ZRP(b). The hopping probability
of a particle depends on the gap size in front of it in ZRP, while it is constant in ASEP.
In both cases, and the hopping to the occupied cell is prohibited.

of ATM with the zero range process (ZRP)1, which is also known as one of the
stochastic models that can be solved exactly [9,10](Fig.1).

The paper is organized as follows: ATM is defined in Section 2 and numerical
results are shown in Section 3. Then we discuss the similarity between ATM and
ZRP and give analytical calculations based on the analogy in Section 4, including
the results in the case of the thermodynamical limit. Concluding discussions are
given in Section 5.

2 Ant Trail Model

Let us first define ATM which is a simple model for an unidirectional motion of
ants. The ants communicate with each other by dropping a chemical (generically
called pheromone) on the substrate as they crawl forward [11,12]. The pheromone
sticks to the substrate long enough for the other following sniffing ants to pick
up its smell and follow the trail.

Each site of our one-dimensional ant-trail model represents a cell that can
accomodate at most one ant at a time (see Fig. 2).

The lattice sites are labelled by the index i (i = 1, 2, ..., L); L being the length
of the lattice. We associate two binary variables Si and σi with each site i where
Si takes the value 0 or 1 depending on whether the cell is empty or occupied by
an ant. Similarly, σi = 1 if the cell i contains pheromone; otherwise, σi = 0. The
instantaneous state (i.e., the configuration) of the system at any time is specified
completely by the set ({S}, {σ}).

Since a unidirectional motion is assumed, ants do not move backward. Their
forward-hopping probability is higher if it smells pheromone ahead of it. The
state of the system is updated at each time step in two stages. In stage I ants
are allowed to move. Here the subset {S(t+1)} at the time step t+1 is obtained
using the full information ({S(t)}, {σ(t)}) at time t. Stage II corresponds to the
evaporation of pheromone. Here only the subset {σ(t)} is updated so that at
the end of stage II the new configuration ({S(t + 1)}, {σ(t + 1)}) at time t + 1
is obtained. In each stage the dynamical rules are applied in parallel to all ants
and pheromones, respectively.

1 We thank Martin Evans for drawing our attention to this analogy.
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Fig. 2. Schematic representation of typical configurations; it also illustrates the up-
date procedure. Top: Configuration at time t, i.e. before stage I of the update. The
non-vanishing hopping probabilities of the ants are also shown explicitly. Middle: Con-
figuration after one possible realisation of stage I. Also indicated are the pheromones
that may evaporate in stage II of the update scheme. Bottom: Configuration after one
possible realization of stage II. Two pheromones have evaporated and one pheromone
has been created due to the motion of an ant.

Stage I: Motion of Ants

An ant in cell i that has an empty cell in front of it, i.e., Si(t) = 1 and Si+1(t) = 0,
hops forward with

probability =
{
Q if σi+1(t) = 1,
q if σi+1(t) = 0, (1)

where, to be consistent with real ant-trails, we assume q < Q.

Stage II: Evaporation of Pheromones

At each cell i occupied by an ant after stage I a pheromone will be created, i.e.,

σi(t+ 1) = 1 if Si(t+ 1) = 1. (2)

On the other hand, any ‘free’ pheromone at a site i not occupied by an ant will
evaporate with the probability f per unit time, i.e., if Si(t + 1) = 0, σi(t) = 1,
then

σi(t+ 1) =
{

0 with probability f,
1 with probability 1− f. (3)

Note that the dynamics conserves the number N of ants, but not the number
of pheromones. The boundary condition used in this paper is periodic, that is, we
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consider an ant trail of a circuit type. The case of the open boundary conditions
will be studied in the successive paper[13].

The rules can be written in a compact form as the coupled equations

Sj(t+ 1) = Sj(t) + min(ηj−1(t), Sj−1(t), 1− Sj(t))
−min(ηj(t), Sj(t), 1− Sj+1(t)), (4)

σj(t+ 1) = max(Sj(t+ 1),min(σj(t), ξj(t))), (5)

where ξ and η are stochastic variables defined by ξj(t) = 0 with the probability f
and ξj(t) = 1 with 1−f , and ηj(t) = 1 with the probability p = q+(Q−q)σj+1(t)
and ηj(t) = 0 with 1 − p. We point out that eqs.(4) and (5) reduce to ASEP if
we choose p as a constant, i.e., p does not depend on σ. If we further consider
the deterministic limit p = 1, then this model reduces to the Burgers CA[14],
which is also known as an exactly solvable CA.

3 Numerical Results

The ASEP [7] with parallel updating has been used often as an extremely sim-
ple model of vehicular traffic on single-lane highways [15]. The most important
quantity of interest in the context of flow properties of the traffic models is
the fundamental diagram, i.e., the flow-versus-density relation, where flow is the
product of the density and the average speed. Thus it is interesting to draw the
fundamental diagram of ATM to compare ants traffic with vehicle traffic.

The fundamental diagrams of ATM is given in Fig. 3(a). The flow F and the
average speed V of vehicles are related by the hydrodynamic relation F = ρV .
The density-dependence of the average speed of ATM is also shown in Fig. 3(b).
We first know that the diagram does not possess particle-hole symmetry. In
the ASEP the flow remains invariant under the interchange of ρ and 1 − ρ;
this particle-hole symmetry leads to a fundamental diagram that is symmetrical
about ρ = 1

2 . In ATM, particle-hole symmetry is seen in the special cases of f = 0
and f = 1 from Fig. 3(a). This is because in the two special cases f = 0 and
f = 1 the ant-trail model becomes identical to the ASEP with parallel updating
corresponding to the effective hopping probabilities Q and q, respectively.

Next, over a range of small values of f , it exhibits an anomalous behaviour
in the sense that, unlike common vehicular traffic, V is not a monotonically de-
creasing function of the density ρ (Fig. 3(b)). Instead a relatively sharp crossover
can be observed where the speed increases with the density. In the usual form of
the fundamental diagram (flow vs. density) this transition leads to the existence
of an inflection point (Fig. 3(a)).

By a detailed analysis of the spatio-temporal organizations in the steady-
state, we were able to distinguish three different regimes of density. At low den-
sities a loosely assembled cluster is formed and propagates with the probability
q (Fig.4). The leading ant in the cluster which hops with probability q will de-
termine the velocity of the cluster. Homogeneous mean field theories fail in this
region since these theories always assume that ants are uniformly distributed,
which is not true in the case of ATM [8].
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Fig. 3. The average flow (a), speed (b) of the ants, extracted from computer simula-
tion data, are plotted against their densities for the parameters Q = 0.75, q = 0.25 and
L = 500. The discrete data points corresponding to f = 0.0005(�), 0.001(◦), 0.005(•),
0.01(�), 0.05(�), 0.10(×), 0.25(+), 0.50(∗) have been obtained from computer simu-
lations; the lines connecting these data points merely serve as the guide to the eye.
The cases f = 0 and f = 1 are also displayed, which are identical to the ASEP cor-
responding to the effective hopping probabilities Q and q, respectively. The analytical
curve corresponds to f → 0 in the thermodynamics limit, which is discussed in Sec.4.2
is also depicted in (a) (the thick curve without ornaments).

In the intermediate density regime, the leading ant occasionally hops with
probability Q instead of q, because it becomes possible to feel the pheromone
which is dropped by the last ant in the cluster. This arises from the fact that,
because of the periodic boundary conditions, the gap size between the last and
leading ant becomes shorter as the cluster becomes larger, so that the leading ant
is likely to find the pheromone in front of it. This increase of the average speed in
this intermediate-density region(Fig. 3(b)), leads to the anomalous fundamental
diagram.

Finally, at high densities, the mutual hindrance against the movements of
the ants dominates the flow behaviour leading to a homogeneous state similar
to that of the ASEP. In this regime we do not have the loose cluster any more
and ants are uniformly distributed after a long time. Thus homogeneous mean
field theories give a good result in accounting the fundamental diagram only in
this regime.

4 Analytical Results

4.1 ZRP and ATM

The ATM is closely related to the ZRP, which is known as one of the exactly
solvable models of interacting Markov processes[9,10]. The ZRP consists of the
moving particles of the exclusion process. The hopping probability of a particle
depends on the number of gaps to the particle in front. In the ATM, the hopping
probability u can be expressed as

u = q(1− g) +Qg, (6)
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x

t

Fig. 4. Spatial-temporal behaviours of loose clusters in the low density case (ρ = 0.16).
Parameters are Q = 0.75, q = 0.25, f = 0.005). We see the loose clusters emerge from
the random initial configuration, which will eventually merge after sufficiently long
time into one big loose cluster.

where g is the probability that there is a surviving pheromone on the first site
of a gap. Assume that the gap size is x and the average velocity of ants is v.
Since g(t+1) = (1− f)g(t) holds at each time step, we obtain g(x) = (1− f)x/v

after iterating it by x/v times, which is the time interval of between the passage
of successive ants through any arbitrary site. Thus, in the ATM the hopping
probability u is related to gaps x by [5]

u(x) = q + (Q− q)(1− f)x/v. (7)

Using the well known formal mapping between the ZRP and asymmetric exclu-
sion processes [10] we conclude that the steady state of the ATM can well be
described by that of the ZRP with parallel dynamics.

By using the results of the ZRP, the average velocity v of ants is calculated
by

v =
L−M∑
x=1

u(x)p(x) (8)

where L and M are the system size and the number of ants respectively (hence
ρ = M/L is the density), and p(x) is the probability of finding a gap of size x,
which is given by

p(x) = h(x)
Z(L− x− 1,M − 1)

Z(L,M)
. (9)

Since the ATM is formulated with parallel update, the form of h(x), as calculated
in (9), is given by [16]

h(x) =

⎧⎪⎨⎪⎩
1− u(1) for x = 0

1− u(1)
1− u(x)

x∏
y=1

1− u(y)
u(y)

for x > 0 (10)



198 K. Nishinari, A. Schadschneider, and D. Chowdhury

0 0.2 0.4 0.6 0.8 1
Density

0.05

0.1

0.15

0.2

F
lo

w

0 0.2 0.4 0.6 0.8 1
Density

0

0.05

0.1

0.15

0.2

F
lo

w

Fig. 5. The fundamental diagram of the ATM with the parameter L = 100(left) and
L = 200(right). Parameters are Q = 0.75, q = 0.25, f = 0.005. The smooth thin curve
is the theoretical one, while the zigzaged thick one is the numerical data.

The partition function Z is obtained by the recurrence relation

Z(L,M) =
L−M∑
x=0

Z(L− x− 1,M − 1)h(x), (11)

with Z(x, 1) = h(x− 1) and Z(x, x) = h(0), which is easily obtained by (9) with
the normalization

∑
p(x) = 1.

Next we draw the fundamental diagram of the ATM by using (8) with chang-
ing ρ from 0 to 1. In drawing the diagram, we simply put the velocity v in (7) as
v = q, which is known to be a good approximation for v[17]. In a strict sense v
must be determined self-consistently by (7) and (8). Fundamental diagrams are
given in Fig.5 with L = 100 and L = 200. The thick black curve is the numerical
data and the smooth thin black one is the theoretical curve in each figure with
the specified value of L. We see that the theoretical curves are almost identical
to the numerical ones, thus the ZRP is confirmed to describe the steady state of
the ATM.

4.2 Thermodynamic Limit of ATM

Next we discuss the thermodynamic limit of the ATM, that is, the case L→∞.
From Fig.5 we see that the curve shows sharp increase near the density region
0.4 < ρ < 0.5, and the tendency is expected to be strong with the increase of L.
Thus it is important to study whether there is a second order phase transition
or not in the ATM in the thermodynamic limit.

Following [16], the partition function Z(L,M) is written as

Z(L,M) =
∑

x1,···,xM

h(x1) · · ·h(xM )δ(x1 + · · ·+ xM , L−M), (12)
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where δ(a, b) = 1 if a = b and δ(a, b) = 0 otherwise. Considering ρ = M/L, (12)
is rewritten by using the integral representation of the δ function as

Z(L,M) =
∫

ds

2πis

(
G(s)
s1/ρ−1

)M

, (13)

where G(s) is the generating function of h defined by

G(s) =
∞∑

x=0

h(x)sx. (14)

By the saddle point method, in the L→∞ limit we have

Z(L,M) ∼ exp(M lnG(z)− (L−M) ln z) (15)

by keeping M/L = ρ as constant, where z is defined by

1
ρ
− 1 = z

∂ lnG(z)
∂z

. (16)

Then average velocity v is given in this limit as

v =
∞∑

x=1

u(x)h(x)
G(z)

zx. (17)

Next we study the properties of the generating function G(z) in detail to
consider the phase transition of the ATM model. Since u(x) → q (x → ∞) for
f > 0, the condition that G converges is given by

lim
x→∞ sup

h(x+ 1)z
h(x)

=
1− q
q

z < 1. (18)

That is, G converges in the range

0 < z < zc =
q

1− q . (19)

The critical value of G at z = zc is given by

G(zc) = 1− u(1) +
∞∑

x=1

1− u(1)
1− u(x)

x∏
y=1

(
1− u(y)
u(y)

q

1− q
)
. (20)

In the case f > 0, this sum diverges for the class of u(x) which decays to
q more rapidly than the function q(1 + c/x), here c > 1 − q. In the ATM,
u(x) = q + (Q− q)(1− f)x/v, which decays exponentially to q as x→∞. Then
we conclude that there is no phase transition in the ATM for f > 0. This is
because from (16), we have ρ = 1 when z = 0, and ρ = 0 at z = zc if G(zc)
diverges. Thus, so long as f > 0, in the entire density region 0 ≤ ρ ≤ 1 there is
no singularity in G and, hence, no phase transition in the ATM.
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The situation drastically changes when we take the limit f → 0. In this case,
we can set u(x) = Q, and then G(zc) becomes finite as

lim
z→−zc

G(z) =
Q(1− q)

Q(1− q)− q(1−Q)
−Q. (21)

Then we have the phase transition in the case f = 0 and the critical density is
obtained from (16) as

ρc =
Q− q
Q− q2 . (22)

Since u(x) → Q in the case f → 0, the average velocity at z = zc becomes
from (17)

vc =
∞∑

x=1

Q

G(zc)
(
1−Q
Q

)xzx
c . (23)

Substituting (21) into (23), we obtain vc = q.
It should be noted [8] that (22) is also obtained by the intersection point of

the line F = vcρ and the ASEP curve[3]

F =
1
2
(1−

√
1− 4Qρ(1− ρ)) (24)

in the flow-density diagram. The fundamental diagram in the thermodynamic
limit is given in Fig.3(a). Note that the limit L → ∞ and f → 0 do not
commute[17]. If we take f → 0 before L → ∞, then we apparently have (24),
which is the case of our numerical simulations. If we take f → 0 after L → ∞,
then we have the thick curve in Fig.3(a). Thus, in the latter case, we have proved
that the anomalous variation of the average velocity with the density disappears.

5 Concluding Discussions

Several theoretical investigations have been carried out earlier, in terms of CA,
to study the emergence of the trail patterns in ant colonies [4]. However, to our
knowledge, our work is the first attempt to understand the traffic-like flow of
ants on well formed trails using the language of CA. In this paper we have in-
vestigated in detail the stochastic cellular automaton model of an ant trail [5].
The model is characterized by two coupled dynamical variables, representing the
ants and the pheromone. The coupling leads to surprising results, especially an
anomalous fundamental diagram which arises from an unusual non-monotonic
variation of the average speed of the ants with their density on the trail in the
intermediate regime of the ant density. We had earlier shown that the homoge-
neous mean-field approximations are not able to capture the non-monotonicity
quantitatively in the low density regime. In this paper we have reported our new
quantitative results on this model; these results have been derived by utilizing
the analogy with ZRP. Moreover we have shown that there is a phase transition
in the thermodynamic limit in this model, albeit in a special limit. Extensions
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of ATM, including counterflow and the case of open boundary conditions, will
be reported in the future[13].

It would be interesting to test the predictions of the model, particularly the
non-monotonic variation of average speed with density, by carrying out experi-
ments on a circular ant-trail.
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Abstract. A new software package, named Archirota, for simulating
traffic in roundabouts is introduced. Its simulation module is entirely
based on cellular automata and is automatically configured for real-world
geocoded data. Archirota can be used both as a support for designing
new roundabout and for modeling and simulating existing ones. Tests on
actual use cases testified the effectiveness of the implemented approach.

1 Introduction

Among the many applications of cellular automata to complex system problems,
the study of traffic is getting more and more popular in these very last years.
The reason for that is the ease with which the dynamic features of traffic can
be simulated with a cellular automata algorithm. With few simple rules the
complexity of traffic (transition from free to congested traffic, lane inversion,
stop and go traffic, nucleation of jams in correspondence of ramps etc.) can
be reproduced in a way which is hardly achieved by models using differential
equations ([13],[10],[5],[4]). Being computationally extremely efficient, large scale
simulations can be accomplished with low cost computers and traffic forecasts
can be envisaged. In order to simulate with cellular automata traffic on a road,
the road is divided into cells whose occupation corresponds to the presence of a
vehicle in that place at a certain time. A set of rules specify the time and space
evolution of the system, that is how each vehicle moves along that road [6].

A slightly more complex problem is that of simulating a roundabout, that is
a multiple (at least three) road junction in the form of a circle, around which all
traffic has to pass in the same direction. Roundabouts were originally a particular
feature of the British landscape, but in the last two decades they have widely
spread all over the world. They replace crossroads, contributing to reduce car
accidents and to slow down fast cars. Yet, they increase the flow of vehicles in the
road because they tend to avoid the complete stop of cars which has as a direct
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effect the formation of jams. The accidents rate at roundabouts is reduced on
average to one half of that of signaled junctions [2]. Finally, they offer lower cost
and safer operation and are seen as a way to embellish settings with green and
floral displays. The increasing number of roundabouts and their importance for
the limitation of traffic jams and the reduction of accidents, fostered researchers
into creating some instruments to help traffic engineers projecting roundabouts.
Different softwares have been designed [3], showing different features and being
currently used in many countries.

In this article we describe a new software, named ArchirotaTM, which can be
used to simulate roundabout traffic. Its purpose is mainly to contribute to the
proper design of new roundabouts and to the forecast of the traffic conditions
which will be present in a given roundabout. A cellular automata algorithm is
used in this software. The specific cellular automaton builds on the experience of
the authors on cellular automata for environmental ([7], [8]) and specifically for
traffic flow ([5]) simulation. Specifically, the algorithm is obtained essentially by
modifying that used for modeling traffic on highways. Vehicles of different lengths
occupy here from 1 to 9 cells (where each cell corresponds - parametrically - to
2 m length), a feature which offers a wide dynamic range to the simulations.
Vehicle speeds depend on the correspondence among cells and actual space.
Cellular automaton evolution rules are accordingly defined.

The ArchirotaTM software is written using the C++ language and its
main features include: the capability to create the roundabout directly from
a geocoded digital map; a variable number of roads and lanes per road; an
average vehicle speed inside the roundabout depending on the radius of curva-
ture of the roundabout; a variable insertion angle for each road; a dynamic and
user-definable vehicle generation function and an easy modification of cellular
automata rules. Finally, both a 2D and a 3D graphic interface are supported.

ArchirotaTM has two output types: a visual simulation and a quantitative
analysis of the traffic occurring at the roundabout. This includes: capacity of the
roundabout, average crossing time for a vehicle along each path’; delay queuing,
average speed, vehicle density and flow inside the roundabout.

In the following we will first frame our work in current research on traffic
simulation by means of cellular automata (2), then describe the essential features
of the Archirota package (3) and finally show some use cases along with the
output produced (4).

2 Cellular Automata for Traffic Simulation

In order to simulate traffic, we designed a cellular automata model which pro-
vides a simple physical picture of a road system and is easily implemented on
computers. Each road is divided into lanes and each lane is divided into cells,
which can be either empty or occupied by a vehicle. Each lane starts at cell
1; vehicles, which enter the road at its beginning move in discrete steps in the
direction of increasing cell number.
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A set of rules, described in details in reference [5], specify the time and
space evolution of the system. These rules were derived from those originally
developed by Schreckenberg and coworkers [11] and by Nagel and coworkers [12]
to implement a multilane highway without ramps and with periodic boundary
conditions. The rules specify at each step and for every car: a) the speed with
which cars move along the road, b) how faster cars overtake slower ones and
c) how cars slow down or accelerate according to the behavior of neighboring
vehicles. Cars have a sufficient braking ability to avoid accidents.

In each traffic simulation a starting configuration is chosen. New cars enter
the road at a chosen rate as follows. For all on-ramps, at each iteration the
program checks if the cell is empty. If empty, a random number is generated in the
[0,1] interval and if it is less than the threshold chosen for that simulation, a car
is generated in that cell. A number of local and average quantities are regularly
recorded. At selected positions, the flow of vehicles and their average speed are
collected. Regarding the flow, this is done counting the vehicles passing trough
that location in a time interval divided by that amount of time. From these
quantities, all other quantities of interest such as density (density=flow/speed)
or the average distance between vehicles are computed. The same data are also
collected as space averages: counting the number of vehicles present in a segment
of the road at a given time provides the density. Their (average) speed allows to
compute again the flow (flow= density × speed) and all other quantities.

The use of averages is due first of all to the discreteness of cellular automata
models. Cars in the model can only have as speed an integer number, while car
speeds are real numbers in nature. Furthermore, experimental data are averages
over time and/or space [9,13], so that a proper comparison again requires to
average simulated data. As reported elsewhere [5], this model proved to be able
to reproduce most of the experimental data available on traffic.

Some additional rules must be introduced when simulating a roundabout.
First of all a new object must be considered: the ring which connects the roads.
Its on/off ramps are the end/beginning of the lanes connected by the ring itself.
While in a simple road a vehicle disappears from the simulation at the road
end, now it is passed on to the roundabout. When approaching the roundabout,
a vehicle slows down and possibly stops because it has to give way to vehicles
already inside the roundabout. A new rule is chosen for the speed limit of vehicles
inside the roundabout so that this speed increases with the radius of the ring.
Finally there is an impatient delay rule: car drivers at a road end waiting to enter
the roundabout get progressively prone (up to a limit) to brake the respect of
the rule defining the distance and approaching speed according to which they
give way to vehicles already inside the roundabout.

3 Archirota Specifications and Implementation

The Archirota package was conceived to provide simulation support in actual
roundabout design practice. Prospect users are decision makers who have to
decide whether and how to construct a roundabout for a particular road junction.
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Fig. 1. The Ertha selection interface.

The main program specification are therefore:

– Possibility to work on actual digital city maps.
– Possibility to include any relevant driver style.
– Possibility to consider any relevant environmental influence.
– Possibility to derive aggregate simulation data in the format decision makers

are used to.
– Possibility to easily define design alternatives and to support consequent

what-if analysis.
– Low cost and ease of use for unskilled practitioners.

These specifications lead to the design of a very simple code, based on the
cellular automata model introduced in section 2. The cellular automaton itself
is of straightforward implementation, simply requiring to compute for each cell
the next-iteration state on the basis of the current state of the cell itself and of
those of its neighborhood.

More precisely, following the notation introduced in section 2, we associated
a geocoded cell vector cj , j ∈ J , to each entering and exiting lane and one
to each lane of the roundabout itself. For each cell cij , i ∈ Ij of each vector
J we then defined a cell-specific neighborhood N(ij), automatically including
all cells which correspond to location that are visible for a driver occupying the
lane position associated to ij. Visibilities are computed by simple computational
geometric routines working on GIS-derived layers, such as buildings, green areas
etc.
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Fig. 2. The Archirota design environment.

The simulation goes on by updating in parallel each cell state at each time
instant. An outer loop, time instants, iteratively commands each cell to check
its own state and that of its neighbors and to accordingly update its own next-
time state. As mentioned, we have defined cell-specific neighborhoods, whereas
the state domain is shared by all cells. Basically, each cell can be either free or
occupied by a vehicle, in which case the type, portion and speed of the vehicle
is recorded. The new state is simply a computation of whether, and by which
vehicle, the cell will be occupied on the next time interval. The rules according
to which vehicle positions are defined, as mentioned in section 2, are the same as
those described in [5] except for the fact that the behavior of all visible vehicles
is taken into account.

Currently the architecture of the package requires the use of two different
applications: a tailored GIS for selecting and exporting all relevant elements and
the Archirota package itself.

The GIS activities are currently supported by means of the desktop client of
the Ertha GIS [1]. Ertha is an open source project currently under development
at the University of Bologna aimed at providing source code for a multi-platform,
multi-tier GIS. At the present date desktop, PDA and web browser clients are
available, the former of which has been used for supporting the upload of the
GIS project of interest, selecting all relevant layers and exporting the selected
geocoded data. Figure 1 shows the interface of the tailored Ertha module. The
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Fig. 3. Simulation of an existing roundabout.
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Fig. 4. Fundamental plot under light traffic conditions.

exported layers are later uploaded by Archirota, which is the environment where
the actual roundabout design takes place. In Archirota, vectors are automatically
defined and dimensioned for each lane reported in the input file and all neighbor-
hoods N(ij) are computed. Figure 2 shows the Archirota design environment.
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Fig. 5. Fundamental plot under heavy traffic conditions.
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Fig. 6. Fundamental plot under mixed traffic conditions.

4 Computational Results and Use Cases

Archirota was implemented in C++ and runs under windows. Although still
under development, the main simulation features are by now stable and have
been used to model different real-world cases.

Figure 3 shows the main Archirota interface when a raster image of an ex-
isting roundabout is loaded and a simulation is run on it.

In this case we simulated the roundabout efficiency under two different traf-
fic conditions. Specifically, we modified the incoming traffic rate for the roads
from the left and from above. Figure 3 shows a snapshot of a congested traffic
simulation case.
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Quantified results are obtained directly from the cellular automaton by plac-
ing ”sensors” (i.e., counters) in user-definable roadside locations and recording
traffic data for each sensor at each iteration. This data is later processed to ob-
tain reports customized to user needs, even though some output is provided by
default, which is the case for example of the traffic fundamental plot.

Figure 4 shows the fundamental plot obtained under light traffic conditions,
where traffic flows without developing significant queues. For this result we set a
sensor on the road incoming from the left close to the entrance of the roundabout.

Figure 5 shows the fundamental plot for the same roundabout of figure 4
but with much increased incoming traffic. Now vehicle queues are permanent,
and this is apparent from the plot since data points are not distributed along a
line from the origin but are clustered in a region where a regression line has a
definitely downward slope.

Figure 6 finally shows again the same roundabout under mixed traffic con-
ditions, this is a simulation of a time interval when for some minutes traffic was
regular but at a certain moment it increases substantially. This could be the
case for example of office or school closing hours. From the plot one can see how
data point are initially on a line from the origin (regular traffic) and then move
toward the congested area.

5 Conclusions

This paper presented the essential features of new a software package, named
Archirota, for simulating traffic in roundabouts. The simulation module is ex-
tremely simple and based on cellular automata. The neighborhood structure in-
trinsic to cellular automata supports a great flexibility in simulation conditions
and output data, thus an easy adaptation to different use cases.

While the package interface still has to be improved, the simulation module
and reporting facilities are by now stable and have been used to simulate real-
world cases, both for designing new roundabouts and for modeling existing ones.
In all cases the package results were adequate.
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Abstract. Cellular Automata is applied to model the pedestrian flow, in which
the local neighbor rules implemented to each person in the crowd are deter-
mined automatically in the process of simulation. The collision patterns in the
visible area settled around each person is introduced, and each person walks
around just avoiding the collision patterns. As the simulation proceeds along
the time step, various collision patterns are observed. By being informed the
collision patterns to all the pedestrians simultaneously, the pedestrian begins to
flow quite smoothly and the column formation is observed.

1   Introduction

Cellular Automata has been considered to be one of strong tools in modeling various
kinds of phenomena such as pattern formation of natural system, fluid flow, traffic
flow, city logistics or economical activities1-6. Especially Cellular Automata is suitable
in the simulation of the complex systems. Pedestrian flow is a typical example of the
complex systems where one person walks toward the destination, paying attention to
the people around him/her, and the pedestrian flow may be observed as assemblage of
movement of each person.

In the modeling by Cellular Automata, local neighbor rules and transition rules
should be implemented to simulate time evolution of the phenomena to be consid-
ered. But these rules have large effects on the simulation results, and careful consid-
eration is required in defining these rules. In such cases as pedestrian flow, we have
no standard rules describing the movement of each person in the crowd.

In this paper, Cellular Automata has been applied to the simulation of pedestrian
flow, in which local neighbor rules for a person to walk around in the crowd are de-
termined automatically in the process of simulation. The notion of “collision pattern”
is introduced in visible area settled around a person, and each person in the crowd is
trained to avoid the collision patterns in the movement. Column formation along the
pathway is also discussed.
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2   Simulation Model and State Variables

As an example model, a long and narrow pathway where people walk along in both
directions has been simulated. The pathway is divided into square cells, and state
variables are defined corresponding to “pathway floor”, “pedestrian”, “wall” and
“entrance or exit”. For the cell whose state variables is “pedestrian” at a certain time
step, “direction” and “velocity” are also defined as state variables.

A part of simulation space is shown in Fig.1. A person walking from right to left is
indicated as white circle, and from left to right as black one. A person may move in
three directions; straightforward, forward to the right and to the left, as shown in
Fig.2. Each person on a pathway has four different maximum velocities, which are
specific character walking along the pathway from the entrance to the exit.

When the state variable is “pedestrian” on a certain cell, a visible area is settled
around the cell depending on the direction as shown in Fig.3. The direction to pro-
ceed is chosen in reference to the state of each cell in the visible area.

One side of the square cells is 1 m, and the whole pathway is divided into 17 x 102
cells, which follows that the width of the pathway is 15 m, and the length 100 m. 20
cells from the entrance or exit cells placed at both sides are assumed to the “approach

Fig. 1. Simulation space Fig. 2. Direction
of movement

Fig. 3. Visual area of each movement
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cells”, where the pedestrian flow is not yet in the steady state. The data on the ap-
proach cells are excluded in the analysis of simulation results.

As the time step in the simulation is regarded to be 0.1 second in the actual world,
the maximum velocities of people are set to 2.5, 1.4, 1.0 and 0.7 m/s, which are based
on the measurement data. The difference of velocity is represented in the simulation
so that a person can move one cell at every 4, 7, 10 and 14 time step.

The pedestrian is set into the simulation space from the each entrance cell placed at
both sides at the probability of 1 % at each time step according to random process. In
the simulation, a person is prohibited to move to the cell where the state variable is
already “pedestrian”, that is, each person cannot overlap each other on the same cell.
In case when the cell where a person is going to move has already occupied by the
other, the person should stop on the same cell. Further, when a person on the cell
where the other are going to move has opposite direction, they are regarded to collide
with each other.

3   Acquisition of Local Neighbor Rules

When no local neighbor rule is implemented to each person on the pathway for the
movement, the pedestrian flow would not appear and people straggle along the path-
way. One of the patterns of movement is shown in Fig.4. In such cases the collision
of people can be often seen on the way. This is not the case we always see on the
pathway, platform of stations or street.

How to decide the local neighbor rules for pedestrian flow is very difficult, because
we don’t have the standard rule to describe the movement of each people. Though we
can, of course, implement any rules to the movement, they are regarded as reflecting
the self-will of the engineer who makes algorithm of the simulation.

The most obvious rule for pedestrian with which almost all the people may agree is
just “escape from collision” to each other. In this sense, we would like to propose a
new idea to make up the local neighbor rule automatically in the simulation process.
In this algorithm, the people on the pathway can acquire the rules for movement
automatically without being compelled to obey some given rules. The algorithm is
described as follows.

Fig. 4. Example pattern of movement
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(1) At first, all the pedestrians are flown into the pathway from the entrance cells
without any rules. Each person often collides with each other on the pathway.

(2) When a person collides with other person walking from the opposite direc-
tion, the pattern of state variables of all the cells in visible area is memorized
as the collision pattern. The pattern of the state variables to be memorized is
characterized by the following three parameters;

(a) existence of wall in visible area (yes:W, no:N)
(b) the number of people in visible area walking in the same direction
(c) the number of people in visible area walking in the opposite direction

      An example of the pattern is shown in Fig.5. In this case, the pattern is indi-
cated as “N0102”. This process is repeated up to 2000 time steps.

(3) A person walking along the pathway sometimes collides with other person on
the pattern characterized as the sequence of alphabet and numeric shown
above, and sometimes walks smoothly enough without any collision. This is
because the memorized pattern consists of mainly the number of specific per-
sons in visible area, and has no information of exact position of other per-
sons. Then, we introduce “collision probability” which is estimated from the
simulation results repeated up to 2000 times as follows.

“collision probability” = B / A
A: total number of cases in which all the pedestrian face to this pattern
B: total number of collision all the pedestrian make in this pattern

In this estimation, the probability is regarded to be zero if A is smaller than
100. The collision pattern and its probability are informed to all the pedestri-
ans simultaneously.

(4) A person on the pathway always pays attention to the condition of visible
area, and tends to choose the pattern whose collision probability is minimum.
If there are several patterns of the same collision probability, the person may
choose at random. In case the collision probability of the pattern is zero, the
person would continue to walk straight forward.

(5) When collision occurs, back to (2), and then the process continues.
The acquisition process of local neighbor rules described above may be equivalent to
choose complementary patterns of the collision patterns.

Fig. 5. Example of collision pattern
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4   Results and Discussions

4.1   Typical Examples

Typical examples of simulation results implementing the local neighbor rules de-
scribed in the previous chapter are shown in Fig.6. These are the selected scenes of
animation at 2000, 4000, 6000, 8000 and 10000 time steps. As shown in the upper
figures, a person on the pathway has no way to step aside to the other persons walk-

Fig. 6. Typical example of simulation
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ing in opposite direction, and tends to collide with each other. As the persons on the
pathway are trained to avoid the collision pattern or choose the pattern with minimum
collision probability, the pedestrian flow is observed gradually, as shown in Figs.6(d)
and (e).

4.2   Degree of Column Formation

As shown in Fig.6, the pedestrian flows in several columns along the pathway, which
may be often seen in actual pedestrian flow around us. In this section, a quantitative
study of column formation is described.

The column formation is considered to be characterized by the number of columns
and the number of people in each column. It is not easy to count the number of col-
umn in each scene of animation, because the length and width of a column varies in
each time step on the simulation. Then, in reference to Fig.7, we estimate the number
of columns and the average number of people in the columns.

At first, a specific point is calculated on each row of cells. Each person walking
from left to right corresponds to +1, and the person from right to left to -1. By adding
the each point in every row of cells, the total point may be calculated for each row of
cells. There may appear some boundaries of total points where the sign of point
changes from positive to negative or vice versa. The number of columns in pedestrian
flow may be characterized by this number of boundaries in the pathway. There are
two columns in the example scene shown in Fig.7.

Next, by adding the absolute value of the specific point of all the row of cells and
dividing the number of columns, the average number of people in columns is esti-
mated. As an example shown in Fig.7, the total absolute value is |+1| + |+5| + |+1| + |-
1| + |-5| = 13. Then the average number of people in columns is 13/2 = 6.5.

Fig. 7. Number of columns in the example scene
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Fig. 8. Number of columns and average number of people

Figure 8 shows the number of columns and the average number of people in col-
umns calculated from the simulation results shown in Fig.6. Though the number of
columns varies in wide range at every time step of simulation up to 2000 or 3000
time steps, it gradually converges from 4 to 6 in this case as the people are trained to
avoid the collision.

4.3   Collision Patterns and Their Probability

The collision probability corresponding to each pattern is shown in Fig.9. The pat-
terns which are not observed in the simulation, or makes no collision are excluded
from Fig.9. The patterns whose collision probability is less than 0.1, are also ex-
cluded. The variation of the number of collision which corresponds to the time steps
in the simulation is shown in Fig.10. This result is obtained by averaging the number
of collision after the repetition of 10 times up to 10000 time steps simulation. During
the time steps from 0 to 2000, the number of collision increases, because no training
to avoid collision is implemented these interval. Just after 2000 time steps, the num-
ber of collision increases suddenly, which is caused by the training algorithm where
the number of data for collision is small and almost all the people on the pathway
move straight forward. In these state, the typical flow pattern is almost same as the
one shown in Fig.6(b), where many people on the pathway cannot move due to colli-
sion.

As the training to avoid collision is repeated to all the pedestrian on the pathway,
the number of collision decreased dramatically, and almost all the pedestrian walk
along the pathway avoiding the collision around 8000 time steps.
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5   Conclusions

In the present paper, the pedestrian flow on a pathway is simulated by Cellular Auto-
mata, in which the local neighbor rules for the pedestrian are implemented automati-
cally. The rule given to each person on the pathway is just to avoid the collision with
each other, and this rule may be the way to go through a pathway how we have been
all trained from childhood. The collision patterns of state variables in visible area are
memorized and are informed to all the people so that they may avoid the collision
patterns. These local neighbor rules implemented to the pedestrian may be considered
as the complementary rules of the collision rules.

Fig. 10. Average number of collisions in each 100 steps

Fig. 9.  Collision probability corresponding to each pattern
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As a lot of previous authors pointed out, Cellular Automata is a strong tool in
modeling various kinds of phenomena. But the local neighbor rules implemented in
the simulation have definitely large effects on the results. Though in modeling a
physical phenomenon we may introduce the rules based on some physical lows, it is
difficult to choose the rules in modeling such cases as pedestrian flow. We have no
standard rule except for avoiding the collision with each other. In this sense, the algo-
rithm proposed in this paper is one of strong tools to define the local neighbor rules
for the “agents” to move on the simulation space autonomously.
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Abstract. Although diesel engines have an advantage of low fuel consumption
in comparison with gasoline engines, several problems must be solved. One of
the major concerns is that diesel exhaust gas has more particle matters (PM) in-
cluding soot, which is suspected to be linked to human carcinogen. As one of
the key technologies, a diesel particle filter (DPF) has been developed to reduce
particle matters (PM). Since it is difficult to examine the local flow or tem-
perature field in porous media experimentally, we try to simulate combustion
flow. Two-phase Automaton is applied to produce the porous structure based
on these particle behaviors. The porosity and tortuosity are freely changed by
the profiles of the two-phase interface. Combustion field is simulated in this
porous media flow, assuming that soot is attached to the wall surface. Results
show that the soot is burned through the reaction with oxygen, similar to the
regeneration process of DPF.

1   Introduction

Diesel engines have an advantage of low fuel consumption in comparison with gaso-
line engines. However, several problems must be solved. One of the major concerns
is that diesel exhaust gas has more particle matters (PM) including soot, which are
suspected to be linked to human carcinogen. For this reason, more strict exhaust
emissions standards such as Euro V in 2008 will be set in many countries. In Japan,
the Tokyo municipal government has begun to regulate diesel-powered commercial
vehicles that fail to meet the new emission standards.

As one of the key technologies, a diesel particle filter (DPF) has been developed to
reduce particle matters (PM) in the after-treatment of exhaust gas. Some filters have
been introduced at the Frankfurt Motor Show in 2003. This can be applied to satisfy
more strict regulations for diesel emissions, coupled with improvements of combus-
tion conditions. In simple explanation of DPF, it traps the particles when exhaust gas
passes its porous structure. Since the filter wall would readily be plugged with parti-
cles in a short time, the accumulated particles must be removed. Usually, the filter is
heated to burn the particles in combustion. It is called filter regeneration process.
However, it is expected that the outer heating with the particle burning may destroy
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the porous structure. Then, the thermal durable filter is plausible to maintain the low
level of emissions in the long term [1]. So far, the filter has been developed mainly by
experiments, and there may not be enough information to observe and understand the
phenomena in DPF. For better design of DPF with efficiency and durability, it is
necessary to conduct simulation with combustion in porous media. In conventional
computational code, it is very challenging to deal with this process, because we need
to consider the complex geometry with chemical reaction.

Here, we try to simulate the combustion flow in porous media. The porous inner
structure is very complex, which is normally determined by many molecular behav-
iors when the media is produced or manufactured. However, since the hydrodynamic
equations for these complex processes are either unknown or ill-posed, conventional
CFD code can not be applied easily [2]. Molecular dynamics (MD) simulation is not
practical, because it is impossible to consider the real system due to the huge calcula-
tion time and luck of memory. Then, to produce the porous structure, we focus on the
Lattice Gas Automata (LGA), which is a kind of cellular automata for fluid simula-
tion. LGA is an idealization of a physical system in which space and time are discrete
and the physical quantities (i.e. the states of automaton) take only a finite set of val-
ues. It should be noted that sufficiently large cellular automata often show seemingly
continuous macroscopic behavior. Frisch et al. [3,4] have proposed a model, where
hexagonal lattice is used to succeed in obtaining the correct Navier-Stokes equation
by starting from the lattice gas automata. So far, this method has been applied to a
large range of scientific problems including diffusion processes and wave propaga-
tion.

In this study, we use immiscible lattice gas (ILG) model, which is applied for two-
phase flow [5]. When we consider the two-phase interface as porous wall structure,
we freely change the porosity and tortuosity of porous media [6,7]. Then, we simulate
combustion flow in any porous structure to investigate directly the local heat and
mass transfer in DPF. The combustion simulation is conducted by the Lattice Boltz-
mann method (LBM), which is independent of LG simulation to produce porous
structure.

2   Numerical Model

2.1   Porous Structure by Immiscible Lattice Gas

Immiscible Lattice Gas (ILG) model for two-phase is used to produce the porous
structure. It consists of a hexagonal (triangular) lattice with particles residing on the
node in two-dimensional simulation (see Fig. 1). Two sets of Boolean variables, ri(x,
t)and bi(x, t)for red and blue particles respectively, are defined to describe the particle
presence or absence for each phase. The lattice with unit lattice space, where there are
six directions at each node, i = 1 to 6, are
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where ei is the local velocity vector, and each particle has the same mass and velocity
of unity. Properties such as density and velocity are determined by the collective
behavior of many particles. As shown in Fig. 1, the local averaging is conducted in
sub-domain to obtain the macroscopic quantities.

Starting from the initial state, the configuration of red and blue particles evolves in
two sequential sub-steps of collision and propagation. The first step is collision.
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where, Ri and Bi is the collision operator. This collision occurs just after particles
arrive at a node at t = t*. They interact and change their directions according to scat-
tering rules, which preserves mass and momentum. The collision rules for each phase
are listed in Ref. [4]. However, in case of collision between red and blue particles,
one unique collision is selected so that particles are preferentially moving toward
concentrations of same color and away from concentrations of different color, result-
ing in phase separation [4,8]. Figure 2 illustrates the example where one red particle
collides with one blue particle, showing the particle motion before and after collision.
Red and blue squares represent the regions of high concentration of each particle.

At the next time step (t = t +1), each particle moves to the nearest node in the di-
rection of its velocity, which is called propagation.
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Thus, the evolution equation of ILG model is as follows:
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As already mentioned, physical quantities are obtained by averaging the particle
motion in sub-domain. This procedure is needed to eliminate statistical noise. When
we take the large sub-domain, the spatial resolution becomes worse. However, there
are the large fluctuation exists when the sub-domain size is too small. Here, the sub-
domain of 16×16 nodes is used to obtain velocities and density through averaging
procedure. The total computational domain has 2,124,081 grid points (3233×657).
There are 101×41 sub-domains to determine the physical quantities. As for the
boundary conditions, the periodic boundary is adopted both horizontally and verti-
cally in this 2D simulation. The initial position of red and blue particles is random,
and the velocity field is almost stationary. The particle number ratio of each phase is
given to set the porosity. Although the two-phase flow can be simulated by LBM (e.g.
particle–fluid suspensions [9]), LG simulation is performed in this study, because the
rule for the two-phase interaction is very simple compared with LB equation.

Fig. 1.  Calculation region and hexagonal lattice for LGA

Fig. 2.  Collision between red and blue particles in ILG model
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2.2   Combustion Simulation by Lattice Boltzmann Method

As for the combustion simulation, we have used the Lattice Boltzmann Method
(LBM) [10,11]. For example, the LB equation for temperature is,

T
eq

TT
T

TttT QwtxFtxFtxFtexF αααααα τ
δδ +−−=−++ ,,,, ,,,,

1

where FT is the distribution function for temperature, τT is the relaxation time deter-
mined by thermal diffusivity, and w0 = 4/9, wα = 1/9 (α = 1:4), wα = 1/36 (α = 5:8) for
9-bit lattice BGK model in two-dimensional square lattice space. The source term, QT,
is heat release by chemical reaction. As for the soot combustion, we have already
tested the real sample of Ni-Cr metal for benchmark study in porous media flow [12].
Here, we apply the same scheme to the porous media formed by ILG model. It is
assumed that the soot is homogeneously attached to the wall surface, which is similar
situation in the regeneration process of DPF. The over-all reaction by Lee et al. is
adopted for soot oxidation [13]. For simplicity, any catalytic effect is not considered.
More information on the soot oxidation is found in the review article by Stanmore et
al. [14]. In the simulation, the oxygen concentration in inflow is changed. The oxygen
concentration is an important parameter in engine operation, because it is easy to
control the oxygen concentration by using the exhaust gas recirculation (EGR) [15],
in order to prevent an abrupt temperature rise from damaging the local structure of
DPF.

Figure 3 shows the coordinate and boundary conditions. The calculation domain is
5 cm × 1 cm, and the inflow velocity, Uin, is 20 cm/s. The total number of grids is
201 41, with grid size of 0.25 mm. The porous structure of 100 grid length (L) is
placed in the center part in this figure. In the calculation, all equations are non-
dimensionalized based on similarity to obtain the temperature and concentration
fields. As for the boundary condition, the inflow boundary is adopted at the inlet [16].
The temperature and mass fractions are those of the air at room temperature. At the
sidewall, the slip boundary conditions are adopted, considering the symmetry [17]. At
the outlet, the pressure is constant, and the gradient of scalar such as temperature is set
to be zero. On the surface of the porous wall, the bounceback rule for non-slip bound-
ary condition is adopted.

Fig. 3.  Coordinate and boundary conditions in porous media flow
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3   Results and Discussion

3.1   Porous Structure

Figure 4 shows time evolution of two-phase automaton. The fraction of red particle is
shown. The total density ratio of blue particles to red particles is about three, corre-
sponding to the porosity of 0.75. Time steps are 50, 1000, 10000, and 40000, respec-
tively. The initial position of each particle is random. The average density per node is
about 1.5. As seen in this figure, the phase separation is observed. At later time step,
the red spot colligate each other to become larger spot. Resultantly, the interface
surface is decreased monotonically. The final equilibrium state is full separation with
a few large red spots.
   Here, we consider the blue phase as volume available for flow and red phase as
solid media. The interface of two-phases is regarded as porous wall. The key pa-
rameters of porous structure are porosity and total wetted surface. The pore size dis-
tribution may be important, but the porosity and total wetted surface are used in the
theoretical formula to describe the porous structure [18]. These two parameters are
shown in Fig. 5 to see the time dependence. The wetted surface, S, is non-
dimensionalized by the porous region length of L. In 2D calculation, the wetted sur-
face corresponds to the wetted perimeter. It is clearly shows that only the wetted
surface is decreased as the time step goes. Then, by this model, we can choose any
wetted surface of porous media with porosity constant.

Then, we simulate the flow field in created porous structure. We choose three
structures with porosity of 0.75, which are cases 1, 2, and 3. The wetted surface of
porous media is smaller from cases 1 to 3. These are based on two-phase profiles at
the time steps of 1000, 7000, and 30000. Figure 6 shows the distribution of non-
dimensional velocity in the x-direction, ux /Uin. It is found that the flow is fluctuated in
the porous region and the flow direction is largely changed, even when the flow is

Fig. 4.  Time evolution of two-phase automaton, illustrated at representative time steps
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Fig. 5.  Porosity and total wetted surface as a function of time step

(a)

(b)

(c)

Fig. 6.  Flow field in porous media of (a) case 1, (b) case 2, and (c) case 3.

uniform at the inlet. The velocity is locally accelerated in the narrow path, since the
obstacle is randomly placed. As a whole, the flow is smooth in case 1. In cases 2 and
3, the negative velocity is observed, which means that the recirculation flow exists.
Therefore, with different porous structure, the flow pattern is changed at the same
porosity.

The pressure distribution is also examined for the above three cases. Figure 7
shows the averaged pressure distribution along y-direction, which is normalized by
the constant pressure at the outlet. In the porous region shown by length of L, the
pressure starts to decrease almost linearly, although it slightly fluctuates in cases 2
and 3. After passing this region, the pressure is almost constant. To compare three
cases, it is found that the pressure at the inlet is increased as the larger wetted surface,
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which could be due to the larger effect of shear forces. In future study, our numerical
scheme will be extended to produce 3D porous structure to consider the real porous
media. Although the simulation is conducted only in 2D geometry, it is demonstrated
that the different flow is observed in the produced porous media by ILG.

Fig. 7.  Pressure distributions in porous media of case 1 to 3

3.2   Combustion Field

Next, the combustion flow is simulated. It is assumed that the soot is homogeneously
attached to the wall surface with its mass fraction of 0.1. The mass fraction of oxygen
in the air is 0.233. When the porous wall is heated, the soot is burned to react with
oxygen. Time, t, is counted after we set the wall temperature for 1200 K. Figure 8
shows the distributions for temperature of T, mass fraction of oxygen and soot of YO2

and YC, and the soot reaction rate of WC. The temperature and reaction rate are non-
dimensionalized by inflow temperature and maximum reaction rate. Time step is
5000 after heating, and the porous structure is that of case 2 in Fig. 6. It is found that
the oxygen concentration around the wall surface is decreased by the reaction with
soot. Then, the maximum temperature is higher than the wall temperature. It is inter-
esting to note that the reaction rate locally varies, simply because the oxygen trans-
port is different by the convection.

Moreover, we change the oxygen concentration in inflow, which is an important
parameter to control the reaction rate. Here, nitrogen is added in the air. We set the
oxygen concentration (mass fraction) to be 0.233 (air) and 0.1. The total mass of soot
is same for both cases. As seen in Fig.8, the reaction rate is locally changed. To make
clear the effect of oxygen concentration, the reaction rate is averaged at the wall sur-
face. Results are shown in Fig. 9. The reaction rate is non-dimensionalized by the
peak value in case of air. It is found that, as the oxygen concentration is lower, the
mean reaction rate is decreased. Then, the reaction of soot is completed at the earlier
stage, compared with dilution case. This is very reasonable [12]. We conclude that the
combustion simulation in porous media is well demonstrated.
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Fig. 8.  Distributions of temperature, mass fraction of oxygen and soot, and reaction rate in
porous media of case 2

Fig. 9.  Mean reaction rate of soot as a function of time after heating
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4   Conclusions

Using two-phase automaton of ILG model, we have successfully obtained the porous
structure. Setting the ratio of red and blue particles, the porosity is easily given. The
tortuosity of the media is determined by the degree of two-phase separation. Then, the
flow characteristics are freely changed by choosing the porosity and wetted surface. It
has been demonstrated that, using the LBM, the flow is simulated in different porous
media structure. For simplicity, the simulation has been conducted only in 2D ge-
ometry, but this idea to produce the porous media structure can be extended to 3D
simulation. Also, the soot combustion has been well simulated. For example, there are
regions where the temperature is locally higher. The effects of oxygen on the reaction
rate are clearly recognized. This information is indispensable for the better design of
DPF.
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Abstract. In this paper a new cellular automata model suitable for
granular systems simulation is presented. The proposed model is shown
to be equivalent to a particularization of the well known BCRE model
of granular systems and a correspondence between the parameters of the
presented model and the BCRE model is also set, allowing to fit these
parameters for a given system. The model has the advantage over other
cellular automata models of being more realistic in the behavior of the
surface of heaps and slopes. The dynamics of the CA is analyzed in order
to confirm that it also has one of the most important features of these
systems, 1/f noise.

1 Introduction

Granular systems behavior has been widely studied during the last decades, due
to its many applications to industry. They show a complex behavior that cannot
be easily classified in one of the usual matter states; solid, gas or fluid.

The traditional approach for studying its dynamics has been based in flu-
ids models, describing the flow of granular systems and the formation of heaps.
However granular systems show characteristics, such as the appearance of macro-
scopic patterns or avalanches, that cannot be properly described using this ap-
proach. By the other side, Cellular Automata (CA) have also been used for
granular systems modelling. Several works have been published that use CA
models to study the statistical properties of granular systems [1,2,3]. However
the formation of heaps and the way the size of a pile of matter evolves is better
described by fluid models.

When simulating the behavior of a granular system in a computer graphics
application, the most relevant part is the visualization of the evolution of the
external surface of the pile along time [4]. Models based on fluid dynamics do not
suit quite well to such applications, since their computational cost makes them
difficult to apply to these kind of real-time simulations. In opposite, CA based
models describe the granular system as a grid, therefore, as has been shown in
[5], they can be solved very efficiently.

In previous works [5,6] some of the CA models found in the bibliography [1,7]
were reviewed in order to obtain a more realistic heap and slope formation. The
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main problem of these models is their anisotropy, which is specially notable when
a heap is formed by the addition of matter in a single point [6]. The resulting
heap has polygonal section, instead of being conic.

Thus, on the one hand continuous models are not suitable for real-time sim-
ulation. On the other hand, CA-based models fit well the requirements of this
kind of application, but do not show a behavior realistic enough. The objective
of this work will be to obtain a CA-based model with a behavior somehow equiv-
alent to that of continuous models. This model fills the need of a realistic and
computationally inexpensive model.

In order to achieve this, a model that is shown to be locally equivalent to
an existent continuous model is proposed. The model presented by Bouchaud,
Cates, Prakash and Edwards [8] (also known as BCRE model) will be used as
the starting point, because of its simplicity and its intuitive description.

The BCRE Model. A granular system can be considered as a system with
two layers; the standing layer, that forms the slope or the heap of the system,
and the rolling layer, that is a thin layer that flows on the surface of the slope
[9]. The BCRE model [8] uses this schema and provides a set of equations to
describe the evolution of these layers’ thickness. The model can be formulated
in one dimension as follows: the system has two state variables, the height of the
static layer, s(x, t) and the height of the rolling layer, r(x, t). The variation of
these variables along time is expressed by the set of equations

rt = vrx − γ(α− |sx|)r (1)
st = γ(α− |sx|)r

where α is the so called angle of repose of the system, γ is a parameter that
expresses the rate of matter transfer between layers and v is the speed of the
rolling layer that is considered constant.

Equations (1) express that the thickness of both layers will depend on two
major processes: on the one hand the transfer of matter from the rolling layer
to the resting layer or vice-versa, and on the other hand the exchange of matter
at each point of the rolling layer with its surroundings.

This model was extended to 2 dimensions [10] leading to a set of partial
differential equations on the variables r(x, y, t) and s(x, y, t)

rt = v∇(r∇s)− γ(α− |∇s|)r (2)
st = γ(α− |∇s|)r

using the same notation as in equations (1). Equations (2) define the 2-
dimensional continuous model that will be used later in this paper.

Following, the update rule that defines the new model will be presented,
and the relation between this new model and the BCRE will be explained. In
the third section, some properties of the new model will be shown in order to
demonstrate that, despite the goal of this work, the main statistical property of
most CA models is kept.
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2 Description of the Model

In order to define an update rule for a CA model that reflects the behavior of
a continuous surface, some simplifications to the two layer description of the
granular system that was seen before have to be done.

To define the new model we will work under two main assumptions. The first
one is that the thickness of the rolling layer is constant, being h = r + s the
height of the system at every point. The second assumption is that the surface
of the granular system h(x, y) is a two times differentiable function.

A CA on an N ×N square grid is considered. This grid represents the plane
on which the granular system is laying. The value of each cell h(i, j) ∈ IR will
represent the height of the system on the cell’s center (xi, yj). The set of points
{(xi, yj , h(i, j))}ij is a discretization of the surface {(x, y, h(x, y))}. Notice that,
although the update rule is defined using the derivatives of h(x, y), an expression
in terms of the CA variables can be easily obtained.

The update rule is as follows. For each cell, (i, j), the gradient ∇h(xi, yj)
is computed. If the angle of the slope arctan(|∇h|) is lower than the repose
angle threshold α, the value of cell (i, j) remains unchanged. On the other case,
if arctan(|∇h|) > α, the height h(i, j) is reduced z+ · (hx + hy), h(i + 1, j) is
increased z+ · hx and h(i, j + 1) is increased z+ · hy, that is:

h(i, j)← h(i, j)− z+ · (hx(i, j) + hy(i, j)) (3)
h(i+ 1, j)← h(i+ 1, j) + z+ · hx(i, j) (4)
h(i, j + 1)← h(i, j + 1) + z+ · hy(i, j) (5)

where z+ is a parameter of the model which indicates the velocity of flowing
matter, and hx, hy are the partial derivatives of h(x, y).

From the assumption that the values of the automata are a discretization of
the surface of the system, the value of ∇h can be obtained taking the approxi-
mation of the derivatives by differences

hx(i, j) =
∂h

∂x
(xi, yj) =

h(xi+1, yj)− h(xi, yj)
xi+1 − xi

hy(i, j) =
∂h

∂y
(xi, yj) =

h(xi, yj+1)− h(xi, yj)
yj+1 − yj

.

This rule is based in the fact that the gradient vector field−∇h(x, y) indicates
the direction of maximum slope at every point in the surface of the heap. When
a cell is updated, if the angle of the slope is higher than the repose angle, the
matter flows following the direction of the strongest slope.

2.1 Relation with the BCRE

Once the update rule has been set, the relationship between the behavior of this
CA model and the BCRE continuous model will be shown. In order to obtain
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this relationship the variation of both models at a given point (xi, yj), and along
a fixed time interval δt, will be obtained. It will be shown that, under certain
assumptions, the difference between the models tends to zero if the time interval
and the cell size are reduced.

The system evolution after time δt is represented in the CA by an update of
the grid using the specified rule. The variation of the height of a cell (i, j) will
depend on the update of the cell (i, j) itself, and on the update of cells (i− 1, j)
and (i, j − 1), as they can drop grains into cell (i, j). In a situation in which
these three updates are not null, the difference between the height of a cell of
the automata, before and after the update, is

ΔhC = z+ (hx(i, j) + hy(i, j)− hx(i− 1, j)− hy(i, j − 1)) (6)

To see the variation of the BCRE model after time δt, the thickness of the
rolling layer r will be considered constant in an open set A including a given
point (xi, yj). According to equation (2), in (xi, yj) the variation of the total
height of the system, h = r + s, is

ht = rt + st = v∇(r∇s) (7)

that, as r is constant around (xi, yj), equals

= vr∇(∇s) = vr∇(∇h) = vr (hxx + hyy) . (8)

Developing the Taylor series of h(xi, yj , t) as a function of time, one obtains

ΔhB = h(t+ δt)− h(t) = htδt+R(δt)2 (9)
= δt vr(hxx + hyy) +R(δt)2 .

In a similar way, Taylor series of hx(·, yj , t) considered as function of x and
hy(xi, ·, t) considered as function of y give

hxx(xi, yj) =
hx(xi+1, yj)− hx(xi, yj)

xi+1 − xi
+R1(xi+1 − xi) (10)

hyy(xi, yj) =
hy(xi, yj+1)− hy(xi, yj)

yj+1 − yj
+R2(yj+1 − yj) . (11)

From Equation (9), assuming xi − xi−1 = yj − yj−1 = d

h(t+ δt)− h(t) = δt vr

(
hx(x+ d, y)− hx(x, y)

d
(12)

+
hy(x, y + d)− hy(x, y)

d
+ (R1 +R2)d

)
+ R(δt)2 .

Expressions (6) and (12) give respectively the variation of the proposed CA
model, ΔhC , and of the BCRE model, ΔhB , after an interval of time δt. Taking

z+ =
δt vr

d
(13)
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and subtracting equalities 6) and (12) one gets

ΔhC −ΔhB = δt vr(R1 +R2)d+R(δt)2 (14)

that represents the difference of the evolution of both models at point (xi, yj).
Therefore, considering the situation in which the thickness of the rolling layer

in the BCRE model is constant around (xi, yj), and in which the three cells (i, j),
(i−1, j) and (i, j−1) are effectively updated (i.e. cell (i, j) is in a flowing region),
both models converge locally if δt and d tend to zero.

Notice that the assumption of a constant rolling layer implies that the matter
flow is not null in a certain region around point (xi, yj). In the terms of the
CA representation this means that, for d small enough, the update of the four
neighbors of cell (i, j) is not null. This is, precisely, which is the assumption
made over the CA model to get equation (14).

Thus, as a conclusion, equation (14) expresses that in a point around which
the variation of the rolling layer is neglectable, both models lead to the same
behavior.

3 Avalanches and 1/f Noise

Granular systems are considered a paradigmatic example of systems that evolve
to a state called Self Organized Criticality (SOC) [11]. When in this regime,
the system remains stable but near to unstable states. When it is perturbated,
the system evolves through a set of unstable states until a new stable state is
reached. This behavior is usually illustrated by a slope of sand into which grains
are dropped randomly. When the slope is higher than a certain angle, the grains
start rolling and an avalanche takes place until the system gets relaxed.

Some numerical experiments have been prformed in order to test if one of
the most characteristic marks of this behavior, the so called 1/f noise, is also
present in the model. 1/f noise refers to the frequency spectrum of certain events
such as avalanches: in a critical system the frequency at which a certain event
happens is proportional to the inverse of its magnitude.

Reproducing the tests performed by several authors [1,12,13,14], the fre-
quency of the size of avalanches along a slope, and the correlation between the
frequency and the size have been obtained. As a measure of size three values
have been chosen; its length as the number of steps that lasts until the system
stops again, the area of the avalanche or the number of cells it affects, and the
mass displaced, that is the sum of all the matter transfer at every update. Figure
1 shows the power spectra of the measured events.

They have been approximated by a theoretical 1/f−β function and the corre-
lation of the data have been calculated. The results of this tests are: for the length
of the avalanches, β = −6.255718 with a correlation r = 0.862181, for the area,
β = −3.375581 and r = 0.933205 and for the displaced mass, β = −7.518815
and r = 0.960261.

The correlation of the measurements of frequency to the theoretical function
indicates that the well known behavior of granular systems as critical systems
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Fig. 1. Frequency spectra for the length, the area and the amount of matter affected
by an avalanche, showing the existence of an i/f−β relationship. The dashed line shows
the regression of the data to a function of that family.

is possible in the presented model. This fact, together with the results obtained
in section 2.1 make the model a good tool for the analysis and representation of
granular systems.

4 Application of the Model

The integration of the developed model in a more complex application has been
done during the development of the Mobile Crane Simulator UVSim, that is
currently used in Valencia Harbor. The model presented in this paper is used as
a dynamic model for the behavior of bulk material within the complete dynamic
model of the virtual environment in the simulator.

In addition to the 3D graphics representation of the system, some interaction
modes have been defined in order to allow the manipulation of the bulk mate-
rial. Further details on the implementation and on the 3D representation of the
system using the CA model can be found in [5].

5 Conclusions

In this paper a model addressed to real-time simulation of granular systems that
encloses properties of both continuous media models and CA models has been
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defined. On the one hand, it has been shown that the evolution of the surface
of the system is equivalent to the well known BCRE model. On the other hand,
some experiments have been done in order to see that the model also keeps at
least one of the most characteristic statistical properties of CA.

The evolution of the model has been analyzed at an arbitrary point; it has
been shown that the local behavior of the surface is the same that in the BCRE
model under the assumption that the rolling layer of the system does not vary
substantially near the analyzed point. It has been also stated a relationship
between the parameters of both models. The amount of matter displaced z+
is in equation (13) and the threshold of the automata is set as arctanα. This
correspondence allows a direct parameterization of the new model taking as a
starting point the parameters of the BCRE model.

Hence, the model fulfills the main requirements stated in Section 1; it behaves
as one of the most extended continuous models for granular systems, and has
the advantage that the CA implementation is suitable for real-time applications.

Also it has been shown that, although the model behaves locally as a con-
tinuous media model, the statistical behavior of the model is consistent with
previous CA models. The power spectra of three variables related to avalanches
have been obtained, showing that 1/f noise, a paradigmatic characteristic of
granular systems, can be present in the dynamics of the model.

It can be concluded that the model that has been presented in this work cov-
ers the main goals proposed in this paper, providing an improvement of previous
CA models.

As future research, the model should be completed to fit the BCRE model in
the general case, and perhaps other continuous models should also be translated
to a CA model. The analysis of the statistical properties of the model has to
be completed in order to determine the different regimes of its dynamics. The
possibility of pattern formation can also be studied simulating the experiments
usually performed with real granular systems. These works will provide a more
robust evidence of the validity of the CA model for granular systems simulation.
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Abstract. MGS is an experimental programming language for the mod-
eling and the simulation of discrete dynamical systems. The modeling
approach is based on the explicit specification of the interaction struc-
ture between the system parts. This interaction structure is adequately
described by topological notions. The topological approach enables a
unified view on several computational mechanisms initially inspired by
biological or chemical processes (Gamma and cellular automata). The
expressivity of the language is illustrated by the modeling of a diffusion
limited aggregation process on a wide variety of spatial domain: from
cayley graphs to arbitrary quasi-manifolds.

1 Introduction

In this paper, we are interested in the modeling of discrete dynamical systems
with some internal structure that arises from their evolution function.

Consider the following discrete process: a particle q moves randomly on a
square lattice. So, if q is on node (x, y) at time t, then at time t+ 1 it occupies
one of the node (x + εx, y + εy) where εx, εy are randomly chosen in {−1, 0, 1}
such that |εx|+ |εy| �= 0. The building of a synchronous cellular automata (CA)
that simulates this process is not immediate because the update rules change
the state of only one node. It will be much more easy to allow rules that update
synchronously a entire subset of the nodes. If this kind of rule is allowed, then it
would be trivial to define this process as the simultaneous update of two neighbor
cells, one empty and the other containing a particle, by the exchange of their
state.

The problem of updating a subset of cells defined by some arbitrary con-
ditions is often solved using an asynchronous dynamics: this avoids that two
occupied cells decide at the same step to occupy the same empty neighbor. An-
other solution is the partitioning of the cells into a coarser graph (this is the
approach of lattice gas automata [TM87]).

We see here these two approaches mainly as tricks that do not account that
a system can be decomposed into subsystems defined by the requirement that
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the elements into the subsystems interact together and are truly independent
from all other subsystems parallel evolution.

In this view, the decomposition of a system S into subsystems S1, S2, . . . , Sn

is functional : the state si(t + 1) of the subsystem Si depends solely of the
previous state si(t). However, the decomposition of S into the Si can de-
pend on the time steps. So we write St

1, S
t
2, . . . , S

t
nt

for the decomposition of
the system S at time t and we have: si(t + 1) = ht

i(si(t)) where the ht
i are

the “local” evolution functions of the St
i . The “global” state s(t) of the sys-

tem S can be recovered from the “local” states of the subsystems: it exists
a function ϕt such that s(t) = ϕt(s1(t), . . . , snt

(t)) which induces a relation
between the “global” evolution function h and the local evolution functions:
s(t+ 1) = h(s(t)) = ϕt(ht

1(s1(t)), . . . , h
t
nt

(snt
(t))).

The successive decomposition St
1, S

t
2, . . . , S

t
nt

can be used to capture the el-
ementary parts and the interaction structure between these elementary parts
of S. Cf. Figure 1. Two subsystems S′ and S′′ of S interact if it exists some
St

j such that S′, S′′ ∈ St
j . Two subsystems S′ and S′′ are separable if it exists

some St
j such that S′ ∈ St

j and S′′ �∈ St
j or vice-versa. This leads to consider the

set S, called the interaction structure of S, defined by the smaller set closed by
intersection that contains the St

j .

...

S

s(0)

S1
1

s(1)

S0
1

S1
i

s(t)

S ′ ∈ V (S)

Fig. 1. The interaction structure of a system S resulting from the subsystems of ele-
ments in interaction at a given time step.

The set S has a topological structure: S corresponds to an abstract simplicial
complex. An abstract simplicial complex [Mun84] is a collection S of finite non-
empty set such that if A is an element of S, so is every nonempty subset of
A. The element A of S is called a simplex of S; its dimension is one less that
the number of its element. The dimension of S is the largest dimension of one
of its simplices. Each nonempty subset of A is called a face and the vertex set
V (S), defined by the union of the one point elements of S, corresponds to the
elementary functional parts of the system S. The abstract simplicial complex
notion generalizes the idea of graph: a simplex of dimension 1 is an edge that
links two vertices, a simplex d of dimension 2 can be thought of as a surface
whose boundaries are the simplices of dimension 1 included in d, etc.

Our proposal is to specify a discrete dynamical system starting from its
interaction structure. Our idea is to define directly the set S with its topological
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structure and to specify the evolution function h by specifying the set St
i and the

functions ht
i. The result is an experimental programming language called MGS. In

MGS, the interaction structure S is defined as a new kind of data structures called
topological collections and a set of functions ht

i together with the specification
of the St

i for a given t are called transformation. A transformation is a function
defined by the cases St

i .
This abstract approach has two main advantages. The first one is that it

enables the easy specification of dynamical systems with a dynamical structure
(DS)2. In such systems, the phase space cannot be defined a priori and must be
computed jointly with the state of the system (in other word, the set of states
must be an observable of the system itself, see [Gia03]). The second advantage
is that this abstract approach enables an homogeneous and uniform handling
of several computational models including CA, lattice gas automata, abstract
chemistry, Lindenmayer systems and several other abstract reduction systems.

The rest of the paper is organized as follows. We begin with a short intro-
duction to the MGS experimental programming language, through the notions of
topological collection and transformation. Then, section 3 illustrates the appli-
cation of these notions on a simple CA. The same diffusion-aggregation process
is considered on two increasingly more complex topologies. Finally, we review
some related works and the perspectives opened by this research.

2 A Brief Presentation of the MGS Language

MGS embeds a complete, impure, dynamically typed, strict, functional language.
We focus on the notions required to understand the rest of the paper and we
only describe here the major differences between the constructions available in
MGS with respect to functional languages like OCAML [Ler96].

2.1 Topological Collections

The distinctive feature of the MGS language is its handling of entities structured
by abstract topologies using transformations [GM02]. A set of entities organized
by an abstract topology is called a topological collection. Topological means here
that each collection type defines a neighborhood relation inducing a notion of
subcollection. A subcollection S′ of a collection S is a subset of connected ele-
ments of S and inheriting its organization from S.

Topological Collection and the Representation of a (DS)2 State. A topological
collection is used to represent the complex states s of a dynamical system S at
a given time t. The elements of the topological collection are the elements S′

of V (S) and each element has a value given by s′. In the context of topological
collections, the elements of V (S) are called positions and we say that s′ is the
value associated to the position S′. Often there is no need to distinguish between
the positions and their associated value. In this case, we use the term “element
of the collection”.
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Collection Types. Different predefined and user-defined collection types are avail-
able in MGS, including sets, bags (or multisets), sequences, several grids and ar-
bitrary topologies. We introduce the collection types along with the examples.

For any collection type T, the corresponding empty collection is written ():T.
The join of two collections C1 and C2 (written by a comma: C1,C2) is the main
operation on collections. The comma operator is overloaded in MGS and can be
used to build any collection by joining its two arguments. To spare the notations,
the empty sequence can be omitted in the definition of a sequence: 1, 2, 3 is
equivalent to 1, 2, 3,():seq.

2.2 Transformations

Transformation are used to specify the evolution function of a (DS)2. The global
transformation of a topological collection s consists in the parallel application of
a set of local transformations. A local transformation is specified by a rule r that
specifies the replacement of a subcollection by another one. The application of
a rewriting rule σ ⇒ f(σ, ...) to a collection s:

1. selects a subcollection si of s whose elements match the pattern σ,
2. computes a new collection s′

i as a function f of si and its neighbors,
3. and specifies the insertion of s′

i in place of si into s.

One should pay attention to the fact that, due to the parallel application
strategy of rules, all distinct instances si of the subcollections matched by the σ
pattern are “simultaneously replaced” by the f(si).

The MGS experimental programming language implements the idea of trans-
formations of topological collections into the framework of a functional language:
collections are just new kind of values and transformations are functions acting
on collections and defined by a specific syntax using rules. Transformations (like
functions) are first-class values and can be passed as arguments or returned as
the result of an application.

Path Pattern. A pattern σ in the left hand side of a rule specifies a subcol-
lection where an interaction occurs. A subcollection of interacting elements can
have an arbitrary shape, making it very difficult to specify. Thus, it is more
convenient (and not so restrictive) to enumerate sequentially the elements of the
subcollection. Such enumeration will be called a path.

A path pattern Pat is a sequence or a repetition Rep of basic filters. A basic
filter BF matches one element. The following (fragment of the) grammar of path
patterns reflects this decomposition:

Pat ::= Rep | Rep , Pat Rep ::= BF | BF /exp BF ::= cte | id | <undef>

where cte is a literal value, id ranges over the pattern variables and exp is a
boolean expression. The following explanations give a systematic interpretation
for these patterns:
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literal: a literal value cte matches an element with the same value. For example,
123 matches an element with value 123.

empty element the symbol <undef> matches an element with an undefined
value, that is, an element whose position does not have an associated value.

variable: a pattern variable a matches exactly one element with a well defined
value. The variable a can then occur elsewhere in the rest of the rule and
denotes the value of the matched element.

neighbor: b, p is a pattern that matches a path which begins by an element
matched by b and continues by a path matched by p, the first element of p
being a neighbor of b.

guard: p/exp matches a path matched by p if boolean expression exp evaluates
to true.

Elements matched by basic filters in a rule are distinct. So a matched path is
without self-intersection.

Right Hand Side of a Rule. The right hand side of a rule specifies a collection
that replaces the subcollection matched by the pattern in the left hand side.
There is an alternative point of view: because the pattern defines a sequence of
elements, the right hand side may be an expression that evaluates to a sequence of
elements. Then, the substitution is done element-wise: element i in the matched
path is replaced by the ith element in the r.h.s. This point of view enables a
very concise writing of the rules.

2.3 Short Example

We give an example that imply the transformation of a sequence of elements.

Bubble Sort in MGS. The bubble sort consists in (1) comparing two neighbors
elements in a sequence and swapping them if they are not in order; (2) repeating
the first step until a fixed point is reached. This specification is immediate in
MGS and can be written:

trans bubble sort = { x, y / (x > y) => y, x }
The keyword trans introduces the definition of a transformation by a
set of rules. Here there is only one rule. This transformation can be
applied to a sequence s := 4, 2, 3, 1 until a fixed point is reached:
bubble sort[’iter=’fixpoint](s). The value of the predefined optional pa-
rameter ’iter indicates that the application of the function bubble sort must
be iterated until a fixed point is reached. The results is 1, 2, 3, 4 as expected.

3 (DS)2 on Complex Topologies

In this section we present the use of MGS to model and simulate more complex
systems. Our running example will be a diffusion limited aggregation process on
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different spatial domains. Diffusion Limited Aggregation, or DLA, is a fractal
growth model studied by two physicists, T.A. Witten and L.M. Sander, in the
80’s. The principle of the model is simple: a set of particles diffuse randomly on
a given spatial domain. Initially one particle, the seed, is fixed. When a mobile
particle collides a fixed one, they stick together and stay fixed. For the sake
of simplicity, we suppose that they stick together forever and that there is no
aggregate formation between two mobile particles.

This process leads to a simple CA with an asynchronous update function or
a lattice gas automata with a slightly more elaborate rule set. The purpose of
this section is twofold. Firstly, we want to show that the MGS approach enables
the specification of a simple generic transformation that can act on arbitrary
complex topologies. Secondly, we show how to specify MGS topological collections
that correspond to standard CAs.

3.1 The DLA Evolution Function in MGS

The transformation describing the DLA behavior is really simple. We use two
symbolic values ‘mobile and ‘fixed to represent respectively a mobile and a
fixed particle. There are two rules in the transformation: (1) if a diffusing particle
is the neighbor of a fixed seed, then it becomes fixed; (2) if a mobile particle is
neighbor of an empty place, then it may leave its current position to occupy the
empty neighbor. Note that the order of the rules is important because the first
has priority over the second one. Thus, we have :

trans dla = {
‘mobile, ‘fixed => ‘fixed, ‘fixed
‘mobile, <undef> => <undef>, ‘mobile

}

3.2 DLA on Uniform Topologies: GBF

Group-based data fields (GBF in short) are topological collections used to define
topologies with a uniform neighborhood: a position cannot be distinguished only
by looking at its neighbors. This implies for example that each position has the
same number of neighbors.

A GBF is an extension of the notion of array where the elements are indexed
by the elements of a group called the shape of the GBF [GMS95,GM01]. For
example:

gbf Grid2 = < north, east >

defines a GBF collection type called Grid2 , corresponding to the Von Neumann
neighborhood in a classical array (a cell above, below, left or right – not diagonal).
The two names north and east refer to the directions that can be followed
to reach the neighbors of an element. These directions are the generators of
the underlying group structure. The r.h.s. of the GBF definition gives a finite
presentation of the group structure [Sha90]. The list of the generators can be
completed by giving equations that constraint the displacements in the shape:
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gbf Torus2 = < north, east; 12*east = 0, 40*north = 0 >

defines a 40 × 12 torus: if one starts from a position and follows 12 times the
east direction, one finds oneself at the same position. Another example is the
definition of an hexagonal lattice that tiles the plane:

gbf Hexa2 = < east, north, northeast; east + north = northeast >

Each cell has six neighbors (following the three generators and their inverses).
The equation east + north = northeast specifies that a northeast move is
equivalent to a move following the east direction followed by a move follow-
ing the north direction.

A GBF value of type T is a partial function that associates a value to some
group elements (the group elements are the positions of the collection and the
the empty GBF is the everywhere undefined function). The topology of T is
easily visualized as the Cayley graph of the presentation of T: each vertex in the
Cayley graph is an element of the group and vertices x and y are linked by an
edge labeled g if there is a generator g in the presentation such that x+ g = y.

Figure 2 represents the final state of a DLA process, where each initially
mobile particle has been fixed. The plot at the left is the application, until a
fixed point has been reached, of the transformation dla to a Torus2. The plot
at the right is the fixed point reached by the same transformation dla to a
Hexa2. In this last simulation, particles are initially packed on the right and the
initial static particle was on the left part of the lattice. Particles are constrained
to move on a rhombus. This explains the asymmetries of the figure.

Fig. 2. Example of DLA on two different topologies: a torus (left) and an hexagonal
meshes (right)

3.3 Arbitrary Topology: DLA on Cellular Complexes

Beyond Graphs. The interaction structure of the previous examples can be ade-
quately described by a graph: two positions are connected by an edge if they are
neighbors. Sequences correspond to linear graphs and GBFs provide Cayley’s
graphs with regular connectivity. This last family of topologies is convenient to
represent regular spaces where all elementary parts have the same spatial prop-
erties, but they cannot be used for instance to model a sphere (there is no regular
graph on a sphere that corresponds to the Cayley graph of some group).
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This shortcoming motivates the development of more powerful (arbitrary)
topologies. First we would like to represent irregular meshes. However, we also
want to represent heterogeneous spaces. As an example, let consider the electro-
static laws. They depend on the geometry of the system and some values must
be associated to a dimension: the distribution of electric charges corresponds
to a volumic density while the electric flux through a surface is associated to a
surface. Note that balance equations often link these values, such as the Gauss
theorem for our electrostatic example. See also the work of E. Tonti [Ton74] for
an elaboration.

As a consequence, the interaction structure that describes a system S may
contains simplices with dimension greater than one. In general, any component
of any dimension and their interactions should appear in the description of the
system, and we should be allowed to associate some values to them.

Arbitrary Topological Collection as Cellular Complex. The right framework to
develop a topological collection type that allows the representation of arbitrary
topologies is the combinatorial algebraic topology theory.

In this framework, a topological collection is a cellular complex : a collection
of objects of various dimension called k-cell, where k is the dimension. To be
more practical, 0-cells are vertices, 1-cells are edges, 2-cells are faces, 3-cells are
volumes, etc. To build some arbitrary complex domain, the domain is divided
into a cellular partition. Each cell represents a simple part of the domain and
the cells are glued together: a k-cell c1 is incident to a (k− 1)-cell c2 if c2 ⊂ ∂c1,
where ∂c1 denotes the border of c1. This boundary relation ∂ can be used to
specify the neighborhood relationships in a topological collection: two k-cells
are neighbors if they share an incident (k − 1)-cell or if they are incident to a
same (k + 1)-cell. This definition of a topological collection is consistent with
the previous one.

G-map in MGS. There are several specializations of the notion of cellular complex.
For instance abstract simplical complex evoked in the introduction are special
cases of cellular complexes. In MGS one can use generalized map or (Gmap) [Lie91]
to build arbitrary topologies. The topological objects that can be described by
Gmaps are quasi-manifolds.

There are several ways to specify and build Gmaps in MGS. A Gmap can be
build as the result of construction operations like various products, extrusion,
suspension, pasting, gluing, etc. A perhaps simpler way is to edit manually the
Gmap in an interactive CAD tool like MOKA1 and to import the result in MGS.

The figure 3 shows applications of the DLA transformation on different kinds
of objects built with Gmaps. As a matter of fact, the change of topological
collection doesn’t affect the transformation and we still apply the same dla
transformation. In these examples, the topological collections have dimension 2
and the values are associated only to 2-cells. The 2-cells are neighbors if they
have a common edge on their boundary. In the top of the figure, only the 1-cells
are figured, and in the bottom, only the 2-cells that hold a value are represented.
1 http://www.sic.sp2mi.univ-poitiers.fr/moka/
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Fig. 3. DLA on complex objects (topology and final state). On the left: a sphere with
18 parallels and 24 meridians. On the right: a Klein’s bottle.

4 Conclusion and Perspectives

This paper only focuses on a part of the features available in MGS that can be
used to develop computer models of complex discrete dynamical systems that
are concise and mathematically well-founded. The approach has been applied
successfully to several biological processes (the growth of a tumor, the flocking
of birds, colonies of ants foraging for food, the heterocysts differentiation during
Anabaena growth, etc.) as well as more algorithmic problems (flow on graphs,
various sorting algorithms, Hamiltonian path, prime number generation, etc.).

The modeling of (DS)2 through their interaction structure is part of a long
term research effort [Gia03]. The topological approach presented here provides
a unified description of several computational models. Obviously, Lindenmayer
systems [Lin68] correspond to transformations on sequences. Chemical compu-
tation, as in Gamma [BFM01], can be emulated using transformations on bags.

There exists strong links between GBF and cellular automata, especially
considering the work of Z. Róka [Rók94] which has studied CA on Cayley graphs.
However, our own works focus on the construction of Cayley graphs as the
shape of a data structure and we develop an operator algebra and rewriting
notions on this new data type. This is not in the line of Z. Róka who focuses on
synchronization problems and establishes complexity results in the framework
of CA.

The perspectives opened by this work are numerous. From the applications
point of view, we are targeted by the simulation of developmental processes
in biology [GM03,GMM04]. At the language level, the study of the topological
collections concepts must continue with a finer study of transformation kinds.
Several kinds of restrictions can be put on the transformations, leading to various
kind of pattern languages and rules. The complexity of matching such patterns
has to be investigated. The efficient compilation of a MGS program is a long-term
research. We have considered in this paper only one-dimensional paths, but a
general n-dimensional notion of path exists and can be used to generalize the
substitution mechanisms of MGS.

The sources of the current MGS implementation, as well as several examples
and technical reports, are freely available at http://mgs.lami.univ-evry.fr.
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Abstract. Quantum Systems modeling and simulation activity is a challenging
research area. Several models and applications were proposed in the past with
different approaches. Special purposes models based on Cellular Automata
(CA) paradigm were studied as the classical CA present limits in quantum
system characterization. In this paper we derive a basic qualitative model,
according to the Cellular Automata Network Model version 2 (CAN2), for
studying and characterizing a frustrated liner JJA, showing that, when adopting
particular system conditions, the corresponding model is extremely simple, and
each component characterizing system can be easily individuated.

1   Introduction

Quantum Systems modeling and simulation activity is a challenging research area.
Several models and applications were proposed in the past with different approaches.
Special purposes models based on Cellular Automata (CA) paradigm were studied
[13] as the classical CA present limits in quantum system characterization [18]. An
example of special CA quantum models is the Quantum cellular Automata, where
each cell is a quantum dot system [13].

In this paper we deal with a particular mesoscopic quantum system: a frustrated
linear Josephson Junction Array [9,16]. These JJAs are very challenging solid-state
devices: when they are arranged according to a non-trivial geometry at low
temperatures, they develop topology order [19,20], allowing for obtaining a qubit
[7,8] protected from decoherence [6,10,12]. The JJA devices behavior is often
reproduced, according to the underlying physical system, adopting Monte Carlo
simulation and exact diagonalization methods. Here we describe our qualitative
model, for qubit above, trying to capture the main peculiar aspects for a CAN2 [4]
based model reproduction.

This paper is the first but mandatory stage towards the definition of the basic
computational building block for the simulation of an ideal quantum computer. The
choice of such a system characterization embodies an inner parallelism behavior. In
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fact the adopted CA computational model that embodies an inner data parallelism is
the inner parallelism level of a more future complex architecture built with an outer
quantum parallelism degree.

The challenging future result, which has an intrinsic difficulty, is to combine and
synchronize the parallelism levels above.

The paper is organized as follows: Section 2 deals with the phenomenological
description of the devices above; Section 3 introduces the Cellular Automata Network
v. 2 model that takes into account the classical Cellular Automata (CA) computational
model and its modification in order to be used for macroscopic complex phenomena
modeling activity; Section 4 deals with the description of a JJA model, obeying to
particular conditions, according to a CAN2 computational model; finally some
remarks and future works descriptions conclude this paper.

2   Josephson Junction Arrays (JJA): The Physical Model

Josephson junction arrays (JJA) are a very useful tool for investigating quantum-
mechanical behavior in a wide range of parameter space. In fact there exists a couple
of  conjugate quantum variables, the charge and phase ones on each superconducting
island, which results in two dual descriptions of the array [2]:
1. through the charges (Cooper pairs) hopping between the islands,
2.  through the vortices hopping between the plaquettes.

Furthermore, in the presence of an external magnetic field charges gain additional
Aharonov-Bohm phases and, conversely, vortices moving around islands gain phases
proportional to the average charges on the islands [1]. Such basic quantum
interference effects found application in recent proposals for solid state qubits for
quantum computing, based on charge [17] or phase [3,11,14] degree of freedom in
JJAs.

“Charge” devices operate in the regime

JC EE

where:

• 
C

e
EC 2

2

=  is the charging energy and cJ I
e

E
2

= is the Josephson coupling

energy;
• C is the capacitance of each island, and
• Ic the critical current of each junction;
while “phase” or “flux” devices are characterized by strongly coupled junctions with

CJ EE .

Recently new kinds of JJAs have been proposed [6,12], with non-trivial geometry,
which allow for a novel state at low temperature characterized by a discrete
topological order parameter [19,20]. In fact, the Hilbert space of their quantum states
decomposes into mutually orthogonal sectors (“topological” sectors), each sector
remaining isolated under the action of local perturbations and protected from leakage
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through a gapped excitation spectrum. If we choose the two qubit states from ground
states in different sectors we get a 2K-dimensional subspace (K is the number of big
openings in the array, in general equal to the effective number of qubits) which is
“protected” from the external noise [10]. Once the protected qubit has been
implemented, global operators must be found in order to manipulate its states. Further
steps are the implementation of non-trivial two-qubit operations and the construction
of a register of qubits. It is evident that such arrays could be promising candidates for
a physical implementation of an ideal quantum computer [7,8].

After such a brief account of general features of “protected” JJAs qubits, we focus
on the simplest physical array one can devise to meet all the above requests, that is a

ring array of N Josephson junctions with half flux quantum ( =Φ
e

hc

22

1

2

1
0 )

threading each plaquette [9,16]. The number of plaquettes must be correspond to the
number of junctions, so that each plaquette contains two junctions.

Fig. 1. JJA with N=10 junctions (0 and π) and N=10 loops in a ring geometry.

Such a condition is fulfilled when each plaquette of the ring contains an odd
number of so called π- junctions (a π- junction is characterized by a π shift in the
phase of the wave function on one side of the junction, so that the current-phase
relation is I=Ic sin(ϕ+π)), one in our case.

The array above, sketched in Fig. 1 for N=10, has a ground state twofold
degenerate with antiferromagnetic ordering as a result of currents circulating
clockwise and counterclockwise in odd and even plaquettes respectively, hence it can
be mapped into a linear antiferromagnetic chain of half-integer spins.

3   CAN and CAN2: Two CA Based Computational Models for
Micro and Macro Complex Systems Simulation

CA, in the classical model [21,22] based on a regular spatial grid of cells, each cell
embedding identical Finite Automata (FA), whose input is the states of neighboring
cells; FA have an identical transition function applied simultaneously to each cell.
The neighboring cell is defined in terms of a spatial pattern, invariant in time and
space. At the time t=0, FA are in an arbitrary state and the CA evolve changing the
state of all the FA simultaneously at discrete time steps, according to the FA transition
function.

0- junction

π- junction

boundary
condition
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The following informal properties characterize a CA:
• a regular discrete lattice of cells, with a discrete variable at each cell assuming a

finite set of states,
• an evolution law, called transition function, that takes place in discrete time steps,
• each cell evolves according to the same rule depending only on the state of the cell

and a finite number of neighboring cells; the neighborhood relation is local and
uniform.
In implementing CA applications, due to the finite storage and finite computational

power of existing machines, many choices about the components of a CA have to be
made [21]. Here we give a brief comment on possible choices regarding lattice
geometry and neighborhood size:
• lattice geometry i.e. selection of a specific lattice geometry can be one-, two- or

three-dimensional;
• neighborhood size i.e. the choice of the neighborhood type for each cell, for

instance for a two-dimensional lattice patterns as Von Neumann and Moore types
are generally used.
CA proved to be an effective computational model in simulating micro and

macroscopic phenomena, although CA are inspired by a-centrism [15] the modeling
activity of real macroscopic phenomena requires some extension of classic CA model
considering at first the following issues:
1. Dimension of the corresponding cells must be fixed in order to map the elementary

portion of the considered region area to each cell grid.
2. Clock unit must be fixed corresponding to the time step considered for each

transition function iteration
Our CA model modification, i.e. the CAN [5] model, extends the standard CA

model introducing the possibility to have a network of cellular automata, where each
automaton represents a component of a physical system and connections among
network automata represent a disjoinable evolutive law that characterizes the system
to be simulated.

The CAN model can be applied when the construction of complex phenomenon
models can be obtained by means of a reduction process in which the main model
components are identified through an abstraction mechanism together with the
interactions among components. According to the CAN model it is possible to
simulate a two-level evolutionary process in which the local cellular interaction rules
evolve together with cellular automata connections.

The first version of the model allowed to simulate phenomena composed
exclusively by CA component; a novel version CAN2 [4] extends the CAN model
allowing for the introduction of global operators as possible nodes of a CAN network.

As in CAN model, it is possible to simulate a two-level evolutionary process
according to two different transition step types: a micro transition, i.e. the cellular
automaton component step; and a macro transition, i.e. the whole time step network
evolution.

The presence of global operators is necessary when an external influence, to the
macroscopic complex phenomena, assumes a control role and allows for expressing
any mechanism that could not be expressed in terms of local interaction. Furthermore
these mechanisms could not influence the evolution of the phenomenon.

In some cases the introduction of global operators could be useful. Such cases
includes: the derivation of statistics on the system, i.e. average on global
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characteristics, or approximation accuracy, deriving approximation between the
modelled phenomenon and the real one, or global controls.

The presence of global operators, introducing another different computational unit,
allows to define a renewed CAN model [5] i.e. CAN2 [4]. The original version  limits
each component to be a a cellular automaton.

According to the network abstraction, a precedence relation must be introduced
between each component of the model if some components use variables owned by
other ones. More explicitly: a precedence relation, between a global operator and a
cellular automaton, occurs if a global operator accesses a state/s values of the cellular
automaton; or in an opposite direction a cellular automaton accesses a global variable
values, defined in a global operator. A correspondent relation can be derived between
cellular automata themselves and global operators themselves, when they access
respectively states and global variables.

A network of cellular automata can be represented as a graph, the CAN precedence
graph, Figure 2, where:
• nodes represent cellular automata or global operators, and
• edges represent precedence relations between nodes.

Let us now explain with an example the concepts above.
For instance, let N be a network composed by three nodes N1, N2 and N3; where

respectively N1, N2 are cellular automata nodes and N3 is a global operator.
Let us suppose that: N1 defines state S1, N2 defines state S2 and N3 defines global

variable g. If at each macro step the value S1 is accessed by N2 and S2 is accessed by
N3 the network abstraction, by means of a graph and its precedence relation whose
verse is depicted by the dark arrow, is shown in the following figure

Fig. 2. A CAN2 Network abstraction example

4 A Basic CA Based Model for Frustrated Linear JJA

In order to model our physical system some considerations and initialization must be
done. In particular different computational approaches can be combined to describe
the entire system.

In order to prepare the initial CA variable and parameter input values is necessary
to approach the problem according to PDE tools. For our model we choose, as an
example, an array with N=10 plaquettes/junctions; a minimum of two elements must

N1

N2

N3
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be used in order to capture all the interesting physics of such a system [9,16], but we
need a large N in order to better and better fulfill the request of a topological
protection against local fluctuations [7,8].

Subsection 4.1 deals with this issue, the following Subsection introduce the CA
basic model.

4.1   System Model Characterization

In order to obtain a high level system description some abstractions on the physical
system must be done:
• lattice grid: is a linear one with N=10 cells

• the cell dimension must be well defined in order to achieve a good system
discretization. The total length of the array L (i.e. the sum of N=10 cells) is to be
defined such that the following condition is true: L  λJ (where λJ is the
Josephson penetration length) [16], in order to meet “long” total junction
requirement;

• each cell is identified with a Josephson device node of  two junctions of
different type, regarding the cell center, identifying a right and a left side;

• boundary condition: the topology is annular
• each cell can be characterized by:

• cell labeling, to identify each array cell;
• current (we assume to stay in a stable state);
• spin features, i.e. pseudospin assuming values (-1 o 1);
• capacitance (equal for each cell);
• phase_difference, phase shift, assuming different role according to cell side

consideration, left (l) or right side (r), it will result phase_difference_r1,
phase_difference_l1, phase_difference_r2, phase_difference_l2 (where 1 and 2
are the two possible ground states);

• a frustration single sawtooth magnetic pulse B.

At the staring point the phases differences are initialized as follows:
The corresponding cell is related to the junctions as follows:

1. odd cells presents 0 junctions to its left and π type at its right
2. even cells presents π type junctions to its left and 0 at its right

At the system definition stage the mapping between cells and initial phase
differences can be assigned. In order to explain immediately this mapping we express
the relation and correspondence by means of the following table:

Table 1. Mapping between cells and phase differences

phase_difference even cell odd cell
r1 0 + π
l1 0 - π
r2 + π 0
l2 - π 0
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The phase_differences, in Table 1, obtained after a PDE resolution [16] that
involves them, are input values for the corresponding CA model and remain fixed
thorough its whole evolution.

The pseudospin state is related to the phase difference behavior: in correspondence
to well defined phase difference scheme pseudospinup and pseudospindown are
expressed as in the following two tables, table 2 and table 3, for even and odd cells
respectively:

Table 2. Mapping for even cells

phase_diff pseudospinup pseudospindown
r1 and l1 0 and + π X

r2 and l2 0 and - π X

Table 3. Mapping for odd cells

phase_diff. pseudospinup pseudospindown
r1 and l1 + π and 0 X

r2 and l2 - π and 0 X

This is the initial pseudospin configuration, according to the phase differences
above.

4.2 A Basic CA Definition for the System Evolution

According to the consideration in the previous subsection, now we give a formal
definition in terms of a CAN2 representation for the basic linear JJA system, under
study, as follows:

<R,X,S,G,P,Pvar,f,g>

• R = {x| x ∈N} is the set of integer points in the finite region, the array, when the
system evolves; each point identifies a cell. The lattice grid: is a linear array of
with N=10 cells.

• X, is the neighborhood set, when it occurs the set includes {x –1,x +1} for each
cell x.

• S=S1×S2×S3×S4 is the set of state values; it is specified by the cartesian product of
the finite sets of values of the three following substates respectively :
• Pseudo_S pseudospin assuming (-1,1) values,
• Mp magnetic pulse for each cell, fixed and invariant for each macro time step.
• LABEL cell label to identify the cell, corresponding to a monotonic

enumeration for all cells,  itself invariant for each  time step.
• FLIP flip state to register if pseudopspin flipping taken.

• G is the set of global variables Btot is the total applied magnetic pulse.
• P is the finite sets of global constant parameters:

• I current inside the cell
• C capacitance
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• Pvar is the finite set of CA component variables:
• STEP is the step iterator useful to trigger the evolution.

• f :S→ S is the deterministic state transition for determination of the pseudospin
state and values.

• g: S2→ G expresses the global operator which controls the total magnetic pulse
applied on the system.

In view of the implementation of a system protected form decoherence (see  Section
2) boundary condition topology is annular.

In order to have a transition between the two ground states the magnetic pulse
period must be related to the CA time step; we have two possibilities:
1. the CA time step is equal to the pulse period, in order to capture the maximum

pulse value;
2. the CA time step can be arbitrary, but a pulse value threshold must be chosen.

The first solution is more simple, we adopt this, with a modification.
The flipping procedure between the input and output states implements a tunneling

between two ground states which correspond to the physical processes of creation and
annihilation of fluxon-antifluxon pairs. In general for N cells, (N\2) double flips are
needed to switch from |0> to |1> . In the quantum regime such tunneling processes

Global operator procedure:

CA transition function:

Fig. 3. The JJA system components according to a CAN2 vision.

Function Transition CA
Begin
STEP=STEP+1
If Mp(i)>0
   IF (FLIP =0 and
    (LABEL mod 4)=0 or
        (LABEL mod 4)=1))
     IF (Pseudo_S= -1 and

THEN Pseudo_S = 1
  

     ELSE
Pseudo_s = -1

     EndIF
    ELSE
       IF (FLIP =0  and
           (FLIP (i-1)= 1 or

FLIP(i+1)=1)
           IF (Pseudo_S= -1 and

THEN Pseudo_S = 1
        ELSE

Pseudo_s = 1
      EndIF
  CALL Function Transition CA

until STEP not = 2
  EndIF
EndIF

Operator PULSE
Begin
Btot:=0
For i:=1 to N
  Btot:=Btot+Mp(i)
EndFor
If Btot < N*Mp(1)

error
EndIF
End
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display (N\2)! paths along they can occur. For this reason we choose to use a double
step for the CA transition component, with each time step equal to the half of the
single sawtooth magnetic pulse period.

The CA component has, as initial condition, the pseudospin configuration obtained
in the precedent stage (cfr. Subsection 4.1) since the pseudospin configuration must
obey to an antiferromagnetic arrangement and flipping state is zero.

At the initial time, our device is in a steady state, in one of the two possible ground
states.

Each parameter is fixed, also the LABEL values are fixed for all transition steps,
but the variable STEP is initialized to each macro step T.

The transition function takes into account coupling factor, adding an external
frustration, as a single sawtooth magnetic pulse acting on each lattice cell.

The system transition is assumed to be composed by a global operator application
followed by a transition function:

F : S×G×P×Pvar → S×G×Pvar that is the composition of the global operator and
transition function of the cellular automata component twice applied.
Let us now describe the system transition, expressed in pseudocode, for the global
operator and the transition function as sketched in the boxes of the figure 3.

The net result is the NOT-operator.

5   Conclusions and Future Work

In this paper we describe the first step in building up a model, using the CAN2
computational model, for an elementary “protected” solid state qubit. The adopted
boundary conditions allow for obtaining a well defined elementary device: two stable
degenerate ground states and the transition between the two ground states. The net
result is the NOT operation problem of controlling the amplitude and the relative
phase of the superposition between the two ground states will be addressed in a future
work. This is the basic building block for the implementation of an ideal quantum
computer. For the future we plan to study and simulate the aggregation mechanisms
between such basic blocks via CAN2 approach (basic quantum logical gates).
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Abstract. This paper reports an efficient compression technology for
voice data. It is developed around Programmable Cellular Automata
(PCA) structure. The program executed on PCA is so designed that it
ensures high speed transmission of voice data with desired level of secu-
rity (encryption). Further, the regular and local neighborhood structure
of CA is employed to design high speed low cost implementation of the
encompression (encryption + compression) scheme. Comparison with
standard GSM (Global System Mobile) technology, in respect of com-
pression ratio, the quality of D’encompressed voice data and the quality
of security attained, confirms high potential of the proposed scheme.

1 Introduction

The user community of this cyber age are concerned due to hacker’s intrusion
into their private messages transmitted as voice data over the public network.
Further, the growth of channel bandwidth will always lag behind the demand for
transmission of larger volume of voice data from the user community. Efficient
and secured voice data transmission demands due attention on following areas:

– an efficient compression technique to reduce the data rate at source,
– an encryption scheme to ensure secured transmission, and
– low cost high speed execution of both the operations.

In this context, we propose an integrated technology referred to as ENCOM-
PRESSION supporting both ENcryption and COMPRESSION. The objective
of this new technology is to ensure high speed secured transmission of voice data
with low cost hardware. The major contributions of this research work are:
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– design of a compression technology for voice data with additional support of
security referred to as encompression,

– achieving high speed encompression through hardware implementation,
– design of a VLSI architecture that executes a program on a regulars structure

Programmable CA (PCA), to realize the encompression operation.

The compression ratio and quality of encompressed/d’encompressed data are
comparable to that of GSM [1], while the security of encompression is comparable
to Advanced Encryption Scheme (AES) [2]. An overview of the scheme follows.

2 Overview of Voice Data Encompression

A voice data file, to be compressed, is input in bit serial mode (Fig.2). It is
then transformed by DCT (Discrete Cosine Transform) [3]. The transform co-
efficients are encoded with Cellular Automata (CA) based lossy compression
technique (Stage 1). The compressed data enters in streaming mode to Stage 2
and a block (of size same as that of encryption key ’k’) gets encrypted with CA
based Cryptosystem (CAC). In order to recover the original data, at the receiver
end, the encompressed data is first decrypted at Stage 3 and then decoded in
Stage 4. The original voice data file is reconstracted through inverse DCT.
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2.1 Compression

In the current implementation, the voice data is transformed into frequency do-
main by DCT. The (lossy) compression of DCT co-efficients is obtained through
Vector Quantization (VQ) [4] model. The major components of VQ are -

– An encoder to encode each block of input file with index of a codevector,
– A decoder that retrieves back the representative block from the codebook.

The encoder, as shown in Fig. 1, takes an input vector and outputs the index
of the corresponding codevector. The index of the codevector is then sent to
the receiver. The decoder, on receiving this index file, replaces each entry with
the associated codevector found from the codebook kept in the receiver site.
However, the VQ scheme has the inherent drawbacks- difficulty in the generation
of codebook to ensure high compression ratio, the high processing overhead at
encoding stage.

The proposed CA based design is targeted to overcome the above limitation
of VQ. In the current design, rather than developing general compression scheme
for any arbitrary class of data files, we concentrate on developing the compression
scheme for a specific class of data - that is, voice data. It reduces the problem of
designing efficient codebook. We design CA based hierarchical clustering scheme
to model the compression operation at each node of VQ binary tree. A set of CA
organized as a binary tree is generated. The tree is equivalent to the traditional
codebook of VQ in the sense that the centroid of a leaf node cluster represents
a codevector.

2.2 Encryption

The encryption process employs a series of reversible CA transforms on the com-
pressed data to arrive at the encompressed data file. Four levels of CA transforms
are employed to achieve the desired level of security [5,6]. The operations of CA
based voice encompression are realized with a PCA program (Section 5). The
architecture is shown in Fig. 3. The CA theory relevant for the work follows.
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Fig. 4. State transition diagram of a 5-cell MACA < 102, 60, 204, 204, 170 >.

3 Cellular Automata (CA)

In a 3-neighborhood dependency, the next state qi(t+ 1) of a CA cell ’i’ depends
on itself and on its left and right neighbors, and is denoted as

qi(t+ 1) = fi(qi−1(t), qi(t), qi+1(t)). (1)

qi(t) represents the state of the ith cell at tth instant of time. ‘fi’ is the next
state function, called rule Ri. There are 223

i.e., 256 possible rules. Out of 256
rules, 14 employ XOR/XNOR logic. The CA employing only such rules is called
linear/additive CA. In CA based Cryptosystem (CAC), we use reversible lin-
ear/additive, and non-linear CA. However, for CA based model of VQ we employ
a non-reversible linear CA referred to as MACA.

3.1 Multiple Attractor CA (MACA)

An MACA consists of a number of cyclic and non-cyclic states. The set of non-
cyclic states forms trees rooted at the cyclic states. A cyclic state with self loop
is referred to as attractor. Fig. 4 depicts the state transition diagram of a 5-
cell MACA with four attractors {00000(0), 00011(3), 00100(4), 00111(7)}. The
states of a tree rooted at the cyclic state α forms the α-basin. A few fundamental
results of MACA are next noted from [7,8].

Defnn: An m-bit field of an n-bit pattern set is said to be pseudo-exhaustive if
all possible 2m patterns appear in the set.

Theorem 1. In an n-cell MACA with k = 2m attractors, there exists m-bit
positions at which the attractors generate pseudo-exhaustive 2m patterns.

Theorem 2. The modulo-2 sum of two states is a predecessor of 0-state (pat-
tern with all 0) if and only if the two states lie in the same attractor basin.
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Example. Consider an attractor {00011} and the states {01010, 01011} of the
attractor basin. The module-2 sum of the two patterns is {00001} which is
a state of 0-basin (Fig. 4).

If a pair of patterns (P,P̃) fall in a basin of an MACA, the pattern P ′(= P ⊕P̃)
falls in the 0-basin Theorem 2. P ′ is the hamming distance between P & P̃.

3.2 MACA for Pattern Clustering

An n-bit MACA with k-attractors can be viewed as a natural cluster (Section
3.1). It distributes a given set of patterns into k distinct groups. The MACA of
Fig. 4 can be employed to classify patterns into two clusters. Cluster I is repre-
sented by the attractor basins {00100 and 00111} while Cluster II is represented
by rest of the basins {00000 and 00011}. As per Theorem 1, the PEF identifies
the cluster of a pattern uniquely. The PEF yields the address of the memory that
stores the cluster information. Therefore, Cluster I attractors yield the memory
addresses {10, 11} while cluster II is identified by the memory addresses {00,
01} (Fig. 5). If the MACA is loaded with an input pattern P and allowed to run
for a number of cycles equal to its depth, it traverses through a number of states
and finally reaches to an attractor state. The PEF of that attractor points to
the information related to the cluster P belongs to.

3.3 MACA for Modelling the Conventional Codebook

The MACA based hierarchical clustering technique and the associated hierar-
chical MACA tree structure (Fig. 6) model a conventional codebook. Each leaf
node of the MACA tree represents a cluster of elements - the centroid of this
cluster represents a codevector. Binary search for an input vector in the code-
book is implemented with the traversal of MACA tree, as illustrated in Fig. 6,
till it hits a leaf node. The leaf node represents the best match for the input.
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4 CA Based Voice Compression

The MACA based hierarchical clustering scheme is used to design the codebook
for lossy compression of voice. The design consists of two steps - design of training
set, and generation of codebook.

Training Set: The training set for lossy compression i.e., the ‘Wave’ files,
contains discrete signal value recorded at a sampling frequency of 8KHz. A set
of such files are recorded from different speakers. The DCT co-efficients of these
sample files, represented as 32-bit floating point numbers, form the training set.
Codebook Generation: Let us consider a codebook is to be generated for the
four clusters S0, S1, S2 and S3 from a training set C0 = {{S0}, {S1}, {S2}, {S3}}.
At the first level, we generate two clusters C1 = {{S0}, {S1}} and C2 =
{{S2}, {S3}} from C0. An MACA (MACA0) is designed to classify the patterns
of C1 and C2. The similar process is next repeated for C1 and C2 to generate
four clusters {S0}, {S1} and {S2}, {S3} employing two MACA - MACA1 and
MACA2 (Fig. 7). A leaf node Si of the MACA tree is represented by the cen-
troid Ṕi ∈ Si of cluster Si. The MACA tree of Fig. 7 is equivalent to binary VQ
tree, representing a codebook.

For test case, we need to identify the codebook entry (i.e., the codeword)
closest to the given vector Ṕi. At the first stage, the MACA0 is loaded with
Ṕi and allowed to run. It returns the desired cluster C1 or C2. In next level,
MACA1 or MACA2, depending on the results of first stage, is loaded with Ṕi

to output the desired cluster Si and its centroid. The path traversed in MACA
tree generates a binary bit string, 0 for left and 1 for right at a node of the
tree. For example, 00 represents the leaf node S0 (Fig. 7). This bit string is the
compressed data.
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Table 1. Comparison of CA based Voice Compression and GSM

Name of Compression Ratio SNR (db) PSNR (db) NRMSE
Voice file CA GSM CA GSM CA GSM CA GSM

1.wav 5:1 5:1 10.52 9.13 17.41 14.15 0.30 0.35
2.wav 5:1 5:1 10.43 7.74 17.05 13.25 0.30 0.41
3.wav 5:1 5:1 11.58 8.31 19.13 13.18 0.26 0.38
4.wav 5:1 5:1 11.64 8.79 19.30 13.57 0.26 0.36
7.wav 5:1 5:1 11.49 6.98 18.85 12.68 0.27 0.45

Table 2. Comparative Study of Differential Cryptanalysis for CAC/DES/AES

Input file Avg. Std. Devin of Avg. Std. Devin of Avg. Std. Devin of
size (MB) XOR distributions XOR distributions XOR distributions

for CAC (%) for DES (%) for AES (%)
1 4.36 31.95 4.2
2 4.30 30.03 4.0
4 4.26 29.05 3.63
6 4.17 28.24 3.62
20 3.59 27.67 3.24

For the experimentation, we have taken samples of 10 male speakers to form
the training set. Voice data of 7 other male speakers are used to test the perfor-
mance of our scheme. A comparison with the GSM [1] algorithm based design
in terms of quality of the reconstructed voice, compression ratio, Signal to Noise
Ratio (SNR) [9], Peak Signal to Noise Ratio (PSNR) [10] and Normalized Root
Mean Square Error (NRMSE) [11] are reported in Table 1. The columns heading
’CA’ notes the results of CA based compression scheme, and the heading ’GSM’
refers to the performance of GSM. The results of in Table 1 establish that the
CA based voice compression achieves higher SNR and comparable speech quality
as that of GSM.

5 CA Based Cryptosystem

The details are reported in [6]. A brief overview along with its refinement over
that represented in [6], is next provided.

The first level of encryption is a linear transform of the input key and also
on plain text, the later one being implemented by rotating each byte of the
token. At the second level, an affine transform is introduced with an additive CA
[7]. A non-affine transformation is next implemented by employing a non-linear
reversible CA [5,6]. Finally, a linear transform (XOR operation) is employed.

The experimental results of Differential cryptanalysis and Shannon’s Security
Quotient for CAC with the AES [12] and DES [13] are shown in the tables 2 and
3. The results establish that the security level of CAC is better than DES and
comparable to AES. Further, the CAC executes faster than the AES (Table 4).
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Table 3. Comparative study of Shannon’s Security Quotient for CAC/DES/AES

Input file Shannon’s Security Shannon’s Security Shannon’s Security
size (MB) Quotient (ϑ) Quotient (ϑ) Quotient (ϑ)

of CAC (%) for DES (%) for AES (%)
2 14.1605 14.2374 14.2345
3 11.5527 11.5531 11.5706
7 7.5640 7.9141 7.6014
8 7.1182 7.1468 7.7046
15 5.2097 5.3157 5.5552

Table 4. Comparison of execution time of software version of CAC and AES

Input file AES CAC
size (MB) (in Sec) (in Sec)

1.06 1.01 0.47
2.78 2.52 1.20
4.46 4.20 2.07
7.68 8.67 4.21
23.76 29.53 14.61
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Encompressed Data

and

n bit Input Key

Fig. 8. Architecture of Encompression decoder

6 VLSI Implementation of Encompression Function

The proposed architecture for Encompression, encoder and decoder, are shown in
Fig. 3 and Fig. 8. The basic unit of the encoder is Programmable CA (PCA). The
encompression function is incorporated in the program stored in the programmed
memory. The programmed instruction has the following structure:

– <CA rule vector (Field 1)>, <Number of clock cycles (Field 2)>, <Optional
tag field (Field 3)>

The PCA configured with the rule vector (Field 1) runs the specified (Field
2) number of clock cycles. The optional field controls the program flow exe-
cuting conditional branch. A complete Encompression Program is stored in a
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Fig. 9. Universal Programmable CA (UPCA)

programme memory. Each Programme instruction is implemented with the pro-
posed architecture of UPCA (Universal PCA, Fig. 9). A UPCA can be configured
with a given rule vector as a linear, additive, and non-linear CA. To execute a
program step, the UPCA is configured by the rule vector specified in Field 1 of
Programmed instruction. One bit index buffer (Fig. 3) is used to implement the
MACA traversal. When the traversal follows next path, the bit value is pushed
into the index register. We implement Control Block that generates signals to
read the program from memory, to configures the UPCA, and run it for specified
cycles.

7 Conclusion

This paper presents a CA based encompression technology of voice data. It en-
sures efficient transmission of voice data with desired level of security. The mod-
ular and cascadable structure of CA provides low cost high speed execution. A
hardware architecture has been proposed for VLSI realization of encompression.
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Abstract. In the present work, we describe a fast Motion-Planner for
Mobile Robots. Considering robots moving with smoothed trajectories on
variable terrains, we have developed an algorithm based on an anisotropic
propagation of attracting potentials on a non-Euclidean manifold. The
optimal collision-free trajectories are found following the minimum val-
ley of a potential hypersurface embedded in a 4D space. The planner is
very flexible: it can be use on a wide class of vehicles with different kine-
matics and with generic shapes. Because of the latest property, it is also
applicable to plan the movements of generic objects (e.g. in assembly
workstations in manufacturing industry) as in Piano Mover’s problem.
Thanks to the underlying Multilayered Cellular Automata (MCA) archi-
tecture, it is a distributed approach. This planner turn out to be very
fast, allowing to react to the dynamics of the world, evolving toward new
solutions every time the environment changes without to be re-initialized.

1 Introduction

The work presented in this paper concerns Mobile Robots Path-Planning ex-
ploiting Multilayered Cellular Automata. The Path-planning problem is very
important to drive mobile robots avoiding the collisions with obstacles. In our
work, we consider robots with different types of kinematics. The realization of
a path-planner able to face with different types of motion is quite problematic.
Another difficulty arise from the shape of the robot. When a robot moves around
obstacles, its real shape and size must be considered to avoid collisions. Most of
the work in literature handle this problem substituting the real shape with an
equivalent shape, most of the time a circular hull enveloping the robot silhouette.
This solution increases the space occupancy of the robot and it is feasible when
the robot moves in wide spaces, but not in very cluttered environments. A further
complication derives from the space geometry in which the robot is situated. In a
flat world, as office-like structured environments, the geometry is quite simple: it
is a planar surface (Euclidean 2D space). We want to face different situations, as
motion on natural terrains, where the Euclidean metrics is no longer applicable.
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This has an important consequence on the evaluation of the trajectory length,
and on the optimality of the solutions: the metric changes from point to point
and must be evaluated locally. During the last twenty years, many authors have
proposed different solutions, based on geometrical descriptions of the environ-
ment (e.g. [7,8]). In the eighties, Khatib in [4] first introduced a new method for
the collision avoidance problem in a continuous space for a 6 DOF manipulator
robot. This alternative approach is less precise, but more efficient: the Artificial
Potential Fields Methods. Jahanbin and Fallside introduced a Wave Propagation
algorithm in the discretized Configuration Space (C-Space) (Distance Transform
[3]). Barraquand et al. in 1992 [2] used the Numerical Potential Field technique
on the C-Space to build a generalized Voronoi Diagram. Zelinsky extended the
Distance Transform to the Path Transform [12]. Pai and Reissel in [10] intro-
duced a Motion Planning algorithm on multiresolution representation of terrains
using wavelets. The path finding is based on a variation of Dijkstra’s algorithm
on a regular 2D lattice. In [5], the authors presented a Path-Planner for outdoor
terrain based on the Control Theory and the technique of random trees (RRT).
These methods are very precise, but the performances do not allow to use them
on real-time systems (about 15 sec to get a path). We used CA as a formalism
to merge the grid model of the world (Occupancy Grid) with the C-Space of a
robot and Numerical (Artificial) Potential Field methods, with the aim to find
a simple and fast solution for the path-planning problem for mobile robots with
different kinematics. This method uses a directional (anisotropic) propagation
of distance values between adjacent automata to build a potential hypersurface
embedded in 4D space. Using a constrained version of the descending gradient
on the hypersurface, it is possible to find out all the admissible, equivalent and
shortest (for a given metric of the discretized space) trajectories connecting two
configurations of the robot C-Space.

2 Problem Statements

One of the most important types of world models is the Configuration Space [6,
8]. The C-Space C of a rigid body is the set of all its configurations q (i.e. poses).
If the robot can freely translate and rotate on a 2D surface, the C-Space is a 3D
manifold R

2×SO(2). It can be modelled using a 3D Bitmap GC (C-Space Binary
Bitmap), a regular decomposition in cells of the C-Space, represented by the
application GC : C →{0, 1}, where 0s represent non admissible configurations.
The C-Potential is a function U(q) defined over the C-Space that ”drives” the
robot through the sequence of configuration points to reach the goal pose [2]. Let
us introduce some other assumptions: 1) space topology is finite; 2) the robot
has a lower bound on the steering radius (non-holonomic vehicle). The latter
assumption introduces important restrictions on the types of trajectories to be
found.

Cellular Automata are automata distributed on the cells of a Cellular Space
Z

n (a regular lattice) with transition functions invariant under translation:
fc (·) = f(·),∀c ∈ Z

n, f (·) : Q|A0| → Q, where c is the coordinate vector iden-
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tifying a cell, Q is the set of states of an automaton and A0 is the set of arcs
outgoing from a cell to the neighbors. Robot Path-Planning Problem can be
solved with CA in a quite simple way: every cell of the C-Space Bitmap GC is an
automaton of a CA. The state of every cell is a vector that contributes to build
the C-Potential U(q) through a diffusion mechanism between neighbor cells.
The trajectories are found following the minimum valley of the surface U(q).
We used a Multilayered Cellular Automaton [1], where each layer corresponds
to a subset of the state vector components. Each subset is evaluated in a single
layer and depends on the same attribute of the neighbor cells in the same layer
and depends also on the states of the corresponding cell and its neighbors in
other layers. In the following section, we describe each layer and the transition
function implemented in its cells.

3 Architecture Overview

The Motion-Planner is organized in two major subsystems: an Input Subsystem
and an Output Subsystem (Fig. 1.a). They are subdivided in 6 sublayers (4 + 2),
some of them are statical and others evolve during the time. The Input Subsys-
tem is thought as an interface with the outside environment. Its layers have to
react as fast as possible to the ”external” changes: the robot starting pose, the
robot goal pose, the elevation map of the terrain and, the most important, the
changes of the environment, i.e. the obstacles movements in a dynamic world.
The first three layers (Starting Pose L., Goal Pose L. and Terrain L.) are consid-
ered statical, because they are update from the outside at a very low frequency
(lower than the internal updating frequency); the Obstacles L. is also updated
externally, but it evolves testing the movements admissibility as described in
section 3.1. In Fig. 1.a, are shown the functional dependencies between layers,
and the layers updating order, while in Fig. 1.b, the conceptual hierarchical
structure. The Output Subsystem returns the results of the planning, that is the
complete set of trajectories from the Path Extraction L., or a single motion step
from the Attraction L.

3.1 Terrain Layer and Obstacles Layer

The Terrain Layer contains the description of the surface on which the robot
navigates. It is an elevation map, discretized in correspondence to the cells of
the workspace. We consider only 2D continuous (C1) manifold embedded in a
3D Euclidean space (e.g. Fig. 2.a). On the terrain are placed obstacles the
robot has to avoid. The Obstacles Layer is used to map both the obstacles
and the environmental boundary (Fig. 2.b); the combination of the two layers
is shown in Fig. 3. In Regular Decomposition world models, the obstacles are
decomposed in cells full or empty (Occupancy Grids) and the robot is often
represented as a point (the robot cinematic center) moving from one free cell to
a neighbor free one. To take into account of its real extension, the well-known
technique of enlarging the obstacles by a given quantity (the robot maximum
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a) b)

Fig. 1. Layers Architecture: a) layers dependency graph; b) layers hierarchical structure

a) b)

Fig. 2. A simple example of: a) Terrain Layer; b) Obstacles Map Layer

Fig. 3. Combining Terrain and Obstacles Layers
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radius) can be used [7]. An anisotropic enlargement [7], i.e. a different obstacle
enlargement for each robot orientation, would solve only partially the problem for
asymmetric robots: counter-examples can be found where the robot still collides
with obstacles due to the sweeping of its silhouette between two consecutive
poses (Fig. 4.c). We adopted a different and more precise approach [9] to address
this problem, defining a set of admissible robot movements in every cell. The
admissibility of each move is influenced: 1) globally, by the specific kinematics of
the robot; 2) locally, by the vicinity of an obstacle and by the robot shape. The
attribute evaluated in this layer (Obstacles Attribute) is a boolean: Obstc(θ, μ) ∈
{True, False}, representing the admissibility of each move in each robot pose.
Therefore, it is a 4D CA and the transition function is an application: M ×R

2×
SO(2)→ {True, False}.

Obstc(θ, μ, t+ 1)=
{
False if ∃a ∈ Ac(θ, μ) : isObstacle(c+ a) ∧ (c+ a) ∈ GC
Obstc(θ, μ, t) otherwise (keep the previous value)

(1)

∀t > 0,∀c ∈ GC,∀θ ∈ D,∀μ ∈ M , where Ac is the neighborhood of the cell c
(e.g. in Fig. 4.d).

a) b) c) d)

Fig. 4. Silhouette sweeping: a-b) expanded obstacle (hatched) for two robot orien-
tations; c) a counter-example due to a coarse discretization of the orientation; d) a
motion sweeping silhouette/cell neighborhood (hatched cells)

As a matter of fact, this layer is decomposed in sublayers, one for each robot
orientation and move: it is itself a Multilayered CA on a 2D domain (the space
R

2 of positions), as previously shown in Fig. 1.b. It is a particular CA also for
another reason: each sublayer has a non-standard fixed architecture [11], i.e. the
neighborhood does not have the standard square shape. Its shape reflects the
motion silhouette of the robot during a movement (sweeping) as in the example
of Fig. 4.d. In Fig. 5 is shown the evolution of this layer for a rectangular robot
moving in the Occupancy Map of Fig. 3. The grey levels are proportional to the
number of admissible moves, ranging from white (all moves are admissible) to
black (no move).
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Fig. 5. An example of the Obstacles Layer evolution for a rectangular Robot of Fig. 3.a

3.2 Attractive Potentials Layer

This is the core of the entire Path-Planning Algorithm. The Attraction to Goal
Layer is defined as: Attrc(dout) ∈ N

8. It is a vector of eight values correspond-
ing to the eight main directions. It represents the integer distance of the cell
c from the Goal cell when the robot moves with the dout ∈ D direction along
a collision free path. It is a digitalized representation of the C-Potential func-
tion U(q) defined on the C-Space Bitmap. To evaluate the path length, we have
introduced a set of costs (called metric) for the basic robot movement: (for-
ward, forward diagonal, direction change, stop, rotation, lateral, backward, back-
ward diagonal). These basic movements are combined in different ways to obtain
different robots kinematics. It is not a metric in the mathematical sense: it has
been called metric because it defines the procedure to evaluate the trajectory
length in the space. The robot can be subjected to non-holonomic constraints,
therefore not every movements can be done (e.g. car-like vehicle). To face with
different kinematics, we have introduced a subset of admissible moving directions
D′(c, d) ⊆ D depending on the robot position (cell c) and orientation d compiled
off-line on the base of the robot kinematics. Given the configuration (c, d), the
robot can arrive with a move μ to a configuration (γ, δ),∀γ ∈ I ′

c(d),∀δ ∈ D′(γ, d),
where I ′

c(d) ⊆ Ic is the subset of neighbor cells reachable from the configuration
(c, d), andD′(γ, d) ⊆ D is the subset of admissible orientations at the destination
cell. The transition function is defined as follows:

Attr (c, d, t+ 1) =

⎧⎪⎪⎨⎪⎪⎩
1 if c = goal cell ∧ d = final direction
MinAttr (c, d, μ, t) if ∃μ ∈M : ¬Obstμ (c, d, t)∧

∧ Attr (c, d, t) �= MinAttr (c, d, μ, t)
Attr (c, d, t) otherwise

(2)

∀t > 0,∀c ∈ GC,∀d ∈ D, where:
MinAttr(c, d, μ, t) = min∀μ∈M {Attr (γ(μ), δ(μ), t) + Costμ (c, d)} and
Costμ(·, ·) is the length/cost of the move μ from the current configura-
tion (c, d) to the next configuration (γ, δ), and Obstμ (c, d, t) is the admissibility
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value of the same move generated in the Obstacle Layer. Changing the metric
(movement costs), we can realize robots with different types of kinematics.
For example, the kinematics (2, 3, 1, 0,High,High,High,High) emulates a car-
like kinematics moving only forward (Dubin’s vehicle), while the kinematics
(2, 3, 1, 0,High,High, 2, 3) emulates a common car-like kinematics moving also
backward (Reed’s and Shepp’s vehicle). A robot also translating in any direction
(omnidirectional) has a kinematics like: (2, 3, 1, 0, 1, 2, 2, 3). Two main properties
can be demonstrated: the termination of the propagation and the absence of
local minima. The later property is very important: it is possible to achieve the
goal (the global minimum) just following the negated gradient vector without
stalling in a local minimum. The cost function Costμ(·, ·) up to now was
depending exclusively on the move μ (cost(μ)). The admissibility of the move
μ was depending only on the robot pose (c, d), because of the presence of the
obstacles distributed around the robot. This is correct on a flat environment
(Euclidean space), where the distance between cells does not depend on the
position (the space metric is constant), but it is not correct any more for variable
terrains, where there is a vertical component too. In this case, the cost must
depend on the 3D distance between points on the surface, i.e. on the difference
of elevation between two consecutive positions: it is necessary to include the
gradient of the surface in the cost function. To make a fast computation, it
is usual to approximate the gradient value with the absolute difference, thus
obtaining: Costμ(c, d) = cost(μ)+ | Elev(c, d) − Elev(γ(μ), δ(μ)) |, where the
first term is the horizontal component and second is the vertical component of
the displacement. The graphical representation of the potential hypersurface
(4D) built over the terrain surface is quite difficult. To realize its aspect, we
must project it from the 4D space to a 3D space, obtaining the skeleton laying
on the hypersurface, which gives an approximate idea of its topology [9]. This
skeleton is a tree, with the root in the goal cell, and where the links are the
admissible robot movements that connect one cell to each other.

4 Algorithm Properties

This algorithm has the advantage of being computable in an asynchronous way:
there is no specific evaluation order of the cells in each layer. Another important
property is related to the consistency of the solution found. For a given terrain
surface, the solution found (if it exists) is the set of all shortest paths that connect
the starting cell to the goal cell. The CA evolution can be seen as a motion from
one point to another point of the global state space until an optimal solution is
reached. This is a convergence point for the given problem or a steady global
state. If we make some perturbations, such as changing the environment (e.g.
moving an obstacle) or changing the goal cell, then the point becomes unstable
and the CA starts to evolve again towards a new steady state, finding a new set
of optimal trajectories. This property is called Incremental Updating. The CA
spontaneously evolves to a new steady state from the previous one, without to
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a) b)

c)

Fig. 6. An example with a car-like kinematics: a) Attraction Potentials Hypersurface
(3D skeleton); b) Paths projected on the 2D robot workspace; c) Trajectories on the
elevation map

be reset and re-initialized, therefore realizing a Reactive Path-Planner : a path-
planner that reacts to external changes.

5 Experimental Results

We have generated some synthetic elevation maps and introduced an obstacle
distribution to observe the algorithm behavior. An interesting property of this
algorithm is the simultaneous computation of trajectories from more than one
starting position. We exploit this property to show multiple problems in the same
environment. In the example of Fig. 6, the terrain has a group of three ”hills”
in the middle, and we consider five different starting points of the robot and one
goal (bottom-left). From any position, the robot tries to move around the hills,
unless the shortest path is to pass over the hills (in any case, at the minimum
elevation). In Fig. 7 an U-shaped robot, with omnidirectional kinematics, has to
be inserted around an obstacle, with three possible starting positions. To avoid
obstacle collision, it has to maneuver around the obstacles in the narrow passages
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a) b)

c)

Fig. 7. An example with an omnidirectional kinematics: a) Attraction Potentials Hy-
persurface (3D skeleton); b) Paths 3D Skeleton; c) Paths projected on the 2D robot
workspace; d) Trajectories on the elevation map

to arrive correctly aligned to the final position. In this case, the problem is quite
constrained due to the obstacles next to the goal, and quite close to each other.

The performance tests, carried out with an Intel Pentium IV 2.26 GHz PC,
gave the following results: 0.18 s (Fig. 6); 0.89 s (Fig. 7). These mean times
are evaluated over 100 iterated experiments for each problem and include the
initialization phase of each test. The complexity of a path-planning algorithm
is always strictly related to the obstacles distribution. It is quite impossible
to evaluate it because of the huge number of possible situations. We can find
only a good upper-bound estimate. In the worst cases, the longest paths cover
nearly 1/2 of the total number of cells N of the Workspace Bitmap, and require
nearly 2N

2 N cells updates to be computed. Thus a realistic upper-bound of the
complexity is O(N2). Taking into account the obstacles enlargement, the result
is even better since the number of free cells is lower.



A MCA Motion-Planner for Mobile Robots with Generic Shapes 277

6 Conclusions

In this paper we have described a solution to the Path-Planning Problem for a
Mobile Robot with a generic shape (user defined) with a generic kinematics on
variable (regular) terrains with a Cellular Automata approach. Some properties
of this work can be highlighted: 1) CA is a good formalism when Decomposi-
tion Models (as Occupancy Grids) are used to represent the environment; 2) it
is complete: it generates all the collision-free trajectories (or determines if no
solution exists); 3) the algorithm is quite flexible and can be used with different
types of kinematics (just changing a set of weights) and with robots of different
shapes on variable terrains; 4) it is reactive: it is fast enough to allow an incre-
mental updating of the trajectories every time environment changes are detected
by the sensors.
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Abstract. Laser dynamics is traditionally modeled using differential
equations. Recently, a new approach has been introduced in which laser
dynamics is modeled using two-dimensional Cellular Automata (CA). In
this work, we study a modified version of this model in order to simulate
the dynamics of pulsed pumped lasers. The results of the CA approach
are in qualitative agreement with the outcome of the numerical integra-
tion of the laser rate equations.

1 Introduction

A laser device generates or amplifies electromagnetic radiation based on the
phenomenon of stimulated emission. It is basically composed of:

1. A laser medium: an appropriate collection of atoms, molecules, ions or a
semiconductor crystal (we will refer to these elements in general as ”atoms”).

2. A pumping process that excites electrons from those atoms to upper energy
levels, due to some external electrical, optical or chemical energy source.

3. Optical feedback elements that reflects repeatedly the radiation beam into
the laser medium (in a laser oscillator), or allow it to pass only once through
it (in a laser amplifier).

The working principle of laser is stimulated emission: an excited atom can
decay to a lower state stimulated by the presence of a photon with energy equal
to the difference between the two energy levels, emitting a second photon with
the same frequency and propagating in the same direction. The process of ab-
sorption has the same probability, so stimulated emission dominates only when
a population inversion is induced in the material by some pumping mechanism.

A simplified but still realistic model of many real lasers is the four-level laser
system shown in Fig. 1. The population dynamics of a laser (the variation with
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Fig. 1. Schematic view of a four-level laser system.

time in the number of laser photons and in the population inversion, or number
of electrons in the upper laser level minus the number of electrons in the lower
laser level) is usually described as a system of coupled differential equations
called laser rate equations.

The rate equations can be put in its simplest form in the case in which
the life times of electrons in levels E1 and E3 are negligible compared to the
life time of electrons in level E2. Then the electron population of level E1 is
N1 � 0, so the population inversion is approximately equal to the upper laser
level population N(t) = N2(t) − N1(t) � N2(t); and the absorption of laser
photons by electrons at level E1 is negligible. Additionally, the pumping into
level E2 can be described by a simple pumping rate R, which is constant for
many lasers. For a pulsed laser, the pumping is time dependent, R ≡ R(t).

Under these assumptions, we can take into account only levels E0 and E2,
and write a simplified form of the laser rate equations including the spontaneous
emission process, which is still realistic to describe some dynamic laser behavior
-such as relaxation oscillations or gain switching-, as [1,2]:

dn(t)
dt

= KN(t)n(t)− n(t)
τc

+ ε
N(t)
τa

(1)

dN(t)
dt

= R(t)− N(t)
τa
−KN(t)n(t) (2)

Equation (1) gives the variation with time on the number of laser photons,
n(t), which is related to the laser beam intensity. The first term on its right
hand side, +KN(t)n(t), represents the increasing on the number of photons
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by stimulated emission (K is the coupling constant between radiation and the
population inversion). The next term, −n(t)/τc, introduces the decaying process
of laser photons inside the cavity and τc is the decay time of the laser photons.
The term +εN(t)/τa represents the spontaneous emission process, where ε is
the fraction of inversion decay processes which are radiative and for which the
emited photon has the same frequency and direction of the laser radiation and
τa is the decay time of the population inversion. This contribution was not
taken into account in our previous study [3]. Here, this term has been taken
into account in order to get more precise results and to be able to integrate the
differential equations (1) and (2) with the initial conditions n(0) = N(0) = 0,
because otherwise the solution for the number of photons is always n(t) = 0.

Equation (2) represents the temporal variation of the population inversion,
N(t). The term +R(t) introduces the pumping of electrons with a pumping rate
R to the upper laser level. The term −N(t)/τa represents the decaying process
of the population inversion with the characteristic time τa. Finally, the product
term −KN(t)n(t) accounts for the decreasing of the population inversion by
stimulated emission.

In this work, the dynamics of a pulsed pumped laser is explored. We suppose
that the pumping has a pulsed form of width 2tp which is greater than the life
time τa of the population inversion. The time dependence of the pumping rate
that has been used is:

R(t) =
{
Rm φ(t); 0 < t < 2tp

0; t < 0, t > 2tp
(3)

where Rm is the maximum value of the pumping rate at the time tp and

φ(t) =
1
2

[1− cos(
πt

tp
)] (4)

The value of R(t) is represented in Figure 2 with the legend ”Pumping”.

The purpose of this work is the study of the CA approach to model the
dynamics of pulsed lasers and the comparison with the results obtained by the
corresponding laser rate equations.

2 CA Model

We have recently introduced a CA model for simulating laser dynamics, which is
described in reference [3]. Further details are discused in references [4,5]. This CA
laser model has a similar nature to other models which have been used to describe
different reactive phenomena, such as the Belousov-Zhabotinsky reaction [6] or
the population dynamics of prey-predator systems [7]. In order to simulate the
behavior of pulsed pumped lasers, two main modifications from the original
model have been introduced in this work:
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i) The pumping probability here is time dependent, whereas in the original
model it was constant.

ii) The spontaneous emission process is associated with the decaying of the
population inversion. This is more realistic than in the original model, where
this was introduced as a random level of noise photons.

The laser system is modeled by a 2-dimensional square lattice of 400 × 400
cells with periodic boundary conditions. The lattice represents a simplified model
of the laser cavity.

2.1 States of the Cells

Two variables ai(t) and ci(t) are associated to each node of the lattice. The
first one, ai(t), represents the state of the electron in node i at a given time
t. An electron in the laser ground state takes the value ai(t) = 0, while an
electron in the upper laser state takes the value ai(t) = 1. A temporal variable
ãi(t) ∈ {0, 1, 2, ..., τa} is also introduced, in order to take into account the finite
time, τa, that an electron can remain in the upper state. If the electron is in the
base state ãi(t) = 0, otherwise ãi(t+ 1) = ãi(t) + 1 until the maximum value τa
is reached and then ãi(t+ 1) = 0.

The second variable ci(t) ∈ {0, 1, 2, ...,M} represents the number of photons
in node i at time t. A large enough upper value of M is taken to avoid saturation
of the system. There is also another temporal variable, c̃ji (t) ∈ {0, 1, 2, ..., τc},
which measures the amount of time since a photon j ∈ {1, 2, ...,M} was created
at node i. τc is the life time of each photon. For a given photon j, c̃ji (t + 1) =
c̃ji (t) + 1 until the life time τc is reached and then c̃ji (t+ 1) = 0.

2.2 Neighborhood

The Moore neighborhood has been used. Nine neighbors are taken into account
to compute the transition rules of any given cell: the cell itself, its four nearest
neighbors and the four next neighbors.

2.3 Transition Rules

The transition rules determine the state of any particular cell of the system at
time t + 1 depending on the state of the cells included in its neighborhood at
time t. The evolution of the temporal variables ãi(t) and c̃ji (t) was described
beforehand. Here we describe only the evolution of ai(t) and ci(t).

– R1. If ai(t) = 0 then

ai(t+ 1) = 1 with probability λ(t)

where λ(t) = λm φ(t) and λm is the maximum value of the pumping
probability λ(t).
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– R2. If ai(t) = 1 and Γi(t) =
∑

neighbors ci(t) > δ then{
ci(t+ 1) = ci(t) + 1
ai(t+ 1) = 0

where Γi is the number of photons included in the neighborhood of the cell
i, and δ is a threshold value, which has been taken to be 1 in our simulations.

– R3. If ci(t) > 0 and there is one photon j for which c̃ji (t) = τc then

ci(t+ 1) = ci(t)− 1

– R4. If ai(t) = 1 and ãi(t) = τa then{
ai(t+ 1) = 0
ci(t+ 1) = ci(t) + 1 with probability θ

These transition rules represent the different physical processes at the
microscopical level in a laser system. Rule R1 represents the probabilistic
electron pumping process. Rule R2 models the stimulated emission: if the
electronic state of a cell has a value of ai(t) = 1 and the number of laser photons
in the neighborhood is greater than a certain threshold, then at the time t+ 1 a
new photon will be created in that cell and the electron will decay to the ground
level. Rule R3 represents the photon decay. Rule R4 represents the electron
decay in a similar way to rule R3: after a time τa of the excited electrons, these
electrons will decay to the ground level. This rule represents both radiative and
non-radiative processes: a fraction θ of the electron decay processes involves
creating a new photon in the same cell. This models the spontaneous emission
with a probability θ. As in an ideal four level laser the population of level E1 is
negligible, stimulated absorption has not been considered.

3 Results

The expected behaviour of a pulsed pumped laser can be otained by integration
of the differential equations (1) and (2). The initial conditions that have been
used are: n(0) = N(0) = 0 and the values of the parameters are: τa = 45,
τc = 3, ε = 10−5, K = 6 · 10−6. The pumping pulse parameters are: Rm = 8000,
tp = 2000. Here τa, τc and tp are measured in time steps, K and Rm in
(time steps)−1.

In this study, the values of τa, τc and tp have been chosen so that τa and τc
are much smaller than tp. In this regime, usually referred to as quasistationary
pumped laser, the solutions of the differential equations consist of a laser emission
pulse which follows the pumping pulse, and essentially no relaxation oscillations
appear. Figure 2 shows the results obtained by the integration of equations (1)
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Fig. 2. Evolution of the system obtained by numerical integration of the differential
equations, using the values of the parameters indicated in the text. The y-axis values
have been normalized relative to the population inversion of the central plateau. The
curve with the legend ”Pumping” is the value of R(t).

and (2). In the initial phase, the population inversion N(t) increases in response
to the pumping, but until a threshold pumping is reached, stimulated emission
is not important and very few laser photons are created. When this threshold is
reached, the laser process is activated and the number of laser photons n(t) starts
to increase. When the pumping is over the threshold value, stimulated emission
reduces the population inversion, so N(t) reaches a maximum. After that, in the
differential equations solutions N(t) reaches a stable value and n(t) increases
towards a maximum, to decrease again, following the pumping pulse. Finally,
when the pumping decreases down the threshold value, stimulated emission is
no longer important so n(t) decays to zero. After that, N(t) decreases follow-
ing the tail in the pumping, to reach a zero value when the pumping falls to zero.

For pulsed pumped lasers the dynamics of n(t) and N(t) are strongly
dependent on the pumping function R(t). So in order to compare the output of
the laser rate equations with the CA we must stress that the pumping process
has a probabilistic nature following rule R1 for the CA, whereas for the laser
rate equations the pumping is a smooth function. Then a comparison between
both outputs should be made only from a qualitative point of view, because the
pumping is not exactly the same.

A typical result by the CA simulation is shown in Figure 3. For this
simulation λm = 0.1 and θ = 0.01. Initially there is no laser photon and all
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Fig. 3. Evolution of the system obtained by running a simulation using the cellular
automata model, for values of the parameters equivalent to those of Figure 2. The
y-axis values have been normalized relative to the population inversion of the central
plateau. The curve with the legend ”Pumping” is the number of electron cells which
are pumped by rule R1 in each time step.

the atoms are in the ground state (ai(0) = 0, ci(0) = 0). The results of the
CA simulation reproduce in a qualitative way the behavior exhibited by the
solutions of the differential equations. It is remarkable that the CA model
reproduces the plateau in the population inversion, which is one of the main
features predicted by the equations: after the laser is above threshold, the
population inversion remains approximately constant. Another feature which is
reproduced by the CA model is the peak in the population inversion when the
threshold pumping is reached. A similar -but smaller- peak appears in the CA
simulation in the phase in which the pumping is decreasing, after the pumping
threshold is surpassed. This peak does not appear in the equations solutions,
but has a direct physical interpretation: after the stimulated emission decays to
zero, it doesn’t contribute to reduce the population inversion, so there is a net
increase in N(t), until it decreases again due to the fall in the pumping.

Finally we have found that the results from the integration of equations (1)
and (2) are not very sensitive on the values of the parameter ε. By running
different simulations changing the value of the equivalent parameter in the CA
model (θ), it can be observed that the results are not very sensitive on this value
either, in good agreement with the differential equations behavior.
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4 Conclusions

Cellular automata models like the one used in this work have an interesting
heuristic nature, which helps to understand the physical phenomena being mod-
eled, in a more direct way than the differential equations [8,9]. In addition, this
kind of models can be useful as an alternative modeling tool for laser dynamics
when numerical difficulties arise, for example in lasers governed by stiff differen-
tial equations, with convergence problems. Due to their intrinsic parallel nature,
they can be implemented in parallel computers and offer a great advantage in
computing time [10,11].

In this work, we report a work in progress involving modifications in a previ-
ously introduced cellular automata model of laser dynamics, in order to simulate
pulsed pumped lasers. We have compared the results obtained by the numeri-
cal integration of the laser rate equations for a quasistationary pulsed pumping,
with those resulting from a simulation by a cellular automata model of this
type of laser. The results of the CA model reproduce in a qualitative way the
behavior exhibited by the numerical integration of the equations. After these
preliminary results, more work will be done in order to compare both results in
a more quantitative way.
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Abstract. We study the structural evolution of a growing thin film
on time scales in the order of seconds and even minutes. This requires
solving the problem of bridging large time and length scale gaps in simu-
lating atomistic processes during thin film deposition. We describe a new
simulation approach inspired by lattice gas cellular automata to address
this problem. The approach is based on a discrete description of atoms
so that the unit length scale coincides with the atomic diameter. For
homoepitaxial thin film deposition, the local driving force is the propen-
sity of an atom to establish as many chemical bonds as possible to the
underlying substrate atoms when it executes surface diffusion. The in-
teraction between atoms is defined using a coarse-grained approach to
boost the computation speed without heavily sacrificing the atomistic
details. Simulation results of Si layers deposited on a Si(001) substrate
are presented.

1 Introduction

Epitaxial thin film deposition represents a system that has a large number of
degrees of freedom. Per unit centimetre, there are about 1014 surface atomic
sites for deposited atoms to stick to. To deposit one epitaxial layer of atoms
onto a substrate, which are in a complete lattice registry with the underlying
substrate atoms, deposited atoms perform motions on the substrate’s surface in
order to find equilibrium (lowest potential energy) sites. Microscopically, these
motions can be broken down into elementary hops, from one atomic site to the
next, which are driven by the surface energy landscape in addition to energetic
barriers separating the initial site from the final site. Various interactions that
follow from the ever-changing landscape due to the simultaneous movements of
many atoms can be obtained by quantum mechanical simulations. However, the
huge number of degrees of freedom involved has so far prevented researchers
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from performing complete multiscale simulations of thin film deposition using
quantum mechanics [1].

We know that the collective motion of these atoms gives rise to a macro-
scopic surface diffusion current and to a surface morphology. It thus remains
important to predict the surface morphology based on a reduced microscopic
picture. Lattice gas cellular automata (LGCA) are a potential method capable
of coarse-graining the microscopic picture of atomic-scale motions to a manage-
able computational complexity.

This paper describes the formulation of LGCA-based computation to sim-
ulate atomistic processes that make up thin film deposition. It is inspired by
the LGCA models for chemically reacting systems [2]. The unit length scale
for our simulation coincides with the atomic diameter and the unit time scale is
matched to the collective diffusion time constant. The LGCA evolution is defined
through local rules for the motions of atoms, which are based on the propensity
of each atom to make as many chemical bonds as possible in order to attain its
equilibrium state.

2 The Lattice-Gas Cellular Automaton Description

Consider an LGCA on a one-dimensional periodic lattice of length L. The lattice
sites are denoted by r = 0, 1, . . . , L−1 ( mod L) and the discrete time points by
k = 0, 1, . . . . The state of a site r at time k is given by the integer-valued variable
h(r, k) representing the sites film height, i.e. the number of one atomic-height
layers. Periodicity of the lattice implies h(r + jL, k) = h(r, k) for all j ∈ Z. We
initialise the LGCA with values h(r, 0) for all r at time k = 0. At time k = 0,
we also initialise the pseudo-random number generator employed to simulate
random events like the determination of landing sites of Si atoms, see Sect. 3.

If h(r, k) > 0 then the particle at height h(r, k) is called the adatom at site
r at time k; all deposited particles at site r below the adatom are called bulk
atoms. If h(r, k) = 0 then no adatom is located at site r at time k. We assume
that all adatoms and only these, are mobile and can move to neighbouring lattice
sites with probabilities to be computed. The rules that govern this motion will
be described below. The considerations above imply that the energy of a particle
does not dissipate with time and that a particle is always mobile as long as it is
not buried by another one. Since adatoms are always mobile we consider them
not part of the deposited structure.

The time evolution of the LGCA from time k to time k + 1 proceeds in
three sub-steps: (i) particle landing, (ii) adatom velocity computation, and (iii)
adatom motion. Each sub-step is performed at each lattice site independently
from the other lattice sites (distributed execution) and the next sub-step is
started only after the previous sub-step has been completed on all sites of the
lattice (synchronisation). We introduce the intermediate time steps k′ and k′′

which are attained when the first and the second sub-step, respectively, are
completed. The state of the system can only be observed at times k, i.e. after
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completion of the third sub-step. We describe the three sub-steps in more detail
below.

In order to connect the LGCA model to a real surface growth process, we
must relate the simulation time k, i.e. the number of simulation steps performed,
to the real time t (in seconds [s]). We assume that each simulation step from
simulation time k to k + 1 corresponds to an effective time step Δteff ([s]) inde-
pendent of k and this leads to t = kΔteff. A reason for the k-independence and
the precise definition of Δteff is given in the end of this section.

In the description below we make use of the indicator function 1[ · ], where
the argument is a logical expression and 1[ true ] = 1 and 1[ false ] = 0.

Particle Landing. The deposition of particles on the surface is modelled by
the particle landing sub-step. We assume a constant and spatially homogeneous
particle flux, from which particles are randomly, uniformly in space and time,
deposited on the surface, leading to a growth rate Rg (in monolayers per second
[ML/s]) of the structure. We describe a site- and a lattice-based approach of this
sub-step and give reasons why we prefer and use the latter in our simulations.

Site-based approach: Particles land at each lattice site with the particle landing
probability (per unit simulation time and lattice site) pl ∈ [0, 1] derived from the
growth rate and the effective time step as

pl = RgΔteff .

If a particle lands on the surface at site r then the height h(r, k) increases by
unity. Let {ξl(r, k) | r = 0, 1, . . . , L− 1} be a set of independent and identically
distributed Bernoulli random variables with probabilities P [ξl(r, k) = 1] = pl,
then we obtain for all r = 0, 1, . . . , L− 1

h(r, k′) = h(r, k) + ξl(r, k) . (1)

Computational concerns regarding the site-based approach: This approach re-
quires L Bernoulli trials for each execution with, in general, a very small landing
probability pl. This raises three concerns.

1. In view of the many time steps necessary for a simulation, the generation of
L random numbers for the L Bernoulli trials is computationally very costly.

2. The small probability pl is often even too small to perform the Bernoulli
trials faithfully with the available range of random numbers, see Sect. 3.

3. Additionally, in view of the very small probability pl, it appears to be a waste
of CPU time to perform the Bernoulli trials for each lattice site indepen-
dently. In fact, the probability that, during one execution of the site-based
particle landing sub-step, two or more particles will land on the surface is
given by P [ two or more particles land ] = 1 − (1 − pl)L − Lpl(1 − pl)L−1 ,
and is extremely small for typical values of L and pl, see Fig. 1 (left).
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Fig. 1. P [ two or more particles land ] for various values of the lattice size L and a
range of typical landing probabilities pl (left) and the effective time step Δteff for
typical values of corrugation energy Ec and growth temperature T (right)

Lattice-based (coarse-grained) approach: Based on the concerns and arguments
presented, we propose a second approach of defining the particle landing sub-
step. This approach is computationally more efficient and for suitable values of
L and pl physically sound. We assume that at most one particle can land on
the surface in each execution of the particle landing sub-step. Let ξl(k) be a
Bernoulli random variable with probability of success Lpl and ξs(k) be a uni-
formly distributed random variable with range {0, 1, 2, . . . , L − 1}. Then ξl(k)
decides whether a particle will land on the surface in the execution of the sub-
step and ξs(k) selects the particular landing site, i.e.

h(r, k′) =
{
h(r, k) + ξl(k) : if r = ξs(k)
h(r, k) : otherwise . (2)

This lattice-based approach requires only the generation of at most two random
numbers (improved efficiency), the used probability of success in the Bernoulli
trial is larger than pl (improved reliability), and on average the same number of
particles are deposited on the surface (maintained consistency). In the following
we consider exclusively the lattice-based particle landing sub-step.

Adatom Velocity Computation. The adatoms on the surface undergo sur-
face diffusion depending on the surface morphology. Therefore we will define for
each lattice site r the adatom velocity v(r, k′′) ∈ {−1, 0, 1} for the adatom cur-
rently located at this site. This velocity determines the motion of the adatom at
site r to sites r − 1, r, or r + 1, respectively, in the subsequent adatom motion
sub-step. Note that we allow for an adatom to stay at its site.

The velocity v(r, k′′) is computed as a function of the current height at site
r and neighbouring sites. To do this we derive below (diffusion) probabilities
p−(r, k′), p◦(r, k′), and p+(r, k′), with p+(r, k′)+p◦(r, k′)+p−(r, k′) ≡ 1, for the
three motion options. This allows to define the set {ξv(r, k′) | r = 0, 1, . . . , L −
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1} of independent random variables with range {−1, 0, 1} and corresponding
probabilities p−(r, k′), p◦(r, k′), and p+(r, k′). We then compute

v(r, k′′) = 1[h(r, k′) > 0 ]ξv(r, k′) . (3)

Eq. (3) implies that the velocity associated with site r is zero if there is no
adatom. Hence, we consider in the following the derivation of the diffusion prob-
abilities p+(r, k′), p◦(r, k′), and p−(r, k′) in the case h(r, k′) > 0. The computa-
tion of the diffusion probabilities is based on the number of free bonds which the
adatom at site r currently has, b◦(r, k′), and the number of free bonds it would
have if moved one site to the right or left (leaving everything else unchanged),
b+(r, k′) and b−(r, k′), respectively. An adatom always has a free bond to the
top and possibly free bonds to the left and to the right. We obtain

b◦(r, k′) = 3− 1[h(r + 1, k′) > h(r, k′)− 1 ]− 1[h(r − 1, k′) > h(r, k′)− 1 ] ,

b+(r, k′) = 3− 1[h(r + 2, k′) > h(r + 1, k′) ]− 1[h(r, k′)− 1 > h(r + 1, k′) ] ,

b−(r, k′) = 3− 1[h(r, k′)− 1 > h(r − 1, k′) ]− 1[h(r − 2, k′) > h(r − 1, k′) ] .

In order to derive the expression for b+(r, k′) (a similar consideration holds for
b−(r, k′)) denote by hr′,+(·, k′) the surface profile which is obtained from h(·, k′)
if the adatom at site r′ is moved to site r′ + 1, i.e.

hr′,+(r, k′) =

⎧⎨⎩
h(r′ + 1, k′) + 1 : if r = r′ + 1
h(r′, k′)− 1 : if r = r′

h(r, k′) : otherwise
.

Now b+(r, k′) can be expressed as b◦(r+1, k′) with h(·, k′) replaced by hr,+(·, k′).
Note that the bond counts take the presence of nearby adatoms into account
which is an important distinction of the LGCA approach from, e.g., kinetic
Monte-Carlo simulations that consider diffusion of only one adatom at any time.

The rate that an adatom with b1 free bonds at its current site will hop to a
site where it would have b2 free bonds is given by

R(b1, b2) =
kBT

hP
exp

(
− Ec

kBT
− Ed

kBT
(b2 − b1)

)
.

In this expression, Ec is the corrugation energy (in Joule [J]), Ed is the unit
broken (dangling) bond energy ([J]), two material properties, T is the growth
temperature (in Kelvin [K]), kB is the Boltzmann constant (in Joule per Kelvin
[J/K]), and hP is the Planck constant (in Joule × second [Js]). We see that if
b2 − b1 < 0, i.e. when the adatom has less free bonds if moved to the new site,
that is it achieves a more stable state there, then the rate R(b1, b2) becomes
large. In particular, R(b1, b2) is increasing if b2−b1 is decreasing. The expression
above allows to define the rates R+(r, k′), R◦(r, k′), and R−(r, k′) at which an
adatom currently at site r is moving to site r + 1, staying at site r, or moving
to site r − 1, respectively, by

R+,◦,−(r, k′) = R(b◦(r, k′), b+,◦,−(r, k′)) .
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Finally, by normalising these rates with respect to their sum R+(r, k′) +
R◦(r, k′)+R−(r, k′), we obtain the diffusion probabilities p+(r, k′), p◦(r, k′), and
p−(r, k′). Note that the corrugation energy Ec has no influence on the diffusion
probabilities; it scales out.

The following observation is important for computational efficiency of the
LGCA simulations as it avoids the excessive evaluation of the exponential func-
tion. The diffusion probabilities p+(r, k′), p−(r, k′), and p◦(r, k′) depend on the
differences b+(r, k′)− b◦(r, k′) and b−(r, k′)− b◦(r, k′) only and these differences
only take values in {−2,−1, 0, 1, 2}. Hence, we define matrices P+, P− ∈ R

5,5

such that p+(r, k′) = P+
ij , p−(r, k′) = P−

ij and p◦(r, k′) = 1− (P+
ij + P−

ij ), where
i = b+(r, k′) − b◦(r, k′) + 3 and j = b−(r, k′) − b◦(r, k′) + 3. These matrices are
independent of the simulation time k and, hence, can be set up once and forever
at the start of the simulation.

Adatom Motion. The adatoms on the surface are moved to new locations
according to the velocities calculated in the adatom velocity computation sub-
step. This sub-step guarantees that v(r, k′′) = 0 if there is no adatom at site r
and time k′′. The height h(r, k) evolves according to the formula

h(r, k + 1) = h(r, k′)− 1[ v(r, k′′) �= 0 ]
+ 1[ v(r − 1, k′′) = 1 ] + 1[ v(r + 1, k′′) = −1 ] .

(4)

Note that two adatoms may move to a lattice site r in this sub-step. In such a
case they will be on top of each other.

The Effective Time Step Δteff. As pointed out earlier, we relate the simula-
tion time k to the real time t by the effective time step Δteff. The time span Δteff,
equivalent to evolving the LGCA from k to k + 1, corresponds to the average
time taken by adatoms to jump to a nearest atomic site (including the waiting
time before the actual jump). Hence, the Δteff corresponding to simulation step
k should depend on the surface morphology after simulation step k and therefore
can be computed only after that step has been completed. However, we need
Δteff within the particle landing sub-step of the kth simulation step. Because of
this difficulty (which could be avoided by making the particle landing sub-step
the final sub-step of each simulation step) and, more importantly, for computa-
tional efficiency we decided to define Δteff independent of k and with respect to
a flat surface as follows. The average time required for an adatom to jump to
a nearest atomic site is the inverse of the particle hop rate R(b1, b2). Since we
assume that the adatom diffuses on a flat surface we have b1 = b2 and obtain

Δt−1
eff =

kBT

hP
exp

(
− Ec

kBT

)
.

The dependence of Δteff on growth temperature T and corrugation energy Ec is
illustrated graphically in Fig. 1 (right).
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3 The Simulation of Random Events

Random events are an integral part of LGCA simulations. We simulate these
events using a sequence of uniformly distributed (pseudo-) random integers from
the set {0, 1, 2, ...,Mmax}, where Mmax = 232 − 1, generated by the pseudo-
random number generator described in [3] with an initialisation as in [4]. The
generator is a combination generator which combines a subtract-with-borrow
generator with a simple Weyl generator. The period of the combination generator
is not known but, following [3], should be longer, or at least not shorter, than
the period of any of its parts. The subtract-with-borrow generator has a period
of about 10414. In the end of this section we will bound the required number of
random integers for an LGCA simulation which should be less than the square
root of the period of the generator. This condition is satisfied for the simulations
to be performed.

The LGCA described requires to simulate three types of random variables

1. a uniformly distributed random variable ξM with range {0, 1, . . . ,M − 1},
2. a Bernoulli random variable ξp with probability of success p ∈ [0, 1], and
3. a random variable ξ± with range {−1, 0, 1} and corresponding probabilities
p+, p− ∈ [0, 1], and p◦ = 1− p+ − p− ∈ [0, 1].

We describe how we simulate these random variables in the following and also
discuss further implementation details.

Uniformly Distributed Random Variable ξM . We take the next integer n
from the sequence of uniformly distributed random integers and define ξM = n
mod M , which is a good approximation if M  Mmax.

Bernoulli Random Variable ξp. We take the next integer n from the se-
quence of uniformly distributed random integers. To determine the success of a
Bernoulli random variable with probability of success p, we can check whether
n/(Mmax + 1) < p. This computation involves floating point operations (divi-
sion and comparison) which are computationally more expensive than the corre-
sponding integer operations. Therefore, especially in view of the many Bernoulli
trials to be performed with the same probability p, we first and forever define
p := round(p · (Mmax +1)) ∈ {0, 1, 2, . . . ,Mmax +1} and then set ξp = 1[n < p ].
This involves only one integer operation for each evaluation of ξp.

Here we remark that due to the finite range of random integers provided
by the generator we are not able to generate random variables ξp with 0 <
p < 1/(2(Mmax + 1)) ≈ 1.2 · 10−10 because all these result in p = 0. Therefore
we recommend to consider only random variables ξp with p = 0 or p > 10−8

which should be faithfully simulated with the available sequence of uniformly
distributed random integers (cf. the discussion in the description of the particle
landing sub-step in Sect. 2). Similar considerations apply for random variables
ξp with p close to 1 or if we want to distinguish between random variables ξp
and ξp̃ where p and p̃ are very close.
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Random Variable ξ±. To simulate the random variable ξ± we follow the
approach to simulate Bernoulli random variables. We define two integers p+ :=
round(p+ · (Mmax + 1)) and p− := round((p+ + p−) · (Mmax + 1)) and take the
next integer n from the sequence of uniformly distributed random integers. If
n < p+ then ξ± = 1, otherwise if n < p− then ξ± = −1, otherwise ξ± = 0.

A Bound on the Required Number of Random Integers. From the
discussion above we see that for the simulation of each random variable required
in an LGCA simulation we need one number from the generated sequence of
uniformly distributed random integers. Hence, per LGCA simulation step, we
need at most two for the lattice-based particle landing sub-step and at most
L for the adatom velocity computation sub-step. For a simulation up to real
time t we perform t/Δteff simulation steps and, hence, require in total at most

t
Δteff

(L+ 2) uniformly distributed random integers.

4 Selected Simulation Results

In this section we show some typical simulation results of the deposition of Si
layers on a flat (i.e. h(r, 0) = 0) and on a structured Si(001) substrate. The ana-
lysis of the deposition on a flat substrate is presented in [5] and on a structured
surface is in preparation. The parameters for our LGCA simulation are: lattice
size L = 500, surface corrugation energy for Si(001) surfaces Ec = 1.12×10−19 J
(≈ 0.7 eV, [6]), and unit broken bond energy Ed = 3.68 · 10−19 J (≈ 2.3 eV, [7]).
We consider growth rate values Rg ∈ {0.1, 10}ML/s and deposition tempera-
tures T ∈ {700, 800}K. The number of simulation steps is chosen such that on
average x = 5 monolayers were grown, i.e. xRg

−1Δteff
−1 steps. In Fig. 2 we

plot snapshots of the LGCA state at different times for one of the simulations.
We obtain the expected layer-by-layer growth for the initially flat and also the
structured substrate. However, on the initially structured substrate we observe
a considerable higher number of small islands as opposed to only two big islands
on the initially flat substrate. This is the expected behaviour due to the steps of
the structured substrate which facilitate aggregation.

As a first qualitative outcome of all our simulations we state that the average
height h̄(k) := (1/L)

∑L−1
r=0 h(r, k) almost perfectly agrees with the expected

growth RgkΔteff of the structure. Another qualitative measure, used to analyse
the roughness of the evolving thin film surface, is the interface width w(L, k),

w(L, k)2 =
1
L

L−1∑
r=0

[h(r, k)2 − h̄(k)2] ,

see [5] for plots. For the initially flat surface it is found that w(L, k) behaves
independently of the growth temperature for constant growth rate. Furthermore,
for constant growth temperature, w(L, k) approaches a smaller value towards the
end of the simulation time with increasing growth rate. This behaviour, known
as kinetic stabilisation, is typical in homoepitaxial deposition. Physically, this
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Fig. 2. Plots of the height function h(r, k) for an initially flat, subplot (a), and an
initially structured, subplot (b), substrate. In each subplot, the simulation time k
corresponds to real times t = 10, 20, 30, 40, 50 s (from top to bottom) for a simulation
with growth temperature T = 700 K and growth rate Rg = 0.1 ML/s

can be explained by the dominance of the uniformly advancing growth front due
to the deposition flux in comparison to the processes that control the adatom
diffusion [8]. Further analysis can be performed by considering, e.g. the step
density, the height-height correlation of the surface, or island sizes and their
distributions. The step density characterises the roughness of the evolving surface
morphology by measuring the number of steps. A discussion of this measure, with
respect to an initially flat substrate, and its dependence on growth rate Rg and
growth temperature T is given in [5].

We conclude this section with some remarks on the computational complex-
ity of the LGCA simulations. The computation time for the simulation of a
structure of, on average, x monolayers, is directly coupled to the size of the ef-
fective time step Δteff. As can be seen from Fig. 1 (right), Δteff decreases, and,
hence, the computation time increases, with increasing growth temperature T
and decreasing corrugation energy Ec. The most time-consuming sub-steps of
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the LGCA evolution are the computation of adatom velocities and the motion of
the adatoms because these sub-steps depend (linearly) on the lattice size L. In
contrast, the lattice-based particle landing sub-step is independent of the lattice
size.

5 Conclusions

We have described a spatially one-dimensional LGCA model for the simulation
of surface roughening in homoepitaxial growth. In particular, we gave a detailed
description of the derivation of the automaton rules based on physical consid-
eration but also taking computational efficiency into account. We discussed our
preference of the lattice-based approach for the particle landing sub-step of the
LGCA as opposed to the site-based approach. The simulations performed pro-
duced results consistent with experimental observations. The presented model
should be seen as a starting point for generalisations to higher spatial dimen-
sions and towards more realistic models by incorporating further details of the
underlying physical processes. These two directions of future research will clearly
increase the computational complexity of the LGCA and, hence, from a compu-
tational point of view, interest should be focused on a parallel implementation
of the LGCA.

Acknowledgements. The authors acknowledge the financial support of NCE-
MITACS and NSERC. Additionally, A.G., A.T.L. and H.F. thank The Fields
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Abstract. This paper discusses the application of ACS metaheuristics
(based on behaviour of real ants: stigmergy and synergetic effect among
ants) for Job-Shop Scheduling problem (JSP). This algorithm is im-
proved by introducing the concept of critical events, in which two new
techniques will be applied. Thus, a more flexible heuristic technique is
obtained, which improves the performance of ant colony system for JSP.

1 Introduction

The job–shop scheduling problem belongs to the scheduling problems that are
the most difficult ones in classical scheduling theory [13]. Note that a well–known
problem with 10 jobs and 10 machines formulated in 1963 [20] has been solved
optimally only in 1989 [7]. Only some special cases with a small number of jobs
or machines can be solved in polynomial times.

For the JSP without setup times branch and bound algorithms and heuristics
have been proposed. We may mention algorithms proposed by Carlier and Pinson
[7], Brucker et al. [6] and Applegate and Cook [2]. Among heuristics constructive
and iterative algorithms have been distinguished. In constructive algorithms pri-
ority (or dispatching) rules have been applied [3,14,16,22]. A mixed, dispatching
rule has been applied for short–term scheduling problem in [17]. Authors assign
different priority rules to the machines. Among iterative algorithms some meta-
heuristics have been proposed: simulated annealing, tabu search or threshold
accepting [18,21]. Also genetic algorithm has been considered as an application
for the JSP [23].

The most obvious approach to solving a scheduling problem is a greedy one:
whenever a machine becomes available, assign some job to it. A more sophis-
ticated variant of this approach is to give each job a priority derived from the
particular optimality criterion, and then, whenever a machine becomes avail-
able, assign the available job of highest priority to it. The priority of a job can
be determined without reference to other jobs.

The ant colony systems (ACS) were applied to solve several problems, e.g.
the travelling salesman problem,vehicle routing problem, coloring graph,shortest
common supersequence problem or routing in telephone networks [4]. In this
paper, we present how different priority rules improve the performance of the
ACS applied to the Job–Shop Scheduling Problem.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 296–305, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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Outline. This paper is organized as follows. The considered problem is de-
scribed in detail in section 2. In section 3 we demonstrate how the variant of the
ant colony optimization can be applied to the ACS–JSP. In section 4, we define
the extended version of ACS for JSP, where we use critical events memory. Fi-
nally the results of our computational experiments are presented and discussed
in section 5. We summarize major points and conclusions in section 6.

2 The Job-Shop Scheduling Problem

The Job–Shop Scheduling Problem [15] may be formulated as follows. Let M =
{M1, . . . ,Mm} be a set of machines, let J = {J1 . . . , Jn} be a set of jobs, and let
O = {uij}, (i, j) ∈ I, I ⊆ [1, n] × [1,m] be a set of operations, where n denotes
number of jobs and m denotes number of machines.

For each operation uij ∈ O there is a job Ji it belongs to, a machine Mi on
which it has to be processed, and a processing time pij . The set O is decomposed
into the chains corresponding to the jobs: if the relation uip → uiq is in a chain,
then both operations belong to job Ji and there is no uik such that uip → uik

or uik → uiq.
The problem is to find a starting time Sij(∀uij ∈ O) which minimizes:

max
uij

(Sij + pij)

subject to

– Sij ≥ Sik + pik when uik → uij (the operation precedence
constraints on the job chains),

– (Sij ≥ Skj + pkj) ∨ (Skj ≥ Sij + pij) (the machine constraint saying
that no more than a single job
can be processed at the same
time on the same machine).

The value Cij = Sij + pij is a completion time for the operation uij ∈ O.
The operations must be assigned to the time intervals in such a way, that

once an operation is started it must be completed.
A disjunctive graph

D = (V,A,E)

where

– V — is a set of nodes,
– A — is a set of conjunctive directed arcs,
– E — is a set of disjunctive, undirected edges,

may be associated with an instance of JSP. In such a case V , A and E are defined
as follows (Fig.1.):

– V = O ∪ {u0} ∪ {uN+1}, ({u0} and {uN+1} are the special dummy nodes
which identify the start and the completion of the overall Job–Shop),
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– A = {(uij , uij+1) : uij → uij+1 is in the chain for job Ji} ∪ {(u0, u1j) : u1j

is the first operation in the chain for job Ji} ∪ {(uim, uN+1) : uim is the last
operation in the chain for job Ji}, for all i,

– E = {(uij , uhj)}, for all i.

With each vertex uij ∈ O, a weight pij is associated (p0 = pN+1 = 0).
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Fig. 1. Graphic representation of the JSP 3 × 4

The length of a path in the graph is defined as the sum of the weights of the
vertices belonging to the path. Thus, solving the JSP corresponds to finding an
acyclic orientation of the graph D which minimizes the longest path between
u0 and uN+1. In the algorithm solving the JSP, a data structure based on the
approach used by the List Scheduler algorithms is applied. This algorithms com-
prise two phases. First, a rule for assigning priorities to the still unscheduled op-
erations is defined. Then, the operation with the maximum priority is scheduled.
On each step, the algorithm chooses the operations for which all predecessors
are already scheduled. As the result the earliest possible starting time with re-
spect to the precedence and machine constraints is assigned to the operation
with maximum priority.

3 Application of the Ant Colony System to the JSP

The Ant Colony System (ACS) algorithm has been introduced by Dorigo and
Gambardella [11,12] to improve the performance of Ant System [4], which al-
lowed to find good solutions within a reasonable time for small size problems
only. The ACS is based on 3 modifications of Ant System:

– a different node transition rule,
– a different pheromone trail updating rule,
– the use of local and global pheromone updating rules (to favour exploration).
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The node transition rule is modified to allow explicitly for exploration. An ant
k in city i chooses the city j to move to following the rule:

j =
{

arg maxu∈Jk
i
{[τiu(t)] · [ηiu]β} if q ≤ q0
J if q > q0

where q is a random variable uniformly distributed over [0, 1], q0 is a tuneable
parameter (0 ≤ q0 ≤ 1), and J ∈ Jk

i is a city that is chosen randomly according
to a probability

pk
iJ(t) =

⎧⎪⎨⎪⎩ τiJ(t) · [ηiJ ]β∑
l∈Jk

i

[τil(t)] · [ηil]β

In Ant System all ants are allowed to deposit pheromone after completing
their tours. By contrast, in the ACS only the ant that generated the best tour
since the beginning of the trail is allowed to globally update the concentrations
of pheromone on the branches. The global updating rule is as follows:

τij(t+ n) = (1− ρ) · τij(t) + ρ ·Δτij(t, t+ n)

where (i, j) is the edge belonging to T+, the best tour since the beginning of
the trail, ρ is a parameter governing pheromone decay, and Δτij(t, t+ n) = 1

L+ ,
where L+ is the length of the T+.

The local update is performed as follows: when, while performing a tour, ant
k is in city i and selects city j ∈ Jk

i to move to, the pheromone concentration
on edge (i, j) is updated by the following formula:

τij(t+ 1) = (1− ρ) · τij(t) + ρ · τ0
A JSP described by m machines, n jobs and set of operations O can be

represented in the context of ACS by a directed weighted graph F = 〈U,E〉
where:

– U = O ∪ {u0},
– E = {(uij , ukl) : uij , ukl ∈ O} ∪ {(u0, ui1) : ui1 is the first operation in the

chain for job Ji}.
Node u0 is added to specify which job is to be scheduled first, if more than one
job has its first operation to be performed on the same machine.

The graph F has N + 1 nodes and N(N−1)
2 +n edges. Each node (except u0)

represents an operation performed on a machine, and all the nodes are pairwise
connected in both directions (node u0 is connected only to a first operation of
each job).

The arcs of F are weighted by a pair (τij , ηij), where τij represents the
pheromone trail, and ηij relates to the special priority rule. The weights are
used to compute the probabilities which tell an ant which operation should be
chosen in the next step.

All ants are initially in u0 and they build a solution by a permutation of the
remaining nodes. To cope with this problem transition probability is used and
global and local pheromone updating rules have been performed by ants.
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Fig. 2. Visualization of a solution made by an ant in the JSP

4 Critical Events in ACS for JSP

Our work has investigated the use of “iterative repair” search procedures, which
start with an infeasible solution and attempt to eliminate conflicts and incorrect
solutions. In this paper, we propose a new metaheuristic procedure for solving
job–shop scheduling problems. Our approach is somewhat unconventional. We
start from a base procedure called ACS for find a critical event in a searching
process.

For the JSP examples, we will specify that the critical events of interest
consist of solutions, that represent a “local suboptimum” i. e. whose objective
function value is worse than that of the solution immediately before and after it.
Now we are interested in the effect of restarting the algorithm with a new priority
rule. It will be happened after the “critical” solution is found. Then the solutions
that correspond to critical events are the initial solution for the next experiment
for a special period of time (in our experiments — 50 iterations). To execute
a restarting procedure, we penalize the worse solutions, implicitly allowing the
penalty function — pheromone updating rules to decay rapidly these values as
the number of iterations increases.

For comparison purposes we included various well–known priority rules from
job–shop scheduling into our tests, which have been adapted to the considered
problems. Among the rules considered in our tests we present computational
results for the following rules: SPT, LPT, SRT, LRT, LRM, ECT, FIFO, NINQ
[16].

There are different reasons of occurrence of critical events in JSP. Once an
operation has been selected to schedule in this problem, it is necessary to check
that all the involved constraints are satisfied:

1. The precedence constraints are defined among operations of the same job:
it means that the process must guarantee that two operations of a same job
are not executed in the same period of time.

2. Checking the consistency of capacity constraints is a difficult process due to
the next constraints:
– When an operation is scheduled and a resource is allocated to the oper-

ation, a forward checking process analyzes the set of remaining possible
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Fig. 3. An example of different priority rules for mt06

M1 o11 o22 o34

M2 o21 o32 o24

M3 o31 o13 o14

M4 o23 o12 o33

M1 o11 o22 o34

M2 o21 o32 o24

M3 o31 o13 o14

M4 o12 o33 o23

Fig. 4. Gantt chart of the schedule before and after FIND–HOLE procedure

reservations of other operations that requires the same resource, and
removes those conflicting reservations.

– We must check if two unscheduled operations that require the same
resource are not overlapped. Two operations overlap when both require
the same resource at the same time for every start time.

– Before indicating an operation has not any possible execution it is neces-
sary to check the resource usage calendar of the operation. If the shared
resource is not used during the entire operation’s execution, it can be
used in another operation. The FIND–HOLE procedure identifies the
two extreme time points of the temporal line in which the resource is
available and can be used by another operation. If a hole does not exist,
an inconsistency will be detected because the resource is not available.
The FIND–HOLE procedure checks if an apparent conflicting situation
is actually conflicting.

5 Examining the Efficiency of the ACS in Job–Shop
Scheduling Problem

The experimental work consisted of three major phases. First, an efficient and
effective parameter settings were determined. Then, ACS–JSP algorithm with
different priority rules was run several times using this setting to examine the
behaviour of this algorithm (on the problem ABZ6). Finally the results concern-
ing the different JSP problems were compared with results obtained by dynamic
tabu Search and Multi PCP [4]. In order to measure the performance of the
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Fig. 5. Value of parameter β for
ACS–JSP
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Fig. 6. Value of parameters: α and
ρ for ACS–JSP

ACS–JSP with two techniques described above, a set of test runs was performed
using a selection of the classical job–shop problems [1,19,20].

The main strength of experiment concerning the first version of Ant System
(used for JSP) were summarized as follows [10]:

– With the best parameter values algorithm always finds good solutions (the
best one about 7% worse from the best–known values.

– The algorithm quickly finds satysfying solutions, nevertheless it does not
enter the stagnation behaviour, and the ants continue the search process for
new, possibly better, solution.

Our aim is not only to find better results, but also examine the behaviour
of this algorithm in finding solutions for such difficult problem. It is known that
the good results obtained by the algorithm depend strongly on the parameter
setting affecting the computational formulas described in section 3. In the case
of presented algorithm β, ρ and α had to be determined. As the starting point
for a determination of the role of parameter β the following values of the other
parameters were chosen: q0 = 0.8, ρ = α = 0.01, m = 100. The number of
iterations equals to 200.
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Fig. 7. Different priority rules for ABZ6
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Table 1. Makespan results for Job Shop Problems.

Job Optimal Multi Dynamic
Problem × value PCP Tabu ACSmod Error

Machine Search
LA6 15×5 926 926 - 926 0%
LA7 15×5 890 890 - 915 2.8%
LA11 20×5 1222 1222 - 1222 0%
LA12 20×5 1039 1039 - 1047 0.9%
LA17 10×10 784 787 784 825 3.9%
LA23 15×10 1032 1041 1032 1089 5.5%
LA26 20×10 1218 1272 1218 1397 14.6%
LA36 15×15 1268 1321 1268 1440 13.5%

To consider how ant colony flexible affects scheduling performance, the initial
experimental design was repeated for 20 settings of β and three settings for α
and ρ. Figures 7 and 8 show the performance results obtained by ACS–JSP for
the problem ABZ6 with setting of 0.5, 1 to 20 (for β) and 0.1, 0.01, 0.001 for
α and ρ. These parameters occur in global and local updating rules. We adjust
experimentally the value of parameter β observing the histogram Fig.5. The
experimental results showed that the value 9 for this parameter is the best one
(5.4% worse than the optimal schedule c = 1234). Also for examining the value
of ρ and α the 10 × 10 ABZ6 was tested with β = 9. Both values of parameters
α and ρ have the same kind (tendency) of fluctuation. Experimental observation
has shown that the best value of these constraints equal to 0.01.

Recapitulating the achieved results, the following set of parameters’ values
were chosen to perform further tests of critical events in ACS: q0 = 0.8, ρ = α =
0.01, β = 9, m depends on the number of nodes.

Next experiment was carried out to find the good result for the ABZ6 problem
(10 × 10) using different priority rules occurred in η. The investigations were
performed for the following priority rules: NINQ, SRT, LRM, LRT.

In order to discover which priority rule gives the best result (and in what
sequence) we analysed every of the priority rule mentioned in section 4. We
cannot point out the best sequence (and its length) unmistakably. All the priority
rules influence the results in a similar way. We expect the differences between
the priority rules to appear for the greater and more difficult problems.

In order to compare the results found by ACS–JSP for different problems,
we perform the next test (see Tab.1). This table shows the best solutions ob-
tained by 3 different algorithms: multi PCP [9], Dynamic Tabu Search [8] and
Ant Colony System with critical events. We chose two algorithms for this com-
parison, interesting from our point of view. Results obtained by ACSmod JSP
unfortunately does not outperform the results obtained by other algorithms, but
our aim is not to show the best method for JSP. We want to analyse the behavior
of ants in such a difficult problem. We must underline that it is our preliminary
research and we hope to cope with this problem. According to the presented ta-
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ble, ants can find the best schedule for small problems (LA6, LA11). Therefore
our investigations will be continued.

6 Conclusions

With a rapid increase in creating different hybrid methods we focused on devel-
opment (or augment) of the ant colony optimisation, which incorporate various
forms of repairing methods. In our paper two methods for JSP are proposed and
evaluated. The proposed procedure, which we referred as the ,,critical event”
extends the basic algorithm to exploit changeable in time priority rules and re-
ordering the operations in order to fill the holes. Our research has investigated
a mataheuristic approach with simple priority dispatching rules. Recently these
rules are the representative and widely used in different approaches. While the
priority rules are extremely fast and easy to implement, there are also draw-
backs. The performance of any given rule is typically quite sensitive to problem
characteristics, and it is generally quite difficult to find one (or a special sequence
of them) that dominates in any particular problem, so in the future work we will
try to find the best sequence (and the duration of exploitation) of priority rules.
We also try to create more dynamic version of adaptivity to good values of pa-
rameters of ACS. The more difficult problem is the more dynamic characteristic
of ACS should be examine.

The presented algorithm contains elements of several different approaches
used for JSP and in different metaheurictics (Tabu Search). ACS–JSP is a mod-
ified version of ACS with two techniques: FIND–HOLE procedure and by using
different priority rules. The results of our experiments tend to be more attrac-
tive than those presented in our previous work [5]. ACS–JSP is shown to be
interesting among modern metaheuristics in term of using it in such difficult
problem as the JSP is. Future research with more experimental work will aim
at the motivation for selecting of the ACS for JSP. More generally, the results
obtained in these experiments illustrate the difficulty of creating an appropriate
version of ACS for Job–Shop Scheduling problems.
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Sección Computación,
Av. IPN 2508, San Pedro Zacatenco, 07360, D.F., México,
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Abstract. We used de Bruijn diagrams to analyze traffic models based
on one-dimensional cellular automata. The first model is the rule 184
which simulates traffic flow with the simplest dynamics. The second
model is a rule represented by a cellular automaton of order (4,2), which
includes all the configurations that can be presented when the model con-
templates two speeds. To this cellular automata we denominated LCA-
TRAFFICFLOWVMAX2 which is completely deterministic and we can
predict or analyze its behavior still before to carry out simulations in
computer using de Bruijn diagrams. We obtained this model taking as
it bases the model proposed by Nagel-Schreckenberg to simulate traffic
flow in one dimension and one direction.

1 Preliminaries

The cellular automata were conceived at the beginning of 1950’s by John Von
Neumann, a mathematical brilliant interested in investigating about the required
complexity so that a device could be auto-reproductive and the organization
of this one to have a correct operation when repairing itself with parts that
could have an operation badly. The results were not let hope, all a current of
investigation has been developed with a strong interrelation in fields like fractals
and dynamic systems, as well as applications in: parallel cellular computing,
simulation of dynamic systems and recognition of patterns, and simulation of
socio-economical models, for instance.

In general terms, we can say that a cellular automata is defined and operates
based on the following elements:

– States, or attributes, e.g., “on” or “off”, 0 or 1.
– Containers that store those attributes, e.g., a location in an array, a sector

in a computer’s memory.
– Behaviors associated with those states; formulated as conditional transition

rules (IF, THEN, ELSE) that govern how and when automata react to in-
formation that is input to them.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 306–315, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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– Neighborhoods from which the automata draw input, e.g., neighboring loca-
tions in an array, databases containing information.

– Temporal domain, through which the evolution of the automata proceeds,
e.g., real-time, program cycles.

We can define cellular automata so that it operates in one, two, or more
dimensions. Nevertheless, the complexity to analyze them or to implement sim-
ulations of these in a computer is exponentially increased with the number of
dimensions and states including in its definition.

The mentioned aspect of complexity previously, has oriented some inves-
tigators to work with cellular automata that operate in one dimension, since
this allows them to analyze with more detail the referring aspects to its behav-
ior. One of the pioneering works about one-dimensional cellular automata made
Stephen Wolfram [12] during the decade of 1980’s. Professional scientific interest
in cellular automata received a considerable impetus from the investigations of
Stephen Wolfram, who undertook a computer based search through the proper-
ties of one-dimensional automata, guided by some concepts from the realm of
nonlinear dynamics and statistical mechanics.

So, according to the Wolfram notation, we can define a one-dimensional cel-
lular automaton of the following way

xt+1
i = f(xt

i−r, ..., x
t
i, ..., x

t
i+r), f : K2r+1 �→ K, (1)

where r is the neighborhood radius, K is a finite set of states, i ∈ ZZ, x is
the automaton and x ∈ K. The equation (1) defines the evolution rule ϕ for a
cellular automata of order (k, r), where k is the number of states and k ∈ K.

From the definition of a one-dimensional cellular automaton we can charac-
terize its behavior identifying ancestors, finding cycles, search for the garden of
eden - configurations which cannot evolve from any predecessor - or any other
pattern of behavior that is of our interest.

A very useful tool which we can use to characterize the behavior of cellular
automata is the de Bruijn diagram [9], main tool of shift register theory [1]. Be-
cause the cells of one dimensional automata, by denition, form linear chains and
the neighborhoods themselves form another kind of chain, wherein they neces-
sarily overlap. The result is an arrangement which has a very close connection
with shift register theory, which is a systematic study of the properties of over-
lapping strings and how the overlaps happen to come about. In particular, the
form of graphical representation known as the de Bruijn diagram.

Several papers have used de Bruijn diagrams for representing and analysing
the evolution rule of a one-dimensional cellular automata. Masakazu Nasu [8]
refers the properties of injective and surjective evolutionary functions to de
Bruijn and related diagrams; Wolfram [13] himself used them to express evo-
lutionary properties, and Erica Jen [2] has used them to calculate ancestors.
The de Bruijn diagrams are defined as follows:

(i) The nodes of the diagram are all the sequences of 2r cells, i.e. the set K2r.
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(ii) Let a,b be states of K and ξ1, ξ2 sequences of K2r−1. Then aξ1 y ξ2b are
sequences of K2r representing nodes of the de Bruijn diagram. There is an
arc from aξ1 to ξ2b if ξ1 = ξ2, and it represents the sequence aξ1b ∈ K2r+1

which is a complete neighborhood of the automaton.
(iii) Every arc labelled by the state in which the neighborhood aξ1b evolves

according to the evolution rule ϕ.

In this way, paths in the de Bruijn diagram are sequences of symbols formed
in one-dimensional cellular automata. So, the equation that defines a de Bruijn
diagram is

BMi,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 j =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ki
ki+ 1
.
. (mod k2r)
.
ki+ k − 1

0 otherwise.

(2)

Another diagram which we can construct from the de Bruijn diagram is the
subset diagram. The subset diagrams was introduced by Edward F. Moore in
1956 [5]. In the subset diagram the nodes are grouped into subsets, note being
taken of the subsets to which one can arrive through systematic departures from
all the nodes in any given subset. The result is a new graph, with subsets for
nodes and links summarizing all the places that one can get to from all the
different combinations of starting points. Sometimes, but far from always, the
possible destinations narrow down as one goes along; in any event one has all the
possibilities cataloged. One point to be observed is that if one thinks that there
should be a link at a certain node and there is not, the link should be drawn
to the empty set instead; a convention which assures every label of having a
representation at every node in the subset diagram.

Let a and b be nodes in a given diagram, S a subset, and |S| the cardinality
of S; the formal definition of its subset diagram is

Σi(S) =

⎧⎨⎩
∅ S = ∅
{b|linki(a, b)} S = {a}⋃

a∈S Σi(a) |S| > 1.
(3)

There is another important reason for working with subsets. Labelled links
resemble functions, by associating things with one another. But if two links
with the same label emerge from a single vertex, they can hardly represent a
function. Forging the subset of all destinations, leaves one single link between
subsets, bringing functionality to the subset diagram even though it did not exist
originally. Including the null set ensures that every point has an image, avoiding
partially defined functions.
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2 Rule 184

The model that represents traffic flow with the simplest dynamics is that in which
the cars move of left to right by an “artificial highway”. This artificial highway
consist of an array of L sites or cells. Each site or cell is either occupied or empty.
In this model we assume periodic boundary conditions. Time is discrete. The
evolution is synchronous, that is, all cars move at same time. At each time step,
each driver moves his car to the right only if the next cell is empty. Therefore,
car at site i can either move to site i + 1 this site is empty, or not move if site
i+ 1 is occupied. Thus, the state of a given cell i depends only on cells i− 1, i
and i + 1. This model is equivalent to cellular automaton Rule 184 if the state
of an occupied site is 1, whereas the state of an empty site is 0. The Rule table
is

neighborhood 000 001 010 011 100 101 110 111
image 0 0 0 1 1 1 0 1

In the Fig. 1 we showed the generic de Bruijn diagram for the Rule 184, which
is a (2,1) automaton (one having two states per cell with a single neighbor on
each side, according to Stephen Wolfram’s notation) has four nodes correspond-
ing to the four two-cell partial neighborhood, with eight links representing the
full three-cell neighborhoods. The still life diagram may be extracted from the
generic diagram by removing all links which do not conserve their central cell
during the automaton’s evolution. Loops in the subdiagram composed of the
remain links define sequences, rather than individual cells, which are invariant
to evolution. By reading of such sequences, all the still lifes for the automaton
are automatically determined.

The topological matrix corresponding to the diagram shown in Fig. 1 is

BM =

⎡⎢⎢⎣
0 0 . .
. . 0 1
1 1 . .
. . 0 1

⎤⎥⎥⎦
Also we can construct subset diagram from de Bruijn diagram. Let A = 00,

B = 01, C = 10, D = 11. The subset diagram then has 24 = 16 nodes for the
sixteen subsets, but to save space we show only the part connected to the empty
subset. The destination of each arrow leaving individual nodes is

Node 0 leads to 1 leads to
A A,B ∅
B C D
C ∅ A,B
D C D

Then, form vectors whose elements are the tail nodes and whose components
are indexed by the head nodes; an element is null if there is no incoming link
from any node.
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Fig. 1. De bruijn diagrams generated by the Rule 184. (A) The generic de Bruijn
diagram. (B) Subdiagrams generated by Rule 184 still lifes.

Node 0 leads to 1 leads to
{ABCD} (A, A, B+D, ∅) (C, C, ∅)
{ABC} (A, A, B, ∅) (C, C, ∅, B)
{ABD} (A, A, B, ∅) (∅, ∅, ∅, B+D)
{D} (∅, ∅, D, ∅) (∅, ∅, ∅, D)
{C} (∅, ∅, ∅, ∅) (C, C, ∅, ∅)
{AB} (A, A, B, ∅) (∅, ∅, ∅, B)
{∅} (∅, ∅, ∅, ∅) (∅, ∅, ∅, ∅)

This structure is actually the vector subset diagram; the scalar subset di-
agram arises by enumerating the non-null indices. We don’t care how many
incoming arrows there are nor where they originate, as long has there is at least
one

Node 0 leads to 1 leads to
{ABCD} {ABC} {ABD}
{ABC} {ABC} {ABD}
{ABD} {ABC} {D}
{D} {C} {D}
{C} {∅} {AB}
{AB} {ABC} {D}
{∅} {∅∅∅∅} {∅∅∅∅}

its topological matrix, having indexed the subsets in the order shown, is S = a+b
according to ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

. 1 1 . . . .

. 1 1 . . . .

. 1 . 1 . . .

. . . 1 1 . .

. . . . . 1 1

. 1 . 1 . . .

. . . . . . 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

. 1 . . . . .

. 1 . . . . .

. 1 . . . . .

. . . . 1 . .

. . . . . . 1

. 1 . . . . .

. . . . . . 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . 1 . . . .

. . 1 . . . .

. . . 1 . . .

. . . 1 . . .

. . . . . 1 .

. . . 1 . . .

. . . . . . 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Fig. 2. Subset diagrams for Rule 184. (A) Entire subset Diagram. (B) Subset diagram
that shows only the part connected to the empty set.

Fig. 3. Space-time diagram that shows the evolution of the Rule 184.

Through subset diagram we can know if cellular automaton it has injective
properties finding gardens of eden. In the case of Rule 184 we can observe in the
Fig. 2 that 01100 chain or any permutation of this one cannot be generated by
any predecessor.

In the Fig. 3 we can observe through the evolution of the Rule 184 that the
traffic jams move a site to the left in each time step.

3 LCATRAFFICFLOWVMAX2

This model is based on the Nagel-Schreckenberg traffic model [7]. However, LCA-
TRAFFICFLOWVMAX2 is completely deterministic. The road is divided on
one-dimensional array of L with periodic boundary conditions. Each site is ei-
ther ocuppied by one car or empty. Each car has an integer velocity with values
between zero and vmax. The number of empty sites in front of a car is denoted
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by gap. For an arbitrary configuration, one update of the system consist of the
following three consecutive steps, which are applied in parallel for all cars:

1. If (v ≤ gap− 1) then v := v + 1.
2. If (v ≥ gap+ 1) then v := gap.
3. Car motion: Each car is advanced v sites.

We represented this model with a cellular automaton of order (4,2), where
r = 2, K = {0, 1, 2, 3}, and vmax = 2. The four states have the following
representation: state 0 → empty site, state 1 → ocuppied site with v = 0,
state 2 → ocuppied site with v = 1, state 3 → ocuppied site with v = 2. The
Rule table is

neighborhood 00000 00001 00002 00003 00010 00011 00012 00013 .... 33333
image 0 0 0 0 0 0 0 0 .... 1

The de Bruijn diagram of LCATRAFFICFLOWVMAX2 contains 42(2) = 256
nodes and 42(2)+1 edges which represent the 1024 neighborhoods. In the Fig. 4 we
represented the de Bruijn diagram like a tree, where the partial neighborhoods
have a decimal representation. These neighborhood are ordered of ascending
form according to the number of states and to the possible combinations. With
this type of representation it is easier to identify the nodes that form cycles
of periodic chains during the evolution of cellular automaton since it is only
necessary to take like beginning from the cycle some node from the tree and
to follow his ramifications until finding it again. For example, in the Fig. 4 we
can see the cycle formed by the nodes 0 → 2 → 8 → 35 → 142 → 56 →
226 → 136 → 32 → 128 → 0. Although we did not show the subset diagram of
LCATRAFFICFLOWVMAX2 because its size is too great to this paper -2256

nodes- we can say that the chains of 1’s form gardens of eden, or in other words,
traffic jams.

In the Fig. 5 we showed cycles that form chains in which the cells have a shift
of 5 sites to the right in 3 generations during the LCATRAFFICFLOWVMAX2
evolution’s.

Finally, in the Fig. 6 we showed the LCATRAFFICFLOWVMAX2 evolution.

4 Concluding Remarks

The behavior of traffic flow represents a difficult problem as far as the analysis
that is necessary to make to characterize it. Many works exists in this sense ori-
ented towards different points with the purpose of including the greater number
of aspects involved in this complex system. The de Bruijn and subsets diagrams
are useful tools to analyze traffic flow models because they contain all the in-
formation referring to the behavior and the characteristics of any linear cellular
automata. Thus, this kind of tools allow us to know with certainty as the different
behaviors that can have the traffic flow models are generated.
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Fig. 4. De Bruijn diagram generated by LCATRAFFICFLOWVMAX2.
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Fig. 5. Cycles that form chains in which the cells have a shift of 5 sites to the right in
3 generations.

Fig. 6. LCATRAFFICFLOWVMAX2 evolution’s.
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Abstract. The proliferation of mobile computing devices in recent years has
produced an increased interest in the development of efficient methods of
communication among these devices.  As networked mobile devices move, the
configurations of the networks of which they are a part change and if the time
between these changes is short enough then conventional routing algorithms are
no longer useful. This paper describes the use of cellular automata to model
message broadcasting among autonomous agents in highly mobile ad hoc net-
works.  The advantages offered by using this method to study the problem are
discussed and an upper bound on the time steps required by a “reasonable”
broadcast algorithm is derived.

1   Introduction

1.1   The Problem of Message Passing in Highly Mobile Ad Hoc Networks

When networked mobile devices move, the configurations of the networks of which
they are a part change. As a result, the best path along which to pass a message from
one node in the network to another may change over time. If the changes in topology
occur at reasonably well spaced intervals conventional algorithms for determining
shortest paths in graphs can be used. But in a more rapidly changing system these
methods work less well, if at all.

In this paper we consider networks comprising many nodes which operate inde-
pendently of each other with no centralized control or global knowledge of the state
of the network and in which the topology changes too frequently for conventional
routing methods to work. We consider a number of autonomous agents deployed over
an area large enough that direct communication between all agents may be impossible
at any given time. No individual agent is aware of the location of any other of the
agents except those within its communication range.

One agent may be in range of a second agent which, in turn, is in range of – or may
move to come in range of – a third agent not in range of the first. The first can send a
message to the third by sending it to the second which relays it on. As a starting point
for studying techniques for message passing in these networks, we look at broadcast-
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ing a single message from one node to all other nodes by passing the message from
any node holding it to any other nodes which come within its communication range.
This paper explores the use of cellular automata to model the agents, the messages,
and the space in which they move.

1.2   Why Use Cellular Automata to Study This Problem?

Cellular automata lend themselves well to problems which are characterized by ele-
ments which assume one of several discrete states and in which the state of an ele-
ment at any given time depends in some way upon the states of its neighbors at the
previous point in time.  The use of time steps works well in defining rapidly changing
systems because it provides a means of expressing the system state at discrete times.

States can be defined to describe cells with various numbers of agents which, in
turn, hold or do not hold the message.  By selecting a reasonably descriptive subset of
all possible agent/message combinations, the number of states considered can be kept
relatively low while at the same time providing a useful description of the system.

Additionally, while a graphic interface is certainly not a required part of a cellular
automaton, the nature of the cells – that is, that at any given time, each cell is in one
of a finite number of well-defined states – makes graphic display of the system
straightforward.  Displaying the system state graphically at each time step provides an
overview of the activity of the agents and messages which make their movement pat-
terns much more readily observable than they might otherwise be

2   Literature Survey

2.1   Communication in Mobile Ad Hoc Networks

The primary issue in transmitting messages in any network is finding a reasonably ef-
ficient path from one node to another. This may mean simply finding the shortest path
between the nodes but it often involves consideration of other factors which may ef-
fect the time taken to pass the message. When the nodes are mobile, the problem is
greater because the connectivity of the networks may change significantly between
the time when a path is calculated and when it is used [1]. One way of addressing this
is to maintain a routing table at each node listing the nodes it can reach [2].  This table
is updated periodically and shared with its neighbors.

In [3] the efficiency of maintaining such tables proactively is compared to that of
building them as needed and, in so doing, the overhead of maintaining tables with
links to nodes which are no longer in communication is saved. They also use the past
history of routes in the ad hoc network to make predictions of the stability of paths
and attempt to use more stable paths. A method of taking “snapshots” of a distributed
system showing its state at a given point in time is described in [4] and in [5] this
technique is adapted for use in delivering messages in an ad hoc network.

Some proposed techniques assign specific tasks to certain nodes [6]. Others assume
that the network is always connected and that changes in topology are localized and
use this trait to cluster nodes using weakly connected dominating sets of nodes [7].
These approaches, however, present a model different from that being considered in
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this paper. In particular, the first requires that the agents are homogenous and the sec-
ond makes assumptions about connectivity that our model does not.

The focus of this paper is to study the ways in which a message moves as it is be-
ing broadcast with the goal of discovering ways of fostering this activity while not
compromising the autonomy of individual agents. One problem that arises is that the
message may be transmitted repeatedly between a given pair of nodes. An interesting
method for reducing this transmission redundancy is presented in [8]. It is suggested
that delaying the relaying of the message until an agent has had a chance to move out
of the area in which it received it can reduce unneeded transmissions.

2.2   Autonomous Agents

This paper discusses the representation of autonomous agents moving in some defined
space. A message is broadcast from one of the agents to all of the others. Cellular
automata are used to represent the space in which these agents exist and the agents
themselves – along with the message if they have it – are represented as states. The
idea of the network’s nodes being autonomous is an important one because it suggests
that each node is free to operate according to some agendum under its control. We are
interested in observing the patterns of dissemination that may emerge from letting the
nodes (agents) operate in this manner and, ultimately using that to advantage. A dis-
cussion of adaptability and self-organization of agents is given in [9] where it is said
that autonomy is a necessary and sufficient condition for these to exist. Agent mod-
eling is discussed in more detail in [10] and several possible attributes of agents are
listed.

2.3   Cellular Automata

A cellular automaton is an entity which can be in one of a finite number of well-
defined states. The state of the automaton at a given point in time is determined by a
set of rules based on its state and the states of automata adjacent to it in the automata
space at the immediately preceding point in time. The updating of automata states in a
space can be done synchronously, in which case the states are changed in some order
and the “new” state of a given automaton may depend on the states of some neighbors
in the previous time step and the states of others in the current step. Alternatively, up-
dating can be done asynchronously, or in parallel, so that changes of state in neigh-
boring cells do not affect a cell until the following time step. A history of cellular
automata and descriptions of several uses for them are given in [11] with further dis-
cussion in [12]. Applying cellular automata to the problem of location management in
mobile networks is discussed in [13].

3   Simulating Mobile Networks with Cellular Automata

An environment with a mobile network comprises several elements which must be
represented by any simulation designed to study message passing in such networks.
These elements are the space in which the agents (nodes) exist and move, the mes-
sages being passed among agents, and the agents themselves.
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Also important is the time required to transmit a message from one agent to an-
other, as is the speed at which the agents can move.  The simulator used for this work
represents time as discrete steps.  The number of steps required for an agent to move
from one cell to another and the number of steps needed to transmit the message can
be set independently of each other.

3.1   Description of Cells and the Space

The simulation is based on cells that can be in any of several states. The cells used in
this simulation are square and the space they occupy is rectangular. Three general cell
states are defined as empty, containing one or more agents without the message, and
containing one or more agents with the message.

Whenever an agent with the message comes within range of an agent that does not
have the message, it passes the message on. Accordingly, if more than one agent oc-
cupies a given cell, either they all have the message or none of them does. The total
number of possible states for a cell, is 2a + 1, where a is the number of agents in the
system.  A given cell can be empty; it can contain up to a agents, none of which hold
the message; or it can contain up to a agents, all of which hold the message.

3.2   Definition and Movement of Agents

The number of agents is specified at the beginning of the simulation and is fixed for
the entire run.  Movement of an agent from one cell to another is modeled by the cell
of origin changing state to reflect that the agent is no longer in it and the destination
cell changing state to reflect its presence.  Since the number of agents in the system is
fixed for any given simulation run, if a cell’s state is changed to indicate that an agent
has moved into it, some other cell’s state must change to reflect the movement out.

An agent can move only between adjacent cells. That is, a cell’s state can change
to reflect the presence of an agent in a given time step only if at least one of the cell’s
neighbors contained an agent in the previous time step. Consequently, the definition
of “neighborhood” is important.  The neighborhood of a cell is simply the set of cells
defined to be adjacent to it. Two commonly used definitions of adjacency are the von
Neumann and Moore neighborhoods. These are illustrated in Figure 1. A Rotated von
Neumann neighborhood is also considered in this study.  Each of these neighborhoods
can be defined either to include or to exclude the cell itself.

One of the defining characteristics of agents is their autonomy. This means that we
cannot dictate the detailed movement of agents in the system. Accordingly, there is an
element of randomness involved in determining an agent’s next location (The ran-
domness is implemented using the C++ rand function.) When a simulation is initial-
ized, the dimensions (rows and columns) of the space are defined and the number of
agents in the system is set with most of the agents being distributed randomly
throughout the cells. An exception to this random placement is made in order to as-
sure that the agent originating the message is in a corner of the space and that at least
one other agent is in the diagonally opposite corner.
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Fig. 1. Neighborhoods:  (a) Von Neumann.  (b) Moore.  (c) Rotated von Neumann

3.3   Passing of Messages

A corner cell is designated to contain an agent which is the message originator and the
message is passed from one agent to another whenever an agent holding the message
comes within range of an agent not holding it. This is modeled by changing the state
of the cell of the agent receiving the message from a cell with one or more agents
without the message to a cell with one or more agents with the message.

3.4   Time Steps and Neighborhoods

For this paper, agents could move to a neighboring cell and the message could be
passed between neighbors in each time step.  The types of neighborhood used for each
of these need not be the same and can be used to create a more realistic model; by de-
fining message passing in a Moore neighborhood and agent movement in a von Neu-
mann neighborhood, the agents are restricted to moving around corners while the
message can be passed more efficiently.

4   Studies of Message Passing in Highly Mobile Ad Hoc Networks

There are many factors to be considered when studying message passing in highly
mobile ad hoc networks.  Among these are the patterns of movement of the agents in
the network, the rules governing message passing between agents, and the resulting
patterns of movement of the messages being passed. Once these factors are well un-
derstood, ways of improving the efficiency of the process may be examined. This pa-
per reports results from a series of cellular automata-based experiments designed to
establish a practical upper bound on the time required to broadcast a message and
thereby serve as a starting point for further investigation.

4.1   Network Simulations

The experiments reported on here are based on a scenario in which many agents can
move independently throughout an area. A single agent is initially given a message to
be broadcast to the other agents. Cells are updated asynchronously and the simulation
is stopped when all agents have received the message.

A set of simulations was run in a 25 x 25 space with different agent densities and
the average number of time steps taken to complete broadcast in each case was re-
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corded.  The agent initially holding the message is in one corner and there is an agent
in the diagonally opposite corner. Otherwise, the agents are randomly distributed
throughout the space. Opposing corner cells represent the worst case in terms of dis-
tance from other cells and the worst case for time required to complete the broadcast.

As described in Section 3, the number of time steps needed for an agent to move
from one cell to another and the number of steps taken to transmit a message between
agents can be set independently. For the simulations described in this paper, each of
these numbers is set to 1. Increasing the time needed to move relative to message
passing produces results similar to those reported here except that, predictably, more
total time is required.

Simulations were run using two slightly different rules for agent movement. In one,
the agents were required to move to a neighboring cell at each time step. In the other,
they were allowed to remain at their current position.  In each case, an agent selects a
destination cell by choosing from among its neighbors (perhaps including the cell it
currently occupies) with equal probability. Whenever an agent with the message
comes within range of an agent without the message, the first agent passes the mes-
sage to the second. Simulations were run for several combinations of neighborhood
types.

The results of runs in which agents are allowed to stay in place – that is, when a
cell is considered to be part of its own neighborhood – are shown in Figure 2 and are
analyzed in the next section.  When agents were required to move, the time needed to
complete broadcast was somewhat less (for example, 20 to 30 time steps at a density
of 10 percent). At higher densities, the times are nearly the same. Note that requiring
agents to move is a special case of allowing them to remain in place and the resulting
times would be expected to fall between the lower bound time (discussed in Section
4.2.1) and the time needed when they are not required to move.

4.2   Analysis of Simulation Data

In this section the data collected above are discussed in light of existing theory con-
cerning the time required to broadcast in grids. This is then used to establish lower
and upper bounds on the broadcast time in order to define the limitations and the po-
tential for gain in broadcast techniques. The simulations above allowed agents to
move randomly throughout the space and to pass the message whenever possible. By
placing restrictions on the movement or message passing, gains in time may be
achievable within the bounds defined here. The potential for these gains is described
as future work in Section 5

4.2.1   Lower Bounds for Broadcast Time in a Grid
To analyze the data from the simulations in Section 4.1, it is helpful to consider some
underlying theory concerning message passing in fixed networks. In a fixed rectan-
gular network (grid) the worst broadcast time occurs when then message originates in
a corner.   For a square grid with n nodes on a side this time is 2n – 2 steps, as proven
by Farley’s Theorem [14].

When the nodes are allowed to move freely, agents in diagonally opposite corners
can move toward each other, cutting this time in approximately half. If we mix neigh-
borhood types, the delivery time can be further improved. If the agents move within
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Fig. 2. Time steps to complete broadcast as a function of density for different
move/pass neighborhood combinations. In the key, V = von Neumann, M = Moore, and R =
rotated von Neumann.  The first and second letters refer to the movement and message passing
neighborhoods, respectively.

von Neumann neighborhoods, but pass messages within Moore neighborhoods, the
best-case time can be reduced to n – 2.  This scenario is reasonable since the networks
being modeled comprise physical agents communicating by radio or some similar
medium. A physical agent must move around buildings, walls, or rocks but the radio
waves they use to communicate can go through these obstacles.

Finally, if agents move and messages are passed in Moore neighborhoods, the time
can be reduced to ceil(n/2) – 1.  Using these numbers we can establish a lower bound
for the number of time steps required to complete broadcasting in a space with given
dimensions and neighborhood definitions. When comparing broadcasting techniques,
this can be used as a way of measuring their relative efficiency.

4.2.2   The Effect of Neighborhood Choice on Broadcast Time
It is immediately apparent from Figure 2 that, for all choices of movement/passing
neighborhoods, the higher the density, the sooner broadcast is complete. It can also be
seen that the number of time steps drops dramatically as density is increased to
around 40%. Beyond that, the improvement is slight.

The graph also shows the difference in performance resulting from various neigh-
borhood choices. Combinations which include a Moore neighborhood complete
broadcasting more quickly than corresponding combinations which do not because a
Moore neighborhood allows agents and/or messages to move along the diagonal of
the space. It also allows movement in more different directions than either von Neu-
mann or rotated von Neumann neighborhoods, however, decreasing the probability
that the message will be disseminated in the most efficient direction.

It is also apparent that the overall most efficient neighborhood choice combines a
rotated von Neumann neighborhood for agent movement with a Moore neighborhood
for message passing. So the rate of information dissemination depends not only on the
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relationship of one cell to another but also on the rate at which the message moves
away from its point of origin. Movement in a rotated von Neumann neighborhood
provides the best chance of moving the furthest from the origin most quickly.

4.2.3   Neighborhoods That Can Cause Broadcast to Fail
As noted in Section 4.2.1, when the von Neumann/Rotated von Neumann and Ro-
tated/Rotated neighborhood combinations are used, broadcast is likely to fail to com-
plete. This is because the two neighborhoods are mutually exclusive. They form, in
effect, a checkerboard and the rules for moving among them prevent moving from
black to red squares. Agents move, then, on two separated non-overlapping grids, su-
perimposed one over the other.

4.3   Summary of Simulation Results and Comparison with Other Work

The simulation data analyzed here enable us to determine an upper bound for “rea-
sonably efficient” broadcast algorithms for use in highly mobile ad hoc networks.
Farley previously proved the lower bound for such algorithms in fixed grid networks.
His results are adapted here to ad hoc mobile networks and serve to define that bound.

This paper presents data showing average results for a number of runs under dif-
ferent circumstances. Since these results were obtained without defining any particu-
lar movement pattern beyond random selection of a neighboring cell, it is not reason-
able to expect that they are optimal. When the density exceeds approximately forty
percent, however, the number of time steps needed using this technique differs by
nearly fixed amounts from the theoretical best achievable times. This gives us a loose
upper bound on what can be considered acceptable.

These results can be used to gauge the efficiency in terms of time steps needed by
different algorithms to complete broadcast. The lower bound described is fixed and
the closer one can come to it, the better. If that bound is not achieved, the times pre-
sented here define an upper bound on what could reasonably be considered to be
“close enough.”

These results are consistent with work presented in [15] in which information dis-
semination in mobile ad hoc networks is compared to the spreading of epidemic in-
fections and an analytical model is presented for calculating the time required to reach
all nodes under various rates of "infection." They demonstrate that, for a given “diffu-
sion force,” as more time passes, the percentage of infected nodes (in other words,
agents with the message) increases dramatically to a point and then levels off. This
agrees with the results presented Figure 2. In this case the diffusion force is related to
the agent density

5   Conclusions and Suggestions for Future Work

Farley’s Theorem concerning message broadcast time in fixed grid networks can be
adapted to determine the best achievable time in mobile ad hoc networks. This paper
shows how to do that and then presents a means for establishing a “reasonable” upper
bound.

This paper describes the use of cellular automata for the purpose of analyzing mes-
sage broadcast time in highly mobile ad hoc networks. This work is intended to serve
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as a starting point for further research. The simulation method used appears promising
as a means of testing a variety of broadcast algorithms. The next step in this process is
to study the dissemination patterns produced as agents and messages move throughout
the modeled space. Once those patterns are well understood, algorithms can be devel-
oped which may improve the broadcast time.
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Abstract. Understanding the collective behaviour of packets traffic in
data networks is of vital importance for their future developments. Some
aspects of this behaviour can be captured and investigated by simpli-
fied models of data networks. We present our CA like model describing
processes taking place at the Network Layer of the OSI (Open Systems
Interconnection) Reference Model. We use this model to study spatio-
temporal packets traffic dynamics for various routing algorithms and traf-
fic loads presented to the network. We investigate how additional links,
added to a network connection topology, affect the collective behaviour of
packets traffic. We discuss how some of the network performance aggre-
gate measures reflect and relate to the emergence of packets collective
spatio-temporal dynamics. We present selected simulation results and
analyse them.

1 Introduction

In recent years data communication networks have experienced unprecedented
growth that will continue in the future. The dominant technology is the Packet
Switching Network (PSN). Examples of PSNs include the Internet, wide area net-
works (WANs), local area networks (LANs), wireless communication networks,
ad-hoc networks, or sensor networks. The widespread proliferation of PSNs has
outpaced our understanding of the dynamics of packets traffics and their de-
pendence on network connection topologies, routing algorithms, amounts and
types of data presented to the networks. For the future development of PSNs
it is important to understand what effects may have local changes in network
connection topologies, changes in operation of single routers, or changes in rout-
ing algorithms on the collective behaviour of packets. The further evolution of
PSNs and improvements in their design depend strongly on the ability to pre-
dict networks performance using analytical and simulation methods, see e.g. [1,
2,3,4] and the references therein. The need to have a simulation model closer
to the real packet switching networks than static flow and queueing models in
order to study which network features and parameters affect flow, congestion
and collective spatio-temporal dynamics of packets in PSNs has motivated our
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research. Our simulation model describes the processes taking place at the Net-
work Layer of the OSI Reference Model. For this layer we have constructed a
cellular automaton (CA) like model [5,6]. In order to simulate our CA model of
PSNs we developed a C++ simulation tool, called Netzwerk-1 [7]. The benefits
of our model are that, like real networks: it is concerned primarily with packets
and their routing; it is scalable, distributed in space, and time discrete. More-
over, it avoids the overhead of protocol details present in simulators designed
with different goals in mind.

We have applied our model and its further refinements to study, among oth-
ers, the effects of routing algorithms and network topologies connectivity, size
and the addition of extra links with various preferentiality factors of attach-
ment on the phase transition from free flow to congestion, throughput, average
packet delay, packet average path length and speed of delivery, see [8,9,10,11].
The presented work is a continuation of our previous investigations. Its goal is
to study how the packets collective spatio-temporal dynamics is affected by the
network topology. Also, our aim is to isolate aspects of routing algorithms that
lead to spatio-temporal self-organisation in packets traffics. We explore, for se-
lected network performance aggregate measures, how they reflect and relate to
the emergence of packets collective spatio-temporal dynamics.

The paper is organised as follows. In Section 2 we describe our CA network
model. In Section 3 we present selected simulation results and analyse them. In
Section 4 we provide our conclusions and outline future work.

2 Packet Switching Network Model

There is vast engineering literature devoted to PSNs, see [3] and the references
therein. We limit our discussion to the development of our PSN model. Its de-
tailed construction is described in [6,7]. The purpose of a PSN is to transmit
messages from sender to receiver. In a real-world PSN, messages are broken into
several equally sized pieces called packets. These packets are then sent across a
network consisting of connected nodes, known as hosts and/or routers. In our
model we restrict all messages to the length of one packet. Packets contain an
information payload along with routing and other header information. Since our
concern is strictly with the delivery of packets across the network, the informa-
tion payload contained within each packet is irrelevant to our discussion. Hence,
in the considered models we assume that each packet carries only the following
information: time of creation, destination address, and number of hops taken.

As in a real-world PSN, our network model consists of a number of intercon-
nected switching nodes. Each node can perform the functions associated with
a host and a router. The primary functions of the hosts are to generate and
receive packets. Routers are responsible for storing and forwarding packets on
their route from source to destination. Packets are created randomly and inde-
pendently at each node. The probability λ with which packets are created is
called source load. Nodes maintain incoming and outgoing queues to store pack-
ets. For this paper we consider one incoming queue and one outgoing queue per
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switching node. We assume that the outgoing queues are of unlimited length
and operate in a first-in, first-out manner. Each node at each time step routes
the packet from the head of its outgoing queue to the next node on its route
independently from the other nodes. A discrete time, synchronous and spatially
distributed network algorithm implements the creation and routing of packets [6,
7,8]. The considered network connection topologies, routing cost metrics and the
PSN model algorithm are described in subsections that follow.

Network Connection Topology. In a real-world PSN, while the physical
means of communication links may vary, the underlying connection topology
can always be viewed as a weighted directed multigraph L. Each switching node
corresponds to a vertex and each communication link is analogous to a pair of
parallel edges oriented in opposite directions. We associate a packet transmission
cost to each directed edge, thus parallel edges do not necessarily share the same
cost.

For the presented set of simulations we consider network connection topolo-
gies L = Ll,�(L) that are isomorphic to two-dimensional periodic or non-periodic
square lattices with the number of nodes in the horizontal and vertical directions
L = 16. We study both unperturbed networks with l = 0 additional links and
perturbed ones by adding randomly l > 0 extra links. The first node to which an
additional link attaches is selected with uniform probability from the set of all
nodes in the network. The second node is selected randomly from the remaining
nodes with bias towards the nodes with higher number of outgoing edges. The
bias is called preferentiality factor (PF ) of attachment. If the bias is equal to
zero then the second node is selected with uniform probability. All randomly
generated links are added prior to a simulation run. All links in the network are
static for the duration of the simulation.

Static Routing and Adaptive Routing. In the network models, packets
are transmitted from their source nodes to their respective destination nodes.
The path across the network taken by each packet is determined by the rout-
ing decisions made independently at each node based on a least-cost criterion.
Depending on the costs assigned to each edge of the graph, we consider routing
decisions based on the minimum route distance or the minimum route length
least-cost criterion [2,3]. We consider three types of edge cost functions called
One (ONE), QueueSize (QS), and QueueSizePlusOne (QSPO) [6,7] that are de-
scribed below. In each considered network model setup it is assumed that all
edge costs are computed using the same type of edge cost function.

Edge cost function ONE assigns a value of one to all edges in the lattice L.
Applying a least cost routing criterion results in minimising the number of hops
taken by each packet between its source and its destination node, minimum hop
routing. Since the values assigned to each edge do not change during the course
of a simulation, this type of routing is called static routing. The QS edge cost
function assigns to each edge in the lattice L a value proportional to the length
of the outgoing queue at the node from which the edge originates. A packet
traversing a network using this edge cost function will travel from its current
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node to the next node along an edge belonging to a path with the least total
number of packets in transit between its current location and its destination.
The edge cost function QSPO assigns a summed value of a constant one plus
a number proportional to the length of the outgoing queue at the node from
which the edge originates. This cost function combines the attributes of the first
two functions. Routing decisions made using QS or QSPO edge cost functions
rely on the current state of the network simulation. Hence, they imply adaptive
or dynamic routing in which packets have the ability to avoid congested nodes
during a network simulation.

Each switching node maintains a routing table of least path cost estimates
to reach every other node in the network. This type of routing scheme is called
full-table routing. When the edge costs are assigned by the function ONE the
routing tables can be calculated once at the beginning of each simulation and
they do not require updating, because edge costs do not change with time. In
this case the cost estimates are the precise least-costs. When the edge costs in
a PSN model are assigned by the function QS or QSPO, the routing tables are
updated at each time step using a distributed version of Bellman-Ford least-cost
algorithm [2]. Since only local information is exchanged at each time step, the
path costs stored in the routing table are only estimates of the actual least path
costs across the network.

Packet Switching Network Model Algorithm. In our model we consider
time as given in discrete time units of size one and perform simulations from
time k = 0 to a final simulation time k = T . We can observe the state of the
network model at the discrete time points k = 0, 1, 2, . . . , T only. At time k = 0,
the network is initialised with empty queues and the routing tables are computed
using the centralised Bellman-Ford least-cost algorithm [2].

One step of the discrete time, synchronous and distributed in space network
algorithm advances the simulation time from k to k + 1. It is given by the
sequence of five operations: (1) Update routing tables: The routing tables of the
network are updated in a distributed manner; (2) Create and route packets: At
each node, independently of the other nodes, a packet is created randomly with
source load λ. Its destination address is randomly selected among all other nodes
in the network with uniform probability. The newly created packet is placed in
the incoming queue of its source node. Further, each node, independently of the
other nodes, takes the packet from the head of its outgoing queue (if there is
any), determines the next node on a least-cost route to its destination (if there is
more than one possibility then selects one at random with uniform probability),
and forwards this packet to this node. Packets, which arrive at a node from other
nodes during this step of the algorithm, are destroyed immediately if this node is
their destination, otherwise they are placed in the incoming queue; (3) Process
incoming queue: At each node, independently of the other nodes, the packets
in the incoming queue are randomised and inserted at the end of the outgoing
queue; (4) Evaluate network state: Various statistical data about the state of the
network at time k are gathered and stored in time series; (5) Update simulation
time: The time k is incremented to k + 1.
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The above described time step from k to k+ 1 of the network algorithm can
be repeated an arbitrary number of times. Step (3) of the algorithm simulates
a sort of processing delay and ensures that a packet, which arrives at a node
in one time step, does not leave the node before the next time step. Further,
randomising the incoming queue simulates that the packets arrive at each node
in random order.

3 From Individual to Collective Behaviour of Packets in
Transit

In this section we present selected simulation results and discuss the emergence
of collective behaviour in packets traffic for the described adaptive routing al-
gorithms. We explore how changes in the network connection topology affect
critical source load values and packets spatio-temporal collective behaviour. For
a discussion of how other network performance aggregate measures reflect and
relate to the emergence of packets collective behaviour we refer to [8,9,10,11,12].

Critical Source Load. We classify host source loads λ as sub-critical, critical,
and super-critical source loads. A source load is said to be sub-critical if the
average number of packets entering the network does not exceed the average
number of packets leaving the network. This results in free flowing traffic in a
network where packets reach their destinations in a timely manner. A super-
critical source load is just the opposite of this: the average number of packets
entering the network exceeds the number of packets exiting the network. The
result of applying a super-critical source load is a congested network. Finally,
the critical source load λc is the largest sub-critical source load, or the phase
transition point from free flowing to congested network states. This phase tran-
sition has been observed in empirical studies of packet switching networks [13].
For details concerning the calculation of λc for a given PSN model and analysis
how various aspects of a PSN affect the critical source load value see [6,7,8,9,10,
11].

We consider how the random addition of links affects the critical source load.
The results for periodic (left figure) and non-periodic (right figure) square lattices
of size L = 16 with PF = 0 are displayed in Fig. 1. The lower graphs in both
figures correspond to edge cost function ONE, and the upper ones, that almost
coincide, to the edge cost functions QS and QSPO. We notice that for a periodic
lattice, in the absence of additional links, all three edge cost functions result in
similar values for λc. For the non-periodic lattice, λc for the edge cost ONE is
significantly lower than those for QS and QSPO in this case. The reason is that
the static minimum hop routing does not route packets around congested regions
of the network. The critical source loads for the three edge costs of the otherwise
same model setups are significantly lower for the non-periodic lattice without
or with relatively small number of extra links than those for the equivalent
periodic lattices. We attribute this to the increased average distance between
any two nodes in the non-periodic lattice. This implies, that on average many
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Fig. 1. λc versus l for Ll,�(16) with PF = 0. The left figure shows results for periodic
lattices, the right for non-periodic lattices. The lower graphs correspond to edge cost
ONE, the upper ones to QS and to QSPO. The graphs for QS and QSPO almost
coincide

more packets remain longer in transit resulting in faster build up of congestion for
lower source load values. Further, many more packets must transit through the
centre region of the network, in particular for static routing, i.e. edge cost ONE;
in the case of QSPO, see Figs. 2 and 3. For periodic and non-periodic lattices
and adaptive routing, i.e. edge cost QS or QSPO, additional links increase the
value of λc. In fact, for both, QS and QSPO, there is very little difference in the
values of λc (this may be due to the granularity of the applied source loads). For
edge cost ONE (static routing) the addition of a small number of links results in
a dramatic drop in the critical source loads. This is likely the result of the local
congestion occurring at the ends of these few additional links as is seen in [12].
As more links are added, the critical source loads begin to recover towards their
original levels. However, for the periodic lattice the number of additional links
needed to fully regain this value is much higher than the one presented in the
graph. With regards to the preferentiality factor of attachment of extra links,
our study showed that an increase in the PF -value has an adverse effect on the
critical source load values [10,11].

Spatio-temporal Packets Traffic Dynamics. Here, we discuss the effects
of the lattices periodicity and addition of extra links on the collective spatio-
temporal behaviour of packets in transit in PSN models with edge cost function
QSPO for connection topology L = Ll,�(16). The presented results are for pref-
erentiality factor PF = 0 and numbers of additional links l = 0, 1, and 51. For
the periodic lattices, the source load values λ are 0.125, 0.130, and 0.175, respec-
tively. For the non-periodic lattices they are 0.090, 0.095, and 0.160, respectively.
The values of the considered source loads are about 0.005 higher than those of
the corresponding λc values. For a discussion of results for other cost functions,
topologies and source loads, see [12].

In Figs. 2, 3 and 4 the x- and y-axis coordinates denote the positions of
switching nodes in L = Ll,�(16). The z-axis denotes the number of packets in
the outgoing queue of the node at that (x, y) position. In Fig. 2 we present results
for periodic lattices and in Fig. 3 for non-periodic ones. In both figures, the left
column corresponds to the lattice without an extra link, the right column to the
lattice with one extra link. In Fig. 4 we show results for lattices with l = 51
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Fig. 2. Evolution of queue lengths for edge cost QSPO, λ > λc, periodic lattice L =
Ll,�(16) without an extra link (left column) and with an extra link (right column), for
k = 1600 (top row) and k = 3200 (bottom row)

extra links; in the left picture for the periodic lattice, in the right picture for
the non-periodic one. The distribution of packets is presented for two separate
snapshots in time corresponding to k = 1600 and 3200 in Figs. 2 and 3, and in
Fig. 4 only at k = 3200.

The graphs of Fig. 2 demonstrate spatio-temporal self-organisation in packets
traffic for periodic lattices with l = 0 and l = 1 and emergence of wave-like
pattern with peaks and valleys in packet distribution for congested networks
(λ > λc) using adaptive routing with the QSPO edge cost function. As the
number of packets in the network model increases, the wave-like pattern emerges
in spite the routing scheme attempts to distribute the packets across the network
queues evenly. One notices that for each node that is part of a peak (i.e. with a
relatively large number of packets in its queue), its directly attached neighbours
are part of a trough (i.e. with a relatively small number of packets in their
queue). The converse also holds true. The addition of an extra link hastens the
formation of the wave-like pattern. The pattern is similar to the one obtained for
QS for periodic lattice [12]. However, the addition of many extra links destroys
the formation of this pattern, see Fig. 4. Large queues of more or less the same
size appear at the ends of the extra links with very small number of packets
elsewhere.
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Fig. 3. Evolution of queue lengths for edge cost QSPO, λ > λc, non-periodic lattice
L = Ll,�(16) without an extra link (left column) and with an extra link (right column),
for k = 1600 (top row) and k = 3200 (bottom row)

The graphs of Fig. 3 demonstrate that connection topology periodicity plays
an important role in building up of congestion and emergence of packets col-
lective behaviour. For the lattice with l = 0 we observe across the network an
essentially random distribution of packet queue lengths with their variability
increasing over time. The landscape of queue sizes resembles the one observed
in the case of the edge cost ONE [12], with the difference that here the queues
are significantly larger at the centrally located nodes. That means that, for the
QSPO edge cost function, the ONE-part of the cost plays a much more signifi-
cant role in routing of the packets in the case of non-periodic lattices than in the
case of the periodic ones. We observe that the addition of one extra link dramat-
ically changes packets collective dynamics. It destroys the increasing build up of
the queue sizes of large variability in the interior of the network. The extra link
provides a “short-cut” across the network and plays the surrogate role of the
missing links due to the lattices lack of periodicity. The extra link attracts much
larger numbers of packets than links elsewhere in the network resulting in local
congestion growing at its ends with time. The remaining packets are distributed
more evenly among the other queues of the network, then as it was observed
for l = 0. Initially, the queues are located mostly in the centre of the network.
As time progresses this local congestion spreads out almost evenly across the
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Fig. 4. Packet queue lengths for k = 3200, edge cost QSPO, λ > λc, lattice L =
Ll,�(16) with 51 extra links: left picture for the periodic lattice, right picture for the
non-periodic lattice

network and a wave like pattern emerges among these queues. The sizes of these
queues stay always significantly smaller than that at the ends of the extra link.
For times k > 1600, the distribution of queue sizes resembles that of the super-
position of the distribution of packets for the edge cost ONE with that for QS
presented in [12]. The addition of a large number of extra links destroys wave
like pattern and packets queue mostly at the ends of the extra links. Fig. 4 shows
that the variability of the queue sizes is higher for the non-periodic lattices than
for the periodic ones.

4 Conclusions

We described our CA like model of the OSI Network Layer for PSNs. The
presented simulation results demonstrate that the network connection topol-
ogy plays an important role for the amount of traffic that can be presented to
the network and for the emergence of packets in transit collective behaviour. For
static minimum hop routing, the addition of one extra link decreases drastically
the critical source load value and in order for the network to recover its perfor-
mance many links must be added. For adaptive routing, the critical source load
values increase with the increase in the number of extra links. We observe that
the addition of one extra link can hasten the spatio-temporal self-organisation
in the distribution of packets in transit and lead to the emergence of a wave-like
pattern of queue lengths across the network. However, addition of many links
destroys this process.

The presented study is a continuation of the authors work in [12]. We
plan further investigation into the factors responsible for spatio-temporal self-
organisation of queue lengths. Discovering and understanding correlations be-
tween the traffic patterns and network parameters has the potential to impact
decisions made with regards to topological and routing scheme designs for real-
world networks.
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Abstract. In this paper, we evaluate the feasibility of distributed control of
shared resources in user networks. A user network is totally controlled by the
users, both at application and transport level. This paradigm has become possible
with the advent of broadband wireless networking technologies such as IEEE
802.11. One of the most popular applications in these networks is peer-to-peer
file exchange. As a consequence, the “external” access to the Internet (set of
links between the user network and the Internet) is a shared resource that can
be optimized by node cooperation (i.e., if a node cannot serve its demand with
its own external link, it requests help from another node via the high-bandwidth
internal user network). We consider cellular automata to model such networks and
game theory to model cell behavior. Every cell chooses to behave as a cooperative
or defector node. Cooperators may assist in file exchange, whereas defectors try
to get advantage of network resources without providing help in return. Simula-
tion results help to understand the conditions for cooperative cells to win the game.

Keywords: Stochastic cellular automata, user networks, complex systems, game
theory.

1 Introduction

User networks are totally controlled by the users, both at application and transport level.
This paradigm has become possible with the advent of broadband wireless networking
technologies such as IEEE 802.11. For applications such as peer-to-peer file exchange,
it may be useful to consider the “external” access to the Internet (set of links between
the user network and the Internet) as a shared resource that can be optimized by node
cooperation (i.e., if a node cannot serve its demand with its own external link, it requests
help from another node via the high-bandwidth internal user network). Nodes decide if
cooperation requests are granted or not, either by analyzing limited information on their
neighbors’ states or only based on their own experience.

In this paper, we analyze the conditions that enable cooperation in real user networks.
This is not trivial in a realistic scenario. We could impose several conditions leading to
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node cooperation that would never hold considering user behavior in peer-to-peer (P2P)
services. Therefore, we have developed a framework that makes it possible to model the
real problem and to provide results that explain the conditions for cooperative nodes to
win the game, i.e., to become a majority.

In order to hide the complexities of file exchange, we model it as a game where
cells (i.e. node routers) choose between two different basic strategies: cooperation and
defection. Cooperators assist neighbor cells in Internet file exchange, while defectors do
not offer help to neighbors (although they request help for their demands). Thus, defec-
tors model non-cooperating users, a typical problem in P2P networks. If we consider
the spatial structure of the population, restricting interaction to local neighborhood, a
stable spatial coexistence of cooperators and defectors becomes possible under certain
conditions.

The context of cooperative games and cooperation evolution has been extensively
studied in biological, social and ecological contexts [11], seeking general theoretical
frameworks like the Prisoners’ Dilemma (PD). In his seminal work, Axelrod has shown
that cooperation can emerge in a society of individuals with selfish motivations [10]. For
a review of related work in the last twenty years see [12].

The paper is organized as follows: section 2 describes user-managed networks. Sec-
tion 3 briefly introduces some basic concepts of game theory. Section 4 defines the
Cellular Automaton, which is the basic model for the analysis in section 5. Section 6
discusses the results of our simulations. Section 7 presents the conclusions of the paper
and suggests future research.

2 User-Managed Networks

User-managed networks have become possible with the advent of wireless technologies
such as IEEE 802.11 [2]. They represent one of the last stages in network control evo-
lution [4]. This evolution started with telephone networks. In them, Telcos controlled
both transport and applications. Later, the Internet allowed users to control applications.
Although Telcos still control transport in most of the Internet, in some scenarios carrier
technology is affordable to end-users, and user-managed “islands” appear in a natural
way [5,6,7]. For example, this kind of infrastructures is currently being used to provide
broadband access in Spanish rural areas, as an expansion of shared asymmetric DVB-S
or DVB-T gateways.

A typical basic node in a wireless user-managed network is composed by a router,
an IEEE 802.11 access point (AP) and/or some IEEE 802.11 cards to set links with other
basic nodes. Basic nodes may also be linked to a multi-user LAN (covering a building,
for example).

Figure 1 shows a sector of Vigo (Spain) with 46 basic node locations and the corre-
sponding wireless links for near-maximum overall network bandwidth (D-Link DWL-
1000 APs, D-Link DWL-650 wireless cards and AP channel cellular planning as in [13],
for 50 × 50 m2 cells).

A subset of the basic nodes will have cable or DSL access, providing “external”
connection to the Internet. For the purposes of this paper and without loss of generality,
we will assume that all basic nodes are “externally connected”. Additionally, we assume
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Fig. 1. Network sample: white squares denote isolated nodes

that user network capacity is much larger than external capacity (this holds for reasonable
internal and external networking technologies, for example IEEE 802.11b and DSL
respectively). Nowadays, peer-to-peer file exchange is a “killer” home application [8]. In
a user network, basic nodes can easily share contents, due to the large internal bandwidth.
The bottleneck is the set of “external” connections to the Internet. By optimizing their
usage, overall performance (and, as a consequence, user satisfaction) can be greatly
improved.

By network stability we refer to the condition such that external demands (e.g.,
downloads or uploads at the edges of the user network for peer-to-peer file exchanges)
can be satisfied with external capacity, on average. This certainly holds if:

1. The external demand of each basic node can be satisfied with its own external
capacity, on average,

2. All basic nodes cooperate via the user network and their combined external demand
can be satisfied with their combined external capacity, on average.

Even if the first condition holds (and therefore cooperation is not strictly necessary
to guarantee network stability), cooperation minimizes demand service time (nodes with
temporarily idle external connections can help neighbors with demand peaks). However,
there is no central authority, and -probably selfish- nodes will act either from limited
information on their neighbors’state or only based on their own experience.As explained
in section 5, cooperation granting/denial with limited information can be modeled as a
game. The main goals of this paper are (i) to demonstrate that cooperative nodes may
become a majority in user networks (cooperation may minimize service time) and (ii)
game players can be implemented as distributed basic node agents. In our terminology,
an agent is the program that implements the cell behavior.

3 Game Theory

Game theory [1] provides useful mathematical tools to understand the possible strate-
gies that utility-maximizing agents may follow when choosing a course of action. The
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simplest type of game is the single-shot simultaneous-move game. In it, all agents must
choose one action and all actions are effectively simultaneous. Each agent receives a util-
ity that is a function of the combined set of actions. In an extended-form game, agents
participate in turns and receive a payoff at the end of a sequence of actions. A single-shot
game is a good model for many distributed systems, in which encounters require co-
ordination. Finally, many scenarios that seem correctly described by an extended-form
game can actually be modeled as a series of single-shot games.

The approach we follow in this paper is a composite game where actions are effec-
tively simultaneous but every agent may interact with several neighbors at a time. Every
agent receives a data throughput payoff every turn. The better the strategy in its context,
the better the payoff, i.e., the higher the throughput. After a predefined set of turns d,
each agent i chooses a strategy si ∈ Si, where Si is the set of all basic strategies for
agent i. The strategy chosen will be used to interoperate with its neighbors for the next d
turns. In our case, we restrict the set of strategies to two basic options: defection si = 0
or cooperation si = 1. Note that the payoff of a given agent depends on the choices
made by the rest.

4 Defining the Cellular Automaton (CA)

In this section we introduce a model for a cellular automaton (CA) taken from [9], to
describe the different nodes of the network (cells in the sequel).

In order to specify cell interaction, we adopt a game theoretical approach. Each
cell i has two alternative strategies to act in a given situation, defection (si = 0), and
cooperation (si = 1). Then, si ∈ S indicates whether agent i is a cooperator or a
defector. We assume that all agents share the same set of strategies and that the total
number of agents N is constant.

For the spatial distribution of the agents we consider a two-dimensional cellular
automaton (or a two-dimensional square lattice) consisting of N cells. Each cell is
occupied by one agent. Therefore, each cell is characterized by a discrete value si ∈
{0, 1}, indicating whether it is occupied by a defector or a cooperator. The spatiotemporal
distribution of the agents is then described by $ = {s1, s2, ..., sN}.

Figure 2 shows a cell i and its neighborhood. In the model in section 5, every cell
(i.e. agent) in the square lattice will interact withK closest neighbors to handle external
traffic. Thus, there are both local and spatial interactions between neighbor cells.

5 Modeling the Problem

If we let every agent in the system to interact with the remaining N − 1 agents, we
have a panmictic population. However, in this paper we are mainly interested in the
spatial effects of the game. Besides, in real user networks each node interacts with a
few neighbors. Therefore, assuming we simplify the typical “mesh-like” user network
topology as a pure mesh, we consider that each agent i only interacts with the K agents
in its immediate neighborhood.

Interaction is driven by demand service times of externally inbound or outbound
data, i.e., when the external service queue of a cell is larger than a particular threshold,
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Fig. 2. A two-dimensional cellular automaton. Cell i and two possible neighborhoods.

the agent controlling the cell contacts its neighbors requesting help to handle the files
involved. In order to introduce a time scale, the time unit to generate new traffic demands
and for neighbors interaction is an hour. The total number of interactions per hour can
be K ×N or less.

We decided that, during a 24-hour timeframe (a day), the strategy si of an agent does
not change. We also decided to consider a day as the time unit for strategy changes, since
traffic patterns are similar in the same hour across different days.

After a day passes, si can change as described next for two disjoint scenarios:

– Oracle-based or centralized scenario. This scenario is unrealistic, because it as-
sumes that every agent knows the strategy of its K neighbors. It can be considered
an ideal reference for the distributed scenario below. The agent in cell i mimics
the strategy of its “best” neighbor k whose agent offered to i the best worst-case
hourly throughput during last day (out of 24 measurements). We decided to compare
hourly rather than daily throughput to let user satisfaction be based on a compromise
between worst-case and average experience.
The main interest of this scenario is to determine if cooperation is feasible or not.
For this purpose, we consider the best conditions, i.e., when cells share information.
Therefore, it allows us to predict the most popular strategy in a game with shared
information.
At the end of every day d, agent i calculates x=argmaxx∈K (minh∈d(th(h, x)), where
th(h, x) is the throughput of neighbor x during hour h. Then, agent i mimics the
strategy of agent x. Obviously, it keeps its previous behavior if the most successful
agent followed the same strategy.

– Realistic or distributed scenario. In this scenario, each agent is a stochastic au-
tomaton with two states: cooperator or defector. Each agent compares its worst-case
hourly throughput during the last day (out of 24 measurements) with the average
values obtained in previous history by the alternative strategy si. If its through-
put is better than the average value achieved by the alternative strategy, then the
agent linearly increases the probability of the current strategy si (we use the linear
reinforcement scheme for stochastic automata in [3]).
At the end of every day d, agent i calculates f(i, d)=minh∈d(th(h, i)). Then:
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• If f(i, d) is strictly higher than the daily average values of f up to that moment
when following the alternative strategy si, then:
psi [d+ 1] = psi [d] + 0.1(1− psi [d]), and psi [d+ 1] = 0.9psi [d].

the strategy for the next day is selected according to probabilities psi(d + 1) and
psi

[d+ 1].

We assume that, each hour, if the queue length of a cell exceeds a defined threshold,
the agent ruling that cell requests help from its neighbors for every pending file (incoming
or outgoing). Neighbor agents may grant their external connections or not, depending
on their present state and strategy. We implement help transactions using the Contract
Net Protocol: neighbors answer with a set of offers and/or refusals. The requesting agent
selects the offering cell that provided the best average throughput in the past.

We model defection and cooperation as follows:

– Defection: a defector never helps, so it will never grant its external connection.
Nevertheless, defectors ask their neighbors for help when they need it. Thus, they
use shared resources opportunistically as many users do in P2P networks.

– Cooperation: a cooperator helps its neighbors up to a certain credit limit (denoted
by CreditLimit in section 6). If cell j reaches its credit limit, cell i does not help
j again unless j returns its debt by helping i when requested.

Finally, concerning cell demand distribution, we define two cell types A and B.
A cells generate uniformly distributed demand service times (externally inbound or
outbound data) during disjoint busy and quiet periods, corresponding to day and night.
In B cells, the quiet period takes place during the busy period of A cells, and viceversa.

6 Simulation Results

Diverse interesting characteristics of the spatial game appeared in the simulations. Start-
ing with an initial random distribution of cooperators and defectors, several spatial
domains appear, each of them dominated either by cooperators or defectors. Also, we
noticed that, in the long run, the percentages of cooperators and defectors become sta-
tionary (with minimal changes).

We performed all the simulations with QNet1. As previously said, all case studies
take place in a completely symmetric user network. Each cell is linked to K neighbors
(we have considered K = 4 and K = 8). The relevant settings for our application are:

– There are (50 × 50 = 2,500) cells in the user network.
– Demand distribution settings are:
• Busy period: the cell generates uniformly distributed demand service times with

mean 8 units during 12 hours a day.
• Quiet period: idem, with mean 1 unit during the remaining 12 hours.

1 QNet (Quarter Net) is a Java-based cellular automata simulator that can be requested to J.C.
Burguillo, {jrial@det.uvigo.es}



Agent-Driven Resource Optimization in User Networks 341

Fig. 3. Percentage of cooperators after 2400 hours, centralized scenario

– External links have a bandwidth of 5 demand units per hour. Note that this is slightly
above the average demand (0.5×8+0.5×1 = 4.5), and therefore external capacity
is loaded. For example, for 1 Mbps DSL each demand unit is ∼100 MB.

– Cell demand files have a maximum size of two demand units (e.g. 200 MB for 1
Mbps DSL).

– At time origin, node strategies are assigned with equal probability.
– At time origin, cell traffic patterns (A or B) are assigned with equal probability.
– Every cell (including defectors) asks its neighbors for help if it generates over 5

demand units per hour.

Initially, we ran our simulations with a single cell type (A orB). In this case, defectors
became a majority. We could have expected this result, since all cells are typically busy
at the same time of the day and, as a consequence, cooperation is not rewarding.

When we considered two cell types (A and B), we observed the following:

– Let C and D be the percentages of cooperators and defectors at simulation end,
respectively. It happens that C >> D in permanent state if cooperators choose
CreditLimit wisely. The larger the value of C, the larger the global user network
throughput. Roughly, this holds for CreditLimit∼10 in all cases. Figures 3 and
4 show the percentage of cooperating cells after 2400 simulated hours, in the cen-
tralized and distributed scenarios respectively. Cooperation success as a function
of CreditLimit suggests that, in an agent-based implementation, agents should
adjust CreditLimit dynamically, according to the queue lengths in their cells.

– Although cooperators and defectors are completely mixed at simulation start, co-
operators tend to form confederations. This spatial distribution tends to become
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Fig. 4. Percentage of cooperators after 2400 hours, distributed scenario

Fig. 5. Spatial distribution (K=4, CreditLimit=7.5, 100 days, centralized scenario)

stable. Figure 5 shows a spatial distribution of the centralized scenario with K = 4
and CreditLimit=7.5 after 2400 hours (dark cells represent defectors). Figure 6
shows the evolution of the percentages of cooperators and defectors in two scenarios:
centralized (left side) and distributed (right side).

– The choice of CreditLimit is specially critical in the centralized scenario: if co-
operators are too conservative (low CreditLimit) or too generous (high Credit-
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Fig. 6. Percentages of Cooperators vs Defectors (K=4, CreditLimit=7.5). a) Left-side: central-
ized scenario. b) Right-side: distributed scenario. Cooperators win in both cases.

Limit), cooperation is less successful than defection. However, in the distributed
scenario, this effect is only evident if cooperators are conservative. A possible expla-
nation for the result in the centralized case is that, for CreditLimit values around
10, defectors only can fool cooperators at the beginning of the game, since debts
have to be promptly returned. If cooperators are too generous, defectors fool them
completely. On the other hand, if cooperators are too conservative, their behavior
approaches that of defectors.

– The peak of cooperation success is lower in the distributed case. This is logical, since
agents do not share information. However, it is surprising to observe the relatively
high percentage of cooperators for high CreditLimit values in the distributed
case, whereas in the centralized case it may be as low as 2% in the same region.
We do not have an explanation for this interesting effect yet. In any case, we show
that even the simple stochastic automata in the distributed scenario gets close to
the cooperation peak in the centralized scenario. Thus, there is plenty of room for
further improvements.

7 Conclusions and Future Work

The game presented in this paper is an abstraction of the complex problem of negotiation
and resource sharing in user networks. We consider this abstraction reflects the main fea-
tures of the user network, and we show that under certain conditions (like CreditLimit
settings) cooperation is the winning strategy, even in case of autonomous node opera-
tion. We show that the simple stochastic automata in the distributed scenario gets close
to the cooperation peak in the centralized one. This fact encourages us to study more
powerful decision algorithms. For example, agents could infer queue occupation peaks
and strategies of neighbor cells from local records of past interaction.
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We have observed that a user network can obtain benefits from node cooperation if
traffic demands are strongly variable during the day, for example in case of several node
types with complementary activity periods.

Now that cooperation can be considered a successful strategy in user networks, we
plan to adapt the simulator to include real network topologies and to explore more
complex strategies.
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Abstract. Polymer injection in moulds with complicated shapes is
common in todays industrial problems. A challenge is to optimize the
mould design which leads to the most homogeneous filling. Current
commercial softwares are able to simulate the process only partially.
This paper proposes a preliminary study of the capability of a two-fluid
Lattice-Boltzmann model to provide a simple and flexible approach
which can be easily parallelized, will include correct contact angles and
simulate the effect of the positioning of air-holes.

Keywords: Polymer injection moulding, Hele-Shaw model, mathemati-
cal morphology, lattice Boltzmann method, multi-component fluids, nu-
merical simulation.

1 Introduction

In the injection moulding process, as in many other scientific problems, numerical
simulations play an important role. Polymer injection pressure, injection points
and locations of air evacuation channels all affect the quality of the final object.
In particular, the re-attachment of two fronts of matter (weld lines) leads to
strong internal constraints and weakens its mechanical resistance.

Commercial softwares, such as MoldFlow, offer powerful tools to simulate the
moulding process in the free surface approximation. They provide a quantitative
description in which polymer properties can be adjusted. However, they offer
little flexibility to combine the simulation with a shape optimization procedure.
In addition, the free surface approximation does not allow the designer to study
the effect of the location of air evacuation points. Finally, parallelized versions
of such softwares are often not available.

There is a need among the practitioners of this field to develop new ap-
proaches. In particular, there seems to be a lack of tools offering a pre-modeling
of the injection process, with enough flexibility to investigate the impact of ge-
ometrical factors. There are several examples in which the mould geometry is
dominating in comparison with the fluid rheological properties. For instance,

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 345–354, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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a recent original method based solely on the propagation of distances demon-
strates that the injection process is more driven by the geometry of the mould
cavity than by the non-Newtonian features of the polymer. In other words, the
crucial hydrodynamic properties are mass conservation, forbidden regions and
behaviour at the mould boundaries.

Along this line, the use of mathematical morphology concepts [1,2] for the
simulation of the propagation of matter in a cavity, with one or more points
of injection [3], is quite promising. The work by G. Aronsson [4] provides an
explicit link between the concept of propagation of distances and the spreading
of fluids with power-law stress tensors.

The goal of this paper is to exploit the flexibility and simplicity of the Lattice
Boltzmann (LB) method [5] to address the mould injection process at a pre-
model level. We consider the so-called Shan-Chen model [6] of two immiscible
fluids representing the polymer and air respectively. We assume that Newtonian
fluids will provide good approximations if geometrical factors are dominant. In
this preliminary study we shall not pay too much attention to the actual ratio
of densities and viscosities of the two fluids.

We will first test our approach on the so-called Hele-Shaw situation (see for
instance [7]) and then consider a more realistic mould cavity. The LB results
are compared with MoldFlow simulations. A discussion of the critical features
of our approach is finally given.

Note that, at the time of writing, we became aware of a similar work by
Ginzburg [8] in which a free-surface LB model is developed and applied to the
filling of a cavity. However, this model does not include air behaviour and does
not take into account the effect of air evacuation points.

2 The Lattice Boltzmann Model

Lattice Boltzmann (LB) models are historically derived from cellular automata
fluid models [9,5]. These models are seen as an alternative to finite element
techniques for fluid flow computations. They have been successfully applied to
multi-phase and multi-component flows and several other applications. In the
present context, we propose to adapt the LB methods to the filling phase of an
injection moulding process.

2.1 The Lattice Boltzmann Equation for a Single Fluid

A LB model is built on a discrete space-time universe. The fluid is described
by density distributions function fk(x, t), k = 0 . . . z containing the amount of
fluid that enters lattice node x at time t, with velocity vk, k = 0 . . . z. The
possible velocities are constrained by the lattice topology. Typically, z is the
lattice coordination number and the discrete set of velocities is chosen so that,
in one time step Δt, the particles travel one lattice spacing Δx in any of the z
lattice directions. One also considers a rest population of fluid particles f0, with
velocity v0 = 0.
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The usual physical quantities such as local density and velocity are obtained
from the fk by the following relations:

ρ =
z∑

k=0

fk and u =
z∑

k=0

fkvk. (1)

During time evolution, the fluid density functions are streamed on the lattice,
in the direction specified by k. After the streaming, a collision occurs between all
the fk entering the same lattice site. The result of this collision is to redistribute
mass and momentum to each lattice directions, thus creating the post collision
values of the fk. It can be shown that, provided that the collision operator is
properly chosen, the LB dynamics solves the Navier-Stokes equation [9,5], in the
low Mach number regime.

It is also shown that the fluid pressure is related to the fluid density by the
ideal gas state equation p = c2sρ, where c2s is the speed of sound. Therefore, in
a LB model, there is no need to solve the pressure equation. It is all built-in in
the equation of motion for the fk.

In what follows, we consider a two-dimensional system, with z = 8. This
corresponds to the so-called D2Q9 model [5]. The collision is obtained by a
relaxation with coefficient ω to a truncated Maxwell-Boltzmann local equilibrium
distribution function f (eq), which depends only on the current local fluid density
ρ and velocity u. This approach is referred to as a LBGK model [9,5].

The following equation summarizes the evolution rule:

fi(x + viΔt, t+Δt)− fi(x, t) = −ω
(
fi − f (eq)

i

)
+ γF int · vi (2)

where Fint is a term which may account for extra interaction force acting on
the particle density distribution. The coefficient γ is a normalization parameter
which depends on the chosen lattice topology.

In order to model a system of two immiscible fluids (polymer and air) we
use the so-called Shan-Chen model [6]. Two sets of fk are defined, one for each
species. The values corresponding to the two fluids will be distinguished by a
supperscript σ ∈ 0, 1. Each fluid follows the dynamics of a single fluid system,
as given in eq 2. There are only two changes that must be made to describe the
interaction between the fluids.

First, the fluids define a common velocity and use it for the computation of
the equilibrium distribution in equation 2

u = u(0) + u(1) =

∑
σ,i f

σ
i vi∑

σ,i f
σ
i

. (3)

Second, the term Fint is computed so as to produce a repulsive interaction
force between the two fluids. It depends on a parameter W that accounts for the
surface tension of the fluids:

F
(σ)
int (x, t) = Wρ(σ)

∑
k

Ψ (σ) (x + τvk) vk. (4)
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In the bulk of the fluid, the quantity Ψ corresponds to the density of the other
fluid:

Ψ (σ) = ρ(1−σ). (5)

When one models immiscible fluids, one chooses an interaction force that is
sufficiently strong to keep the penetration between the fluids low. The simulated
flow field is thus separated in two regions, in each of which one fluid is dominant.
In a small range around the interface between those two regions, both fluids
coexist symmetrically. In this range, the density variations are large and the
approximation for an incompressible fluid is not valid any more. The results
must rather be understood as representative of some kind of interface dynamics
between the immiscible fluids.

3 Boundary Conditions

On the boundaries of the domain, a specific dynamics is applied on the fluid
density distributions fσ

i in order to produce the desired effect: no-slip on a wall,
fixed air pressure on the air-holes and specific contact angle at the interface
between air, polymer and solid walls. Finally, polymer injection points also need
a special treatment. The boundary conditions we propose are discussed below.

3.1 Bounce Back Boundaries

We implement no-slip boundaries (i.e. boundaries on which the velocity is zero)
by assigning bounce back dynamics to the boundary nodes. Thus, the dynam-
ics (2) is replaced by a reflection rule:

f
(σ)
i (x, t+Δt) = f

(σ)
oppositeOf (i)(x, t). (6)

The index oppositeOf (i) is the index associated with the direction opposite to
direction i: voppositeOf (i) = −vi.

The flow sites next to the boundaries interact with the boundary sites through
a wetting parameter g(σ). The value of Ψ from equation 4 is thus defined on the
boundary nodes by

Ψ (σ) = g(σ) (7)

The value of g(σ) determines the contact angle of the fluid interface on the
wall [10]. In our simulations, we have chosen g(σ) = −g(1−σ). The situation is
explained on Figure 1. On this figure, fluid 1 is wetting, and fluid 0 is non-wetting.
This effect is obtained by chosing g(0) > 0 and g(1) < 0.

3.2 Inlet and Outlet Boundaries

As a boundary condition for the injection spot and the air-holes, we define semi-
permeable walls: one fluid is retained by a normal no-slip condition, while the
other fluid is injected or evacuated.
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F
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wallF

(0)
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θ

Fluid 0 Fluid 1

Fig. 1. Bounce back boundaries with a defined contact angle.

Let us consider as an example the case of fluid 0 being evacuated through the
semipermeable wall. We chose to perform the evacuation at a constant pressure.
This is achieved by applying on fluid 0 the (constant pressure) outlet boundary
condition described in the reference [11]. Furthermore, an interaction term Ψ (1) =
ρ(0) is defined on the wall. This means that fluid 1 acts like a bulk node (5),
rather than a wall node (6).

For fluid 1 we implement a (no-slip) bounce-back dynamics on the wall.
Consistently with the presence of this semi-permeable wall, a wetting parameter
Ψ (0) = g(0) is defined.

4 Simulation of an Injection in Free Space

A first validation of the numerical model is obtained from a simple simulation
with cylindrical symmetry. A polymer is injected at a spot in free space and
expands in the form of a disk of increasing radius R. This is the well known
Hele-Shaw model [7]. In this case, the boundary conditions have a subsidiary
importance. We can therefore verify whether the basic properties of the polymer
are properly resolved by the model.

4.1 Assumptions About Material Properties

In the particular case of injection moulding, we consider only very high viscous
fluids. In consequence, the inertial and gravitational terms will not be taken into
account in the momentum equation. This simplification leads to a well known
equation : the Stokes equation (see for instance [7]). During the filling phase, the
polymer is assumed to be incompressible. The resulting equations are :

∇.v = 0 (8)

−∇p+∇.σn = 0 (9)

where v is the fluid velocity, p the pressure and σn the viscous strain tensor.
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4.2 Hele-Shaw Assumptions

The Hele-Shaw model describes the filling of a mould cavity whose thickness can
be neglected. The filling fluid flow is modelled according to the Stokes equation
between two plates separated by a short distance h.

We consider a cartesian coordinate system where the z-axis is in the thickness
direction. The x − y plane is on the mid plane of the cavity and the velocity
components ux ,uy and uz are respectively taken in the x, y and z directions.
The Hele-Shaw flow model consists of the following assumptions [12]:

– The z-component of the velocity is neglected with respect to the other ve-
locity components.

– The pressure is constant across the thickness. It only depends on x and y.
– The velocity gradient in the x and y directions is independent of the z

direction.

Applying the Hele-Shaw assumptions to the Stokes equation, one obtains the
simplified expressions:

∂p

∂x
=

∂

∂z

(
η
∂ux

∂z

)
,
∂p

∂y
=

∂

∂z

(
η
∂uy

∂z

)
,
∂p

∂z
= 0 (10)

with η the viscosity.
These equations can be solved explicitly in the case of a disk mould with a

constant injection rate Q [7].
Inside the injected polymer, the distribution of the pressure is predicted as

follows:
p(r) = a+ b ln r (11)

where r < R is the distance to the injection point and a and b are constant. The
distribution of the velocity is given by

ρ(r)v(r) =
Q

2πr
(12)

Finally, the expression for the surface growth of the polymer follows directly
from the mass conservation in an incompressible fluid:

πR2 = Qt (13)

4.3 Numerical Result

The geometry of the simulation is a square domain of size 201 × 201, initially
filled with air (fluid 1) at a density (pressure) of 1.0. At the boundary of the
domain, the pressure of fluid 1 is kept constant at this value.

Fluid 1 (the polymer) is injected in the middle of the system, on one lattice
site, with fixed density (pressure) ρ1 = 1.1. The two fluids have same viscosity
(relaxation coeficient ω = 1) and their mutual interaction is defined through
W = −0.3.



Lattice Boltzmann Modeling of Injection Moulding Process 351

t = 4000 t = 40000 t = 80000 t = 140000

Fig. 2. Amount of polymer injected as a function of time, in a free space. In the later
stage, the anisotropy is due to the air which cannot escape fast enough out of the
boundaries.

The evolution of the system is represented at four chosen time steps in Fig-
ure 2. We expect from equation 13 that the radius of the injected disk increases
as a square root of the time. This fact is verified on the simulations, both from
the program MoldFlow and from the lattice Boltzmann model (see Figure 3).

We have measured the velocity and pressure profile in the simulation at the
time step t = 140000. The results inside a radius of r < 30 are shown in Figure 4.
They exclude the domain close to the free boundary that obeys special interface
dynamics. Note that the velocity v is the modulus of the velocity (ux, uy).

In agreement with the predictions of the Hele Shaw theory (equations 11
and 12), the datapoints are fitted with a logarithmic law for the density and an
r−1 law for the velocity. The value of Q used to fit the data is the one that is
measured in the simulation: our injection boundary condition at a given pressure
(density), fills the mould with a constant flow Q.

The above results show that Hele-Shaw model is correctly obeyed by the LB
simulation.

5 Simulation of a Realistic Moulding Problem

5.1 Overview

As a second sample application, we consider the moulding of a charge card with
integrated chip. In this case, the space taken by the chip is excluded from the
moulding domain.

The aim of this application is to show that even somewhat complex geome-
tries can be addressed with the simulations. In general, the implementation of ap-
propriate boundary conditions is a very delicate topic. However, fairly appealing
results are obtained already with the simple boundaries we have implemented.

5.2 Results

In the simulation, the surface of the charge card is initially filled with air (at a
density ρ0 = 1.0). The polymer is injected on the side opposite to the chip, at a
level corresponding to the middle of the chip location.
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Fig. 3. Evolution of the disk radius during an injection in free space. On the left hand
side (a), the results from the program MoldFlow are presented, on the right hand side
(b) the results from a lattice Boltzmann simulation. On the upper part of the pictures,
the surface of the injected polymer is plotted at successive timesteps. On the lower
part, the curves for the time evolution of the radius are fitted with the predictions of
the Hele-Shaw theory.
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Fig. 4. Velocity profile (a) and pressure profile (b) at t = 140000 obtained from the
lattice Boltzmann simulation. The solid line shows a fit with the predictions of the Hele
Shaw theory.
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(a) (b) (c)

Fig. 5. Mould of a charge card. The curves show the propagation front of the polymer
as computed from the program MoldFlow (a) and the lattice Boltzmann method (b,c).
In (b), a bounce-back condition is applied on the surface of the chip, whereas in (c),
the air is evacuated at constant density on the chip perimeter.

The injection is made at a density ρin = 1.01. The air is evacuated on the
right boundary of the card at a constant density ρout = 1.0. All other boundaries
implement a bounce-back condition with g(0) = g(1) = 0, which produces a
contact angle of π/2. The surface tension is chosen at a value W = −0.3.

Figure 5 plots the area occupied by the polymer at successive timesteps, first
calculated by the commercial program MoldFlow and, secondly, calculated by
the LB method. The difference betweend (b) and (c) consists in the way the
boundary conditions are defined on the chip perimeter (see caption). The results
of both simulations are very similar in the beginning. In the second part of the
simulation, the LB method turns out to be more sensitive to the geometry of
the domain than the MoldFlow simulation.

The sensitivity of the flow dynamics to the geometry of the domain that we
observe in the LB simulation is due to the pressure of the air on the polymer.
Indeed, one of the main advantages of the LB method, the ability to model the
influence of the air on the dynamics, also introduces some complications. If, as
in our simulations, the air is not evacuated fast enough, this can have a serious
impact of the flow dynamics; the resulting flow geometry may disagree with real
moulding applications, where the air is much lighter and less visous than the
polymer. In this context, some work still needs to be done either on the flow
properties of the air or on the boundary conditions.

6 Conclusion

The LB methods brings several interesting elements in the process of injection
modeling. The possibility to consider the full system of two fluids (air plus poly-
mers) and to include air traps makes it possible to model how air escapes from
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the mould as the polymer expands. This feature is not offered by current soft-
wares. In this respect, our preliminary results are relevant. They are especially
encouraging in the case of the charge card with a complex geometrical shape.

One assumption of our preliminary study was that both fluids have the same
viscosity and density. The simulation shows that although this assumption is
sufficient for explaining some geometric properties of the moulded polymer, it is
too strong to be able to represent dynamic features such as the detailed polymer
front propagation profile. Therefore, future work might include a more realistic
model for the different physical properties of the polymer and the air. Our study
must be continued in order to give a reliable solution for polymer injection
moulding and to include optimization processes where the best injection points
and air-holes are determined to minimize weld lines formation.

In conclusion, we think that Lattice Boltzmann methods are promising can-
didates for the simulation of polymer injection moulding and for the solution of
current problems such as melt polymer/mould wall interaction.
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Abstract. A mathematical crystallization model in the meso scale (the interme-
diate dimension scale between interatomic distance in solids and grain size in
metals and alloys) is presented with the use of a kinetic-diffusion cellular
automaton model. The proposed model differs from other models by including
the diffusion of elements and heat conductivity effects on the physical phenom-
ena at the solid-liquid interface. The model considers the non-equilibrium char-
acter of real processes of phase transformation, where the kinetic undercooling
of the solid-liquid interface is a measure of this non-equilibrium level. The ani-
sotropy of interface mobility is assumed. The growth of individual dendrites
was simulated for different initial conditions and growth parameters. The mod-
elling results are compared to the experimental data.

1 Introduction

Although analytical solutions of dendritic growth tasks are very important, they are
only applicable to very simple tasks [1]. They permit the determination of basic de-
pendencies and rules typical of this phenomenon, for instance the tip-splitting effect
[2] or morphology diagram of structure patterns in the parameter space of undercool-
ing – surface tension anisotropy [3]. Analytical solutions may also be treated as
benchmarks for the verification of numerical solutions.

Numerical simulation is currently used for analysing several specific issues. Most
importantly these include the use of phase-field or cellular automation (CA) methods
that not only permit the analysis of the steady state but also that of the non-steady
state of the solidification processes [4].

The phase-field modelling method [5] permits the precise determination of many
parameters related to the creation of a microstructure, e.g. the kinetics of the growth
of the dendritic front, the preferred growth orientation, etc. Unfortunately, due to the
model physics involved, it is necessary to apply a computation grid step that is
smaller than the width of the diffuse interface layer [4] which amounts to several in-
teratomic distances. Despite the use of modern supercomputers, advanced numerical
solutions and the multiplication of the diffuse interface width by the arbitrary multi-
plier of the order of 10-100 [4], the current phase-field model may only be treated as a
scientific research instrument to study the solidification phenomenon in the area of
one or several dendrites and it cannot be used to model the casting structure.
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The order of magnitude of the computation grid step applied in CA technology is
between the interatomic distance and the linear size of the microstructure elements.
This significantly reduces the modelling time in comparison with the phase-field
method and gives an opportunity to apply CA to multiscale-type models in order to
model the casting structure.

Already the first attempts to use CA technology in order to model the solidification
process showed that this model may be used for analysing dendritic growth [6–8].

In the nineties of past century, the application of a technique of cellular automaton
was gaining a wide-spread popularity in simulation of the solidification process [9–
14]. Rapid development of computational techniques with easy access to the computa-
tion tools favoured even more progress in this field.

Up-to-date publications about solidification modelling with the use of the cellular
automation [6-13] do not foresee that the velocity of the phase boundary migration
may depend on the value of local undercooling. This possibility was taken into con-
sideration in [15, 16], but only for the front of the primary dendrite arms.

2 Diffusion-Kinetic Model of Dendritic Growth

2.1 Classification of Cells and Capturing Rules

The present model extends further the classification of cells and introduces own set of
capturing rules which forecast how the cells of liquid will be absorbed by the growing
grains of solid phase. The classification bases on a condition of the nearest neigh-
bouring cells (N, W, S and E in Figure 1) and cells along the diagonal (N-W, N-E, S-
E and S-W). The applied rules of classification of the interface cells are compared in
Table 1, while some examples of the practical use of these rules are explained in Fig-
ure 2. Like in other available models, the division of cells into liquid cells (type Liq),
solid cells (type Sol), and interface cells (type Int) was preserved.

Table 1. Classification of interface cells

Number of neighbouring cells in solid stateType of interface cell
and its description neighbouring along diagonal

Int-1 Nucleus 0 0
Int-2 Planar boundary 1 –
Int-3 Corner 0 1–3
Int-4 Angle 2 (side by side) –
Int-5 Narrow passage 2 (facing each other) –
Int-6 Passage bottom 3 –
Int-7 Closed cavity 4 –

The following set of rules is proposed to describe changes in the type of cells and
capturing of the liquid cells by interface during solidification:

Rule 1. At the instant when in a nucleus cell of type Int-1 a content of the solid phase
fs = 1 appears, the cell changes its type to Sol. The neighbouring cells from its nearest
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environment (N, S, W and E) still in the liquid state (type Liq) are captured by the
growing grain, thus creating type Int-2 with all the attributes of a grain of this type (a
number, orientation angle of crystal lattice, and phase type in the case of multiphase
growth).

The neighbouring cells along the diagonal (N-W, N-E, S-W and S-E) still in liquid
state (type Liq) are also captured by the growing grain, acquiring all its attributes but
changing their type to Int-3.

Rule 2. At the instant when a cell acquires type Int-2 (planar boundary) with the solid
phase content fs = 1, its type is changed to Sol. The neighbouring cells of type Liq
present in the nearest vicinity are absorbed by the growing grain and acquire type
Int-2 with all the attributes of a grain of this type.

The neighbouring cells of the type Int-3, belonging to this grain, change their type
into Int-2. The neighbouring cells of the type Liq along the diagonal are also captured
by the growing grain, acquire all its attributes, but their type changes to Int-3. The at-
tributes of none of the 8 closest cells will change, if the cells have already been cap-
tured by other grains.

Rule 3. Rule 2 also applies to cells of types Int-4, Int-5 and Int-6.

Rule 4. Rule 2 is invalid in the case of cells of type Int-3.

Rule 5. At the instant when in a cell of the type Int-7 the content of solid phase fs = 1
is obtained, the type of this cell is changed to Sol.

Rule 6. Other changes in the type of cells result from the count of the neighbouring
cells of the type Sol according to Table 1.

Fig. 1. Schematic diagram of classification of the neighbouring cells by cellular automaton

The developed classification and the set of rules describing transformation of the
cell type in cellular automaton enable during simulation of solidification minimalising
an effect of the computation grid structure with cells of an appropriate size on a pref-
erential orientation of the dendrite arm growth forced by the grid symmetry.

2.2 Heat and Mass Transport

In the presented model, a coupled solution of the non-linear differential equations of
diffusion was made on a common mesh of finite differences with square cells and a
common time step.
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Fig. 2. Examples of practical application of the schematic diagram of interface cells classifica-
tion : a) planar boundary, b) corner, c) angle, d) narrow passage, e) passage bottom (bold line -
solid phase/interface cells boundary, double line - liquid phase/interface cells boundary; broken
line - hypothetical true position of the growing grain boundary; S – solid cell (type Sol), L –
liquid cell (type Liq), I – interface cell (type Int); numbers –interface cell type according to Ta-
ble 1)

Since source terms were taken into account, as a solution of model equations an it-
eration method was proposed, viz. a simple iteration based on the following equa-
tions:
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where: T – temperature; k – coefficient of solute redistribution between the solid and
liquid phase; C – true concentration of additional element in liquid (CL), if the neigh-
bouring cell is of type Liq, or concentration in liquid results from the coefficient of
redistribution (CS/k), if the neighbouring cell is of type Sol; L – heat of phase trans-
formation; fS, fS – volume fraction of solid phase and its changes in the last time step,
cv – specific heat volume,
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In these equations the subscripts n and n+1 denote the iteration number, and super-
scripts – addressing of the neighbouring cells (see: Fig. 1). The values of coefficients
kC and kT are:
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where: λ – thermal conductivity, D –coefficient of diffusion, Δτ– time step, Δx –cell
size in cellular automaton.

Similar equations of iteration were applied to the cells outside interface, assuming
appropriate values of fS and ΔfS = 0.

Due to great differences in the coefficient of diffusion of the solid and liquid phase,
its effective value in the interface cells was determined as a weighted average.

2.3 Direction and Curvature of Phase Boundary

To determine the direction normal to a surface of the phase boundary, a well-known
method based on the determination of vector components joining the centre of a bulk
block of the neighbouring cells of the size 3x3 with the centre of a single cell was ap-
plied.

The methods of determination of the front curvature based on the cells count [17,
18] cannot always ensure the satisfactory precision. In the case when higher precision
was required, in the presented model an approximate computation of the curvature
based on its geometrical definition was applied. As an approximate value of the inter-
face curvature one can adopt a quotient of the difference in angles between the direc-
tions of the solidification front in the neighbouring cells and the lengths of the front
along these segments. In the proposed model, a central difference diagram depicted in
Figure 3 was used.

To determine a sign of the front curvature (convex or concave), it is enough to
compare the sines of the angles of deviation of side BC and of one of the sides AC or
AB in this triangle from the vertical or horizontal direction. The values of the sines of
these angles are determined from simple geometrical relations, for example:
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Fig. 3. Schematic representation of designations used for computation of the front curvature
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2.4   Migration Rate on Phase Boundary

The velocity of crystal growth depends on the kinetic undercooling ΔTμ [19]

μΔ⋅μ= Tu (5)

and is related with the front topography and crystallographic orientation (an anisot-
ropy of the kinetic coefficient in crystals of metals characterised by face-centred lat-
tice amounts to about 17% [20]).

The kinetic undercooling is expressed by equation:

κμ Δ−−=Δ TTTT Eq , (6)

where T – temperature on the solidification front, TEq – equilibrium temperature for
planar phase boundary with contribution of segregation, ΔTK – Gibbs undercooling
(the effect of phase boundary curvature), which for the crystals of isotropic surface
tension is determined from equation [21]

L

KT
T mγ=Δ κ , (7)

where: γ – the Gibbs energy falling to an interface unit, Tm – absolute equilibrium
temperature for a planar surface, K – front curvature.
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It can be assumed that the anisotropy of kinetic coefficient is described by relation-
ship [22, 23]

( ) ( )( )θδ−μ=θμ μ Smcos10 , (8)

where: μ0, δm – mean value and amplitude of changes in kinetic coefficient, ms – fold
of crystal symmetry.

Angle θ determines here a deviation of the growth surface direction on a specific
section from the selected base crystallographic orientation.

2.5   Transformation Rate

The time to, required for the solidification front to cover the entire cell can be defined
as a quotient of the cell diagonal projection on vector of the front migration velocity
(du) and velocity modulus (Fig. 4)

udt uo = . (9)
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Fig. 4. Schematic diagram to derive relationships between parameters of the solidification rate
vector and the phase transformation rate in a cell of cellular automaton

Applying properties of the vectors scalar product, an absolute value of the diagonal
projection length on vector of the velocity can be defined as
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A relative change in fraction of the transformation products during time interval Δt
can be assumed equal to a ratio of this time interval and to
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Having substituted to this equation a value of du from equation (10), we obtain a
formula determining the rate of transformation
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If the mesh of cellular automaton has square cells, the formula can be transformed
to a form similar to that proposed in [12]

( )θ+θΔ
τΔ=Δ

sincosx

u
fS . (13)

3 Results of Simulation

The results of numerical computations consistent with the presented model are shown
as an example in Figure 5, which also shows the growth of a dendritic grain inclined
at an angle of about 20o to the axis of coordinates. The computations were made for
parameters of a model material (a "succinonitrile – acetone" solution) according to
[3], [24] on a mesh of cellular automaton with 800 x 800 cells (the length of a cell
side was 0.05 μm). The value of the kinetic coefficient was accepted at a level of
10-3 m/(s·K) from 10% anisotropy; the initial undercooling was assumed to be 13.5 K.

As results from  5, the disturbance of the modal value of 8 develops at the initial
stage of nucleus growth. The primary dendrite arms are visible growing towards the
maximum mobility of the solidification front. The “sea-weed”-type structure develops
in the space between them. These arms grow towards the μ( ) minimum value. They are
marked with arrows on the picture 5 f and have a specific dense branching morphology
(tip-splitting) shape [2]. The structure of a two-dimensional dendrite observed during
the solidification of the model substance has similar characteristics (fig. 6). The dendrite
arms of the dense branching morphology type are shown on fig. 6d by markers. The
shape and positions of these arms are compliant with the modelling results.

4   Conclusions

The virtual structure of dendrites obtained with the help of the developed model is in
terms of its quality consistent with the experimental structure of two-dimensional
dendrites, formed during the dendritic solidification of "succinonitrile – acetone" so-
lution in thin layers. The results of simulation obtained by means of the model pre-
sented in this study are independent of an orientation of the axis of coordinates.
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Fig. 5. An example of the two-dimensional dendritic growth - simulation

a) b)

c) d)

Fig. 6. Change in the structure of two-dimensional dendrite during its solidification from model
material ("succinonitrile – acetone")
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Abstract. We study the modified bootstrap model as an example of
a cellular automaton that is dominated by the physics of rare events.
For this reason, the characteristic laws are quite different from the sim-
ple power laws often found in well known critical phenomena. Those
laws are quite delicate, and are driven by co-operative events at diverg-
ing length and time scales. To deal with such problems we introduce a
new importance-sampling procedure in simulation, based on rare events
around “holes”. This enables us to access bootstrap lengths beyond those
previously studied. By studying the paths or processes that lead to emp-
tying of the lattice we are able to develop systematic corrections to the
theory, and compare them to simulations. Thereby, for the first time
in the literature, it is possible to obtain credible comparisons between
theory and simulation in the accessible density range.

Complex dynamical processes abound in nature, and their understanding
represents one of the great challenges that scientists face as they try to advance
our knowledge of the natural universe. The field of ‘complexity’ in the physical
sciences takes a particular view of this endeavor that has been very successful
in many arenas of study. In this approach, understanding complex problems is,
unlike many areas of physics and chemistry where detail is everything, based
on the simplest possible manifestation of the problem. Thus, by stripping away
the details that are not responsible for the primary observation, one obtains a
simple model that contains the essential features of the problem to be solved.

This approach is sound only when we can be relatively certain that there
are striking regularities, or generalities to be learned about the system, for we
have learned by our training and experience that such phenomena are rarely
determined by a multiplicity of detail. The development of simple models is at
its most successful when the phenomena originate in a long length and time scale,
for then we have learned, as in problems such as critical phenomena [1], that
many of the observations may also be reproduced in a numerically quantitative
manner.

The ideas to be discussed in this paper grow from many studies over several
decades of assemblies of highly coupled units, each which has a state (for example
‘movable’ and ‘immovable’ particles or ‘on’ and ‘off’ processors), that depends on
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those of its close neighbors. Thus, the initial state of the system may be highly
constrained, with very few opportunities for overall movement. Significant groups
of units may require a coherent sequential switching of units, perhaps extending
over very large length-scales in the system. This type of problem may also imply
an activation barrier, but here we emphasize that the barrier crossing requires
movement of many units. Thus long times scales may emerge from not just the
intrinsic barrier, but the large number of coherent units required to move along
the ‘reaction co-ordinate’ or direction of ‘easy’ motion.

The need to work with simplified dynamical models is clear, for often they
represent great simplifications of the more realistic dynamical systems that have
proven to be difficult to solve by other means. Frequently massive computational
effort is directed at such problem, only to find that the key phenomena are still
beyond the length and time scales of the physical problem. Those who study such
problems as protein folding [2] and the dynamical arrest [3] or glass transition
[4] are well aware of the limitations of the direct computational approach. In
this paper we will focus on dynamically constrained lattice models [5,6,7,8,9,10],
special classes of cellular automat that are proving very important in studying
such questions of ‘slowed’ dynamics. [11,12]. There has been something of a
mystery surrounding this class of cellular automata [13] that has lead some to
question the value of computational studies at all because of the long history
of disagreements between theory and simulations. We are now in a position to
clarify this issue, and that is the main purpose of the present paper.

The bootstrap percolation [14,15,16,17,18,19,20,21] problem has attracted
considerable interest from a variety of scientific communities. In essence it (or
its obvious variants) is a method to analyze the dynamics of such a system of
highly coupled units, each of which has a state that depends on those of its close
neighbors. In the past such units have been considered particles, processors [22],
or elements of a growing population. Units that become active in the underlying
dynamics are simply removed in the bootstrap. The ensemble can undergo a
transition to an “arrested” state in which all dynamics is quenched, and this
is (after bootstrap removal of units) reflected in a transition from an empty to
partially filled lattice. This arrest is found to be driven by a long length scale. The
change of state of one unit becomes increasingly difficult near arrest, requiring
a long sequential string of favorable changes in its surrounding units. Thereby
a long length (the size of the surrounding region to be changed) is slaved to a
long (relaxational) time scale.

In the well-known conventional “bootstrap model” (in the context of parti-
cles) [15,16,23], particles are removed if they are surrounded by c or less neigh-
bors. We study in more detail the modified bootstrap [17,20,24]. In this particles
are removed if any two of its vacant nearest neighbors are also second neighbors
to each other. The (random bootstrap) transition occurs as a function of c (or
the underlying local rule), system size L, and initial particle density ρ and the
transition point is defined by the condition that half of the prepared initial states
are empty after removal of all movable particles.
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The bootstrap-type problems mentioned above fall into two broad “univer-
sality” classes of arrest transition [16]. The first (not studied here) a continuous
(“critical” point) transition in which progressively more particles lose motion,
leading to growing arrested domains whose typical size diverges with a power
law.

The second type of transition (of interest to us here) is more reminiscent of a
first-order transition, and the theory is more subtle. There, dynamically slowed
domains grow near arrest according to an essential singularity. Mobilization of
these domains is dependent on rare events (we call these “connected holes” [11,
25]) involving specific units that can “nucleate” motion on this large length. As
will become clear, these “nuclei” become rare (highly dilute) near the transition,
the typical distance between them being the (diverging) bootstrap length, while
the time taken for communication between them, since it involves a diverging
number of intermediate units, also diverges.

For such transitions the following conclusions have been drawn by the com-
munity. For c = d (the dimension) it is believed that the bootstrap length ξ
diverges according to an essential singularity ξ = exp◦(d−1)(−A/(1 − ρ)) where
exp◦(d−1) is the exponential function iterated d − 1 times [16,26,27]. For the
two dimensional square lattice c = 2 and the modified model, theoretical calcu-
lations [28] have resulted in an elegant outcome; essentially what are believed
to be exact results, lim ρ→1

ξ→∞
2(1 − ρ) log ξ = A, where A = π2/9 and π2/3 for

conventional and modified bootstrap respectively.

Attempts to obtain this asymptotic result by simulation have so far failed,
including some of the most extensive calculations to have been applied in sta-
tistical mechanics (up to L = 128, 000). It has been speculated that theory and
simulation might agree for system sizes that are far beyond what will ever be
possible, or indeed of interest, for Physics to explore [29,28,13]. We will show
that this need not be the case. Though the singular behaviour implied by such
models is subtle, it can be studied by both theory and simulation.

We will develop a new approach to the theory, and the simulation of the
cellular automata under question.

Thus, we identify “holes” on the lattice as spaces (vacancies) into which par-
ticles can move [11]. We then identify these holes as either “connected” or caged
(disconnected) according to whether the lattice can (or cannot) be vacated by
sequentially removing particles beginning from that hole. The relationship to
conventional (random) bootstrap simulations (described above) is clear; a given
system size and density must contain at least one connected hole for it to be
vacated by random bootstrapping processes. Thus, the bootstrap correlation
length ξ is related to the connected hole density ν via ν = 1/ξ2. The bootstrap
length is therefore the average distance between connected holes (these repre-
senting the growth “nuclei” alluded to in our introductory remarks) that become
increasingly rare near arrest. The device of holes allows us to focus on the key
“order” parameter, rather than the very populous, but irrelevant particles and
vacancies [11]. Here we present some results for d = 2.
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Fig. 1. Modified Bootstrap Model. The (◦) points represent the total hole density (the
dotted line is a guide to the eye). The symmetrically growing squares (�) are compared
with Holroyd’s [28] asymptotic result exp(−π2/3(1 − ρ)) (lower solid line). Also shown
are results for diffusing squares (�) and small-asymmetry rectangles (�)- in these cases,
the lines through the points represent the theoretical result.

In the simulations we begin by creating a hole with the appropriate weight,
and then populate (‘grow’) the configuration with particles and vacancies around
this site, checking at each stage to see if that hole is connected, or trapped [11]
by identifying cages at that length. Since the typical cage size grows much more
slowly (log(1 − ρ)/ log(ρ)) than the bootstrap length, we need check only rela-
tively small distances to determine if the hole is connected. This is the imporant
difference between studying the simulation model in the usual complete manner.
Since the imporant events are so rare, we study only parts of the automata that
have them, and then combine the results in an appropriate manner.

The outcome is that the results produced here require only a few hours
of time on a personal computer. In Figure 1 and 2 we show results for the
total connected hole density in the modified and conventional bootstrap models
respectively and these agree, where comparisons are available, with the most
extensive conventional simulations. For example, the (!) points in the uppermost
curve of Figure 2 represent the hole density implied by the results in [29,30]
(system size L = 128, 000), while the (◦) points on that same curve are from
our importance-sampling procedure discussed above (we have simulated up to
an effective size of L = 200, 000).
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Fig. 2. Bootstrap Model. The (◦) points represent the total hole density (the dotted
line is a guide to the eye) and can be compared with the results for 1/ξ2 (�) for
ξ > 100 [29,30]. The symmetrically growing squares (�) are compared with Holroyd’s
[28] asymptotic result ν = exp(−π2/9(1 − ρ)) (lower solid line). Also shown are results
for diffusing squares (�) and small-asymmetry rectangles (�).

Theoretical calculations [7,24,28] have approximated the process of simulta-
neous removal of particles on increasingly large square contours until reaching
one that is entirely occupied by particles, and therefore immovable. The hole
that originated this process is then termed disconnected. Thus schematically
the probability of bootstrap is represented Π∞

k=1(1 − ρak)b, where b represents
the number of sides and a the increment on the lattice. In the high density
limit one takes the natural logarithm of the product, approximates the sum
with an integral and makes the substitution y = ρk. For ρ → 1 this leads to
−b/(a ln ρ)

∫ 1
0 (dy/y) ln(1− y) ∼ −bπ2/6a(1− ρ) [31]. In the modified bootstrap

model, a = 2 and b = 4, one obtains −π2/3(1 − ρ), and it is this result that
has been shown to be asymptotically exact [28]. From Figure 1 it is clear that
there is no agreement between the simulated results for the total hole density
(◦) and the asymptotic result, even for the highest densities we can simulate.
We would like to begin by identifying how much of this disagreement is due to
the primitive nature of the approximation, and how much is is due to the fact
that we are working with an asymptotic result.

To begin with we calculate exactly the probability for removal of concentric
squares of particles, a result that includes all corner contributions, and is valid
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for all densities. Then,

P (cs)
∞ = (1− ρ)Π∞

k=1c
(cs)
k (ρ) (1)

c
(cs)
k (ρ) = 1− 4ρ2k+1 + 2ρ4k+1(2 + ρ)− 4ρ6k+1 + ρ8k

Using (1−ρ2k+1)4 as lower bounds for the coefficients c(cs)
k (ρ) we find a modified

asymptotic result for the hole density (1− ρ)−5 exp(−A/(1− ρ)) [31].
Now we are also able to simulate the same process of simultaneous removal

of squares, as a check on the analytical formulae. We find that the modified
asymptotic result is almost equal to our numerical solution of Equation 1 and
simulation results for the symmetrically growing squares process in the density
range of interest. While these are in perfect agreement with each other (see
(�) in Figure 1), they are still many orders of magnitude different from the
full simulated connected hole density, although there is clearly a considerable
improvement over the purely asymptotic result exp(−π2/3(1− ρ)).

These results indicate that part of the lack of agreement between asymptotic
hole density and the simulations is that the asymptotic formulae are simply not
appropriate for the density ranges that are accessible. However it also suggests
that in the density ranges of interest to physics the theory may also be limited
because we have not included enough paths or independent processes of particle
removal. Therefore our aim now in development of the theory is to systematically
enlarge the possible paths in the calculation, until we approach the full simulated
result, at each stage validating the theoretical calculation by simulating the same
restricted set of paths.

The problem is simply appreciated. Thus, if we attempt to remove all of the
edges of the boundary simultaneously the process will fail if even one of the
edges does not contain the appropriate vacancy. Now we can somewhat improve
the situation by simultaneous removal of two adjacent edges causing the void
to move in the direction of that diagonal. By continuing this process randomly,
changing to other pairs of adjacent edges when a given direction is blocked, the
expanding void diffuses. This diffusive process therefore confers some improved
capacity for the expanding void to avoid being blocked by a continuous line
of particles. However, if one included a full set of particle removal paths the
voids would be free not just to diffuse but also elongate. This would imply that
a blocked edge also elongates, eventually including another vacancy, at which
point we are free to remove that edge.

We thus identify two types of movements of the expanding void around a hole
that should be taken into account; diffusive motion and elongational fluctuations.
We can, again by simulation, estimate the relative importance of these. In Figure
1 we show (#) the increase in the connected hole density implied if we allow
only this diffusive motion. In the full simulated curve (◦) we admit all diffusive
paths, and also all types of elongation, and the difference between the results
is therefore due to these shape fluctuations alone. However we may also check
the nature of the elongational fluctuations that are required to obtain the full
answer. The answer is surprising for we have found that, to obtain the full
simulated answer we need never permit paths where the voids exceed an axial
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ratio of more than 1.4. In fact by far the largest single contribution comes from
near-square processes, providing they are permitted to diffuse. Our overall aim of
theory is therefore to implement firstly, the diffusive square process, and secondly
some degree of elongational fluctuation.

(a) P [1] (b) P [2] (c) P [3] (d) P [4] (e) P [5]

Fig. 3. Intermediate configurations arising in evaluation of the sum over ‘paths’ that
may be used to empty the lattice. The inner square from each of these figures is assumed
to have been emptied of particles in the previous step, and the next parts to be emptied
lie between this and the outer bounding square. Shaded outer regions imply a complete
line of particles, blocking further movement in that direction. Unshaded outer regions
have at least one vacancy in that part of the perimeter. The arrows on the squares
indicate possible transition involving the growth of two adjacent boundary lines by one
step. This process restores that local configuration to one of the intermediate states
again, with the internal empty square one step larger in two directions. The process
terminates when the local configuration makes a transition outside of the class P 1 -
P 3 (diffusing squares) or P 1 - P 5 for small-asymmetry rectangles. Note that in P 3 we
have given an explicit example of the extension of the boundary implied by the arrow.

We have been able to realize these aims.
We define intermediate states of the system as the squares illustrated in

Figure 3, with weight P (i)
k . Paths implied by removal of particles map the growing

vacant region between only these states, larger by one step at each stage. If we
consider only the limited set P 1 - P 3, such processes correspond to growing
and diffusing squares. Inclusion of the states P 4 and P 5 permits in addition
“fluctuations” of the square by one additional layer. These local intermediate
states are related by the coupled equations,

P
(i)
k (ρ) =

∑
j

c
(i,j)
k (ρ)P (j)

k−1(ρ) (2)

where i, j’s range from 1→ n, with n = 3 in the diffusing squares process, and
n = 5 in its extended small-asymmetric rectangular version. c(i,j)k (ρ) defines the
probability of migration from class j to i at the kth step. These equations are
solved subject to the initial conditions, P (i)

1 = (1− ρ)δ1j .
The choice of these states, and transitions between them, is far from trivial

since we must ensure an “ordering” of the removal process if we wish to use a
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random measure for the particles in calculating the coefficients c(i,j)k (ρ). For the
sake of simplicity, we here present only the coefficients of the process involving
diffusing squares,

c
(1,1)
k = 1− 2ρ2k + ρ2k−1

c
(1,2)
k = (1− ρ)(1− ρk)

c
(1,3)
k = (1− ρ)2, c

(2,1)
k = 2ρk(1− ρk−1)

c
(2,2)
k = 1− 2ρk + ρ2k−2

c
(2,3)
k = 2ρ(1− ρ− ρk−1 + ρk)

c
(3,1)
k = ρ2k−1, c

(3,2)
k = ρk(1− ρk−1)

c
(3,3)
k = ρ2(1 + 2ρk−2 − 4ρk−1 + ρ2k−3)

The total bootstrap probability P
(1)
∞ (ρ) may be calculated numerically for

any density, limited only by the precision of the computer. The same processes
may be simulated on the computer and are in each case identical with the theory.
Results for all are given in Figure 1 and for modified bootstrap.

Diffusing squares (#), improves the comparison between theory and full sim-
ulation, and small-asymmetry rectangles (�) yields results that may (for the first
time) begin to be credibly compared to computer simulation of the full simulated
hole density.

We may now summarize our results both in relation to the bootstrap problem,
and in a more broad context.

The first point is that cellular automata that describe rare events, such as the
bootstrap percolation model, and its ‘connected holes’ may be best simulated
by the type of importance sampling we have proposed. That is, rather than
simply applying periodic boundary conditions in a square or cubic array we
might instead ’grow’ the configurations of the automaton around the rare events.
In our case this was simple in that in the bootstrap we seek only to identify
whether a hole is connected or not, and this is possible by studying successively
larger environments around the hole. This is, to our knowledge, a new way of
approaching the simulations of such models, and is a theme that might be worth
exploring in more detail for this model, and for other examples.

Our second conclusion is that these rare events (the connected holes) confer
a rather delicate singular behavior on the correlation length that is not easily
dealt with in theory, except in the truly asymptotic limit. It transpires that the
system enters this asymptotic limit at such large length scales that it is difficult
for simulations to reach them. However, it also transpires that the theory is
extendable so that it is a reasonable approximation across a wider range of
density, hole density, or bootstrap length. Thereby comparisons between theory
and simulations become feasible, indeed systematically improvable as desired.

This is an important point, for these improved theoretical approaches may
be shown to share the same leading asymptotic form that has been proposed in
the past. However,that leading asymptotic behavior is strongly modified at all
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but the closest distances to the transition. There is therefore no inconsistency
between the theory and simulations, in the density regime where both can be
studied. Equally the original theoretical predictions of asymptotic behavior are
correct. It seems clear, however, that the length scales at which that leading
asymptotic behavior becomes relevant is simply too large to be of interest to
simulators, or indeed, to physicists.
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Abstract. Based on the Relaxation Element Method, the propagation of zones
of localized plastic deformation in a polycrystal under loading has been simu-
lated within the framework of continuum mechanics. The model can be referred
to the class of geometrical models, known as cellular automata. Plastic defor-
mation is considered to occur under the action of differently scaled stress con-
centrators. A plastically deformed grain acts as a stress concentrator at the
mesoscale level. The involvement of a cell into plastic deformation was deter-
mined by the value of the critical shear stress in the cell center along the slip
system. This approach allows to analyze the number and interaction of slip
systems and accounts for work-hardening on the patterns of the propagation of
the bands of localized plastic deformation in aluminum polycrystals.

1   Introduction

Strain localization is one of the most important possible material instability phenom-
ena in solids. In order to describe this phenomenon, many authors [1, 2] introduce
gradients either in space or in time into the constitutive equations, that result in the
necessity of using a high resolution numerical technique where the accuracy of the
solution depends on the number of calculational cells. That is why analytical solutions
to resolve such kind of problems are more attractive. It is necessary, therefore, to
develop new-basically analytical- calculation methods for determining the zones of
localized plastic deformation with gradients. The relaxation element method, initially
proposed by Ye. Ye. Deryugin [5] is most suitable to handle the above problem. The
necessity of the development of a new modeling method was caused by experimental
facts on mechanisms of plastic deformation, having been obtained in the last 10-15
years.
    According to experimental investigations by Neuhäuser [3,4], obtained with a
videorecorder on the sample surface, the plastic deformation under active loading
proceeds at all detectable time scales (from microseconds up to minutes) in form of
instabilities, which only from the macroscopic point of view can be considered in
terms of a smooth curve of loading. Dislocation theory gives an analogous conclu-
sion: as soon as a dislocation configuration looses its stability due to an increase in
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applied stress, the further development of the shear zone is a rapid dynamic process.
Once operated, a shear zone remains during further deformation, as a rule, «frozen».
Traditional approaches of continuum mechanics, being justified on the macrolevel,
should therefore be completed by other methods when attempting to describe the
processes on the level of a separate shear zone. The basis of all approaches of classi-
cal mechanics is the assumption about the existence of a local law of plastic flow in
one or in another form, i.e. an unambiguous connection between stress and strain (and
in generalized theories [5] also the spatial and temporal derivatives of strain). Data on
the development of plastic deformation, in form of instabilities in local regions, lead
to the conclusion that on the level of a separate shear zone the law of plastic flow in
the above sense can not be formulated. Using the relaxation element method [5-10],
plastic deformation can be analyzed on such a mesoscopic level.

2 Physical Principles and Algorithm of the Model

The analysis of many experimental data shows, that in real materials the process of
plastic deformation occurs not simultaneously over the whole volume of material, but
includes separate structural elements. Then a natural reason of grain involvement into
this process is the presence of stress concentrators of a definite scale [11]. The stress
field in the vicinity of a triple grain junction under tensile loading has been calculated
by the relaxation element method [12], when one of the grains undergoes plastic
deformation. It was shown, that at high gradients of plastic deformation in front of the
boundary of this grain, the corresponding stress concentration can exceed the exernal
applied stress by one order of magnitude. However, the influence of such a
mesoconcentrator is limited over a very short distance, i.e. only several dozens of in-
teratomic distances. Nucleation of only several dislocations can cause essential rela-
xation of these microstresses. This means that microconcentrators like dislocations
cannot provide a sufficient value and rate of plastic deformation in the neighbouring
grain to transfer further rapid propagation of plastic deformation from grain to grain.
Hence, an additional concentrator is required, having the region of elevated stress
concentration, embracing the region, being commensurable with the dimension of
crystallite (mesoconcentrator). A plastically deformed grain besides the peak stresses
at the junction creates an elevated stress concentration, embracing the region,
commen-surable with grain dimension. The plastically deformed grain acts as a stress
concen-trator on the mesoscale level. When simulating on the mesolevel, the
plastically deformed grains are represented as a circular site of plastic deformation in
a plane isotropic polycrystal. we assume that plastic deformation in the site occurs
uniform. To explain the essence of the relaxation element method, consider the
following situ-ation: A stress-strained state of a plane with the above-mentioned
plastic deformation site with specified boundary conditions on the circular contour.
Fig. 1 shows the loading of such a plane schematically. The tensile stress σ is directed
along the y-axis. We restrict our attention in what follows to small strains (0,0002%)
and the material  is  characterized in terms of linear elastic constituent  relation.
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Fig. 1. Schematic representation of the boundary conditions for the plane under loading with a
circular site of localized plastic deformation

Taking into account the experimentally discovered fact that plastic shear is
accompanied by a stress drop in the local volume of solid [11], let us assume that
under plastic deformation, the uniform stress field is decreased by Δσ. Then the stress
field inside the site will be described by σ-Δσ. According to the superposition law of
linear elasticity, the general solution to a boundary problem can be represented by a
number of simpler solutions, provided that the resulting boundary conditions shown
in Fig. 1 remain the same. This can be simplified as follows: the uniform stress field
σ-Δσ (Fig. 1b) is singled out from the general solution. What remains is the solution
for a plane under an external load Δσ (Fig. 1c), if the stresses are zero only in the
local region occupied by the plastic deformation site. De Wit showed [13], that
absence or reduction of stresses in the given region is the result of plastic
deformation. In our case this comparative  plastic deformation ensures a displacement
of the circular contour under the external stress Δσ, when there is no stress inside the
contour. The boundary conditions, according to Fig. 1, are those of a flat testpiece
with a circular opening subjected to the uniaxial Δσ.

According to the Kirsh’s solution [14], the stress field outside a circular contour in
the Cartesian coordinates is characterized by the following components: [14,15]:

                                   Δσ
y
=Δσ + Δσk

y
= +−++Δ+Δ GF

r

yR

r

R
2

22

2

2 103
1

2

σσ ,

Δσx=Δσkx= ,
183

3
2 2

22

2

2
−++−Δ

GF
r

yR

r

Rσ         Δσxy=Δσkxy= ++−σΔ
4

22

2

22

4

2

12)43(2
3

r

yR

r

yR

r

yxR ,

(2)

where R – is the grain radius, r2 = x2+y2 – is the distance from the center of inclusion
to the point with the coordinates (x, y); F = 8y2(3 2+2y2)/r4, G = 24R2y4/r6.
  The displacements of the arbitrary point ( 0, 0) on the contour are defined by the relation

uy( 0, 0)=3 0Δσ /E, ux( 0, 0)= − 0Δσ/E,                                          (3)

where  – is Young’s modulus. The boundary conditions (3) are satisfied by a
homogeneous field of plastic deformation with the components

εx = -Δσ /E,     ε  =3Δσ /E,    ε  = 0                                              (4)
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Fig. 2. Spatial distribution of the Δσ
y
 component of the internal stress field of the circular

relaxation element. (External applied stress σ is directed along the y-axis).

From the performed analysis it follows, that the site of plastic deformation can be
considered as a defect of a definite scale with its own field of internal stresses, set by
equations (2). Such a defect is called a relaxation element (RE). Shown in Fig. 2 is an
example of the component Δσy distribution (2) of the given circular relaxation ele-
ment. It is seen, that there exists a stress peak on the boundary of the RE. The region
of elevated stress is comparable with the dimension of the relaxation element. At a
distance not less than 1,3 a from the center of the RE the perturbation of stresses in
this region affects greatly the development of plastic deformation in the adjacent
grain. Once the grain with the maximum value of shear stress is known, the external
stress field needs to be determined under which the resolved shear stress is attained.
The calculation mesh was schematically presented by a total of 1250 (50x25) cells
shaped as hexagons, playing the role of grains in polycrystal. In each of the grains the
slip system orientation with respect to the axis tension was set using random number
generator. The second slip system was added at an angle of 60° with respect to the
previous one. The involvement of a cell into plastic deformation was determined by
the value of τcr, a critical shear stress in the cell center along the slip system. Plastic
deformation initiates on the slip plane of those crystallites, in which the resolved
shear stress reaches a critical value along the favorably oriented slip direction. The
resolved shear stress was calculated with the following formula [14]:

    τ=(σy−σx)sinαcosα+σxy(cos2α−sin2α).                                     (5)

The action of the element transition from the elastic into the plastic deformed state
was defined by placing of an RE of round shape inscribed into the hexagon in its
center. It changes the stress-strain state of the polycrystal aggregate as a whole and
the region of operation of maximum shear stress. The act of grain involvement into
plastic deformation is accompanied by a stress drop within the local region (in our
case within the circular region) and the stress perturbation beyond this region. The
problem now consists in designing a cycle that can, according to certain criterion,
determine the sequence of grain involvement into plastic deformation after the first
RE has appeared.

2.1 Calculational Procedure

In what follows we represent the process of plastic deformation as a sequential chain
of elementary acts of stress relaxation in the different crystallites. Suppose the speci-
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men is subjected to tensile loading along the y-axis and the external applied stress is
equal to σext = σy. The external applied stress creates a shear stress in the crystallites:

τij=σext sinα ij cosα ij,                                                                     (6)

where the indices i and j unambiguously define the x,y coordinates of the given crys-
tallite. Having determined the coordinates of the crystallite in the slip system in which
the shear stress is maximum, the external applied stress in the formulae is obtained as:

    σ ext =τij/sinα ij cosα ij                                            (7)

According to the condition that the critical shear stress equals τcr = 50, we obtain σ ext

=50/sinαij cosαij. With known external applied stress and given coordinates of the
crystallite, in which the maximum shear stress is attained, a relaxation element is
placed in this crystallite. The relaxation element creates a field of stresses , the
compo-nents of which are represented by equations 2. Instead of Δσ we take 1, ½, ¼,
of the minimum external applied stress defined at the previous step. Such values of
Δσ were chosen with taking into account the fact that the stress drop inside the region
of relaxation should not exceed the external applied stress. Because the total shear
stress in the centers of each crystallite is expressed by the formulae:

τij=σ ext sinα ij cosα ij+ (σ*

y iij −σ*

x  iij) sinα ij cosα ij +σ*

xy ij(cos2αij

  − sin2α ij),     (8)

the external applied stress can be calculated in each crystallite is defined by the
formula:

σext ij = (50 -(σ
*

y iij −σ*

x  iij ) sinα ij cosα ij +σ*

xy ij(cos2αij

  − sin2α ij))/sinα ij cosα ij      (9)

       So we have an array of external applied stress in each crystallite under which the
critical shear stress τcr = 50 MPa is attained in each crystallite. Apparently the lowest
value of external applied stress matches the maximum shear stress. Physically that
means that at the given step of calculation among all of the crystallites the only one
will be involved into plastic deformation in which the maximum shear stress is at-
tained and that is why the lowest external applied stress is necessary to bring it into
action.

    We look for the coordinates of those crystallites with the lowest external applied
stress. In such a way the coordinates of the crystallite and the external applied stress
in this crystallite define the values, necessary for the beginning of a second cycle of
calculations. In the present case the equation (9) can be written in the following form:

σ ext i j = 

ijij

ij ij ij
ijijxyijijijxijy

αα

ασ−αασ−σ−

cossin

2coscossin)(50 ***

 ,                         (10)

where the sign of sum means the summation of the components of the stress tensor
from RE at each step of the calculation. In the given example calculations of plastic
deformation localization are performed only for one slip system in each crystallite.
    Consider the presence of two slip systems in each crystallite. The second slip sys-
tem is oriented at an angle of 60° with respect to the first slip system. The orientation
of the first slip system is put at random in each crystallite. The minimum external
applied stress in each of the slip systems is defined separately and the minimum one
is selected. In this way, the external applied stress and the coordinates of the crystal-



Plastic Deformation Development in Polycrystals        380

lite with maximum shear stress (and minimum external applied stress) are known.
Now the next cycle of calculations can be performed.
      Let us next introduce the coefficient of work-hardening. For each crystallite let us
introduce the coefficient Kij, which is equal to 0 when the crystallite ij is not involved
into plastic deformation and each time it is increased by 1 when the crystallite is in-
volved into plastic deformation, so that Kij= Kij+1. Let the resolved shear stress on the
slip system in each crystallite follow the formulae: τij = 50(1+Kij), where Kij is equal to
zero for all crystallites not involved into plastic deformation. Now (10) reads

σ ext i j=  

ijij

ij ij ij
ijijxyijijijxijyijK

αα

ασ−αασ−σ−+

cossin

2coscossin)()1(50 ***

 .                       (11)

There are two possibilities in accounting for work hardening in each crystallite. First,
the acting of one slip system doesn’t depend on the acting of another one and the
crystallite, once involved into plastic deformation according to achieving the critical
shear stress in one slip system, can be involved into plastic deformation due to
achieving a critical shear stress in another slip system. In other words, we set the two
coefficients of work-hardening K1 and K2 for each of the two slip systems in each
crystallite. Following the above-mentioned procedure we separate the calculation of
minimum external applied stress in each of the two slip systems with separate arrays
of Kij for each of them, i. e. K1ij  for the first slip system and K2ij.- for the second one.
And secondly, the repeated involvement of the same grain into plastic deformation
depends on the involvement of the crystallite into plastic deformation on the first slip
system, i.e. we have only one coefficient of work-hardening for two slip systems in
each crystallite. We consider two cases of work-hardening: 1) with interaction of two
slip systems and 2) without interaction between them. Interaction between two slip
systems means, that when one of the grains has been involved into plastic deforma-
tion when achieving the critical resolved shear stress in one slip system, it cannot be
involved again because a critical shear stress in another slip system needs to be
achieved. Hence we put K1ij=0 before selecting the grain with minimum external
applied stress in the second slip system. Along with accounting of linear dependence
of work-hardening on the number of grains involved into plastic deformation an at-
tempt to take work-hardening into account with the help of the power law expression
for the stress-strain relationship n

plKεσ = , where K was chosen, e.g., equal to 250 and

n=0.2.

3   Results and Discussion

Using the above approach, the simulation of propagation of the sites of localized
plastic deformation has been performed with accounting for work-hardening. The
patterns of propagation of the bands of localized plastic deformation with work-
hardening and the presence of only one slip system in each crystallite are shown in
Fig. 3. The coefficient of work hardening was taken to be K=4. As can be seen from
the picture the bands quasi-homogeneously fill all the cross-section of the specimen
with preferred (60°) direction of their propagation. The loading curve has a clearly
pronounced increasing character. Because of the presence of only one slip system in
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each of the crystallites the repeated involvement of the same grain requires an in-
crease in the external applied stress K times higher than the critical shear stress and
that practically exclude the repeated involvement of the same grains into plastic de-
formation. More and more grains are involved into plastic deformation, which gives
he pattern a scattered appearance: Localization is even observed at the first steps of
simulation.

Fig. 3. The evolution of the sites of localized plastic deformation in a polycrystal under tensile
loading with one slip systems in each crystallite and with accounting for strain hardening (the
value of relaxation is equal to 0.5 of external applied stress).

Fig. 4. The evolution of the sites of localized plastic deformation in a polycrystal under tensile
loading with two slip systems in each crystallite and with accounting for strain hardening (the
value of relaxation is equal to 0.5 of external applied stress), the slip systems in each crystallite
are dependent on each other.
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Fig. 5. Patterns of propagation and loading diagram of hardening polycrystal with two slip sys-
tem in each crystallite with strain hardening coefficient K=4, the value of relaxation is 0.5 from
the external applied stress, the slip systems in each crystallite do not depend on each other.

In previous papers [5-9], strain-hardening was accounted for only by prohibition of
the repeated involvement of grains into the process of plastic  deformation. Such an
approach resulted in the limited case of work-hardening. Here we account for work-
hardening by introducing the coefficient of work-hardening, when calculating the
external applied stress. That means that each repeated involvement of the same crys-
tallite into plastic deformation is possible only when achieving the critical shear stress
(50 MPa in our case) multiplied by the coefficient K. The critical shear stress is equal
to 50 MPa. Setting the K being equal to 4 mean, that after the grain is involved into
plastic deformation for the first time, at 50 MPa, its repeated involvement is  possible
only at τ = 200 MPa. That gives the possibility to other grains, which have not been
involved yet into plastic deformation, to be involved, as the resolved shear stress
attains the critical value.
     Another pattern of the propagation of the bands of localized plastic deformation is
obtained by accounting for the presence of two slip systems in each crystallite, Fig. 4.
At this stage the sites of localized plastic deformation become more localized. They
represent systems of intersecting bands, propagating across the cross-section of the
specimen. At the N=50th step of grains involvement into plastic deformation the two
parallel bands appear. Then another band propagates from these initial ones, forming
the system of intersecting bands. Fragmentation of the specimen by the band of lo-
calized plastic deformation is clearly pronounced here. Starting approximately from
step number 600 the involvement of new grains takes place, making impossible the
repeated involvement of the same grain into plastic deformation, because in the given
approach we set the increasing value of the external applied stress for all the grains,
once involved into plastic deformation, independently on which system plastic slip
occured. The loading diagram has increasing character but the average level of exter-
nal applied stress goes somewhat lower, because two slip systems can act in the same
crystallites. Shown in Fig. 5 is the case of the operation of two sliding systems in each
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of the  crystallites. As opposed to Fig. 4  here we take into consideration the slip sys-
tems independently. This means that the same grain may be involved into plastic
deformation according to the acting of two slip systems, first on one sliding system,
then on another one, where involvement according to achieving the critical shear
stress in one sliding system doesn’t depend on the acting of another one. The result-
ing deformation pattern possesses a pronounced localized character. The loading
diagram has increasing character, but the stress remains less than in the previous case,
depicted in Fig. 4. The patterns of LPD band propagation, accounting of work-
hardening with power law dependency are represented in Fig. 6. This is the case of
operating of two independent slip systems in each crystallite and the value of relaxa-
tion (stress drop) was taken to be equal to 0.2 of external applied stress. Because of
the smaller magnitude of stress relaxation (0.2 instead of 05 of external applied
stress), the amplitude of oscillations are smaller and it results in less pronounced
localization. The curve increases significantly and at the N=801 (εp = 0.0002%) it
reaches the value 296 MPa. Fragmentation of the specimen by the LPD bands occurs
here as in the case of accounting for linear work-hardening, depicted in Fig. 6.

Fig. 6. Loading diagram of hardening polycrystal with two slip systems in each crystallite with
the  power law hardening, the value of relaxation is 0.2 from the external applied stress, the
slip systems in each crystallite are independent on each other.

4   Conclusions

The propagation of the LPD bands and influence of work-hardening on the patterns
of development of the sites of plastic deformation has been analyzed within the
framework of a meso-mechanical model of plastic strain localization. The model
allows to simulate both non-hardening and hardening behavior of the polycrystal
material under loading. Work-hardening was accounted for the case of interacting slip
systems in each crystallite and not interacting ones. The comparison of the patterns of
development of the sites of localized plastic deformation and loading curves for the
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case of accounting of interaction of two slip systems and non accounting for ones
shows, that in the latter case the pattern of plastic strain propagation has more pro-
nounced localized character. The number of slip systems in each crystallite and the
non-accounting of the interaction of the slip systems result in the enhancement of the
localization, that is accompanied by a lower average level of external applied stress.
The bands of localized plastic deformation proceed at an angle of 60° with respect to
the tensile axis, is in agreement with the experimental findings [11,12], theoretical
descriptions [5] and the results of calculations of Cleveringa et. al [15].

Acknowledgements. One of the authors (G.V. Lasko) expresses gratitude to the Al-
exander von Humboldt Foundation for the financial support of the work.
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Abstract. As it is well known forest fires can present serious risk to people and
can have enormous environmental impact. Therefore researchers and land man-
agers are increasingly interested in effective tools for use in scientific analyses,
management and fighting operations. On the other hand forest fires are com-
plex phenomena that need an interdisciplinary approach. In this paper the para-
digm of Cellular Automata was applied and a model was projected to simulate
the evolution of forest fires. The adopted method involves the definition of lo-
cal rules, mainly based on fire spread relationships originally developed by
Rothermel in 1972, from which the global behaviour of the system can emerge.
The preliminary results show that the model could be applied for forest fire
prevention, the production of risk scenarios and the evaluation of the forest fire
environmental impact.

1 Introduction

Cellular Automata (CA) are good candidates for modelling and simulating complex
dynamical systems whose evolution depends exclusively on the local interactions of
their constituent parts [6]. A CA involves a regular division of the space in cells, each
one characterised by a state that represents the actual conditions of the cell. The state
changes according to a transition function that depends on the states of neighbouring
cells and of the cell itself; the transition function is identical for all the cells. At time
t=0, cells are in states, describing initial conditions, and the CA evolves changing the
state of all the cells simultaneously at discrete times, according to the transition func-
tion.

The CA features (i.e. locality property) seem to match the “forest fire” system; the
parameters, describing globally a forest fire, i.e. propagation rate, flame length and
direction, fireline intensity, fire duration time etc. are mainly depending on some
local characteristics i.e. vegetation type (live and dead fuel), relative humidity, fuel
moisture, heat, territory morphology (altitude, slope), wind velocity and direction,
etc.

The fundamental studies of Rothermel [12], [13] point out these characteristics; his
forest fire spread model is based on dynamic equations, that allow the forecast of the
rate of spread and the reaction intensity knowing certain properties of the fuel matrix
(fuel particle, fuel arrangement) and environmental conditions (slope, wind, fuel
moisture) in which the fire occurs.
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Some models were previously developed in terms of CA: Green [9] considered a
two-dimensional square CA, where each cell is identified by fuel content and its
combustion duration. The fire-spread mechanism is briefly the following: each burn-
ing cell generates an ellipse with a focus at the cell centre; the ellipse dimension and
orientation depends on the wind direction and strength. If a cell with fuel content is
inside an ellipse, it will burn in the next steps. Gonçalves and Diogo [8] developed a
more complex probabilistic CA model based on the Rothermel’s equations of fire rate
spread. A burning cell determines, according to the fire rate spread toward the direc-
tion of neighbouring cells, an ignition probability. Karafyllidis and Thanailakis [10]
developed a two-dimensional square CA which was only tested with hypothetical
forests. Malamud and Turcotte [11] developed a statistical model of comprehensive
effects in a forest for the two opposite phenomena of trees taking root in free areas
and trees burnt by the fire.

The proposed CA model is deterministic, it is related to Rothermel’s studies [12]
and is partially based on the method described in [6] that may be applied to some
macroscopic phenomena in order to produce a proper CA model.

In the next section this paper illustrates the basic equations; the CA model formal-
ization is described in the successive section; the fourth section treats the model im-
plementations and preliminary results of applications; at the end comments conclude
the paper.

2 Fire Spread Prediction

The majority of fire models in use today are mainly based on fire propagation rela-
tionships experimentally developed in the U.S. by Rothermel [12], [13], Albini [1],
Anderson [2]. Fire geometry models were proposed by Anderson [3] and many other
researchers.

Rothermel’s equations require a description of fuel which includes depth, loading,
percentage of dead fuel, moisture of extinction, heat content, surface area to volume
ratio, mineral content, silica content, and particle density. Required environmental
variables include wind speed at half-flame height, slope and fuel moisture content
(live and dead). Models based on Rothermel’s equations usually perform adequately
in predicting the detail of fire physics.

Rothermel’s model leads to the fire maximum spread rate vector. To obtain a bi-
dimensional description of fire behaviour it is generally assumed that the fire spread
area is an ellipse [3] in which the source lies at one focus and the major axis is paral-
lel to the maximum spread rate direction (which is influenced by local wind and
slope).

2.1 Basic Equations

It is known that fires show a higher propagation velocity when they climb up an up-
ward slope, whereas fires show a smaller velocity when they descend a downward
slope. Also, wind speed and direction greatly affect forest fire propagation. Therefore,
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according to the Rothermel’s fire study [12], maximum spread rate occurs in the
direction of the resultant wind-slope vector:

w s= +φ φ φ (1)

where sφ  is in direction of maximum slope and its module is the slope effect, wφ is in

wind direction and its module is the wind effect. Slope and wind effect are respec-
tively  expressed as:

0.3 25.275 tansφ β ω−= ,  and

(3.281 ) ( / )B E
w opC vφ β β −=

(2)

where v  is the wind speed, β  is the packing ratio of the fuel bed, opβ  is the optimum

packing ratio, ω  is the slope (radians), C, B and E coefficients are functions of the
fuel particle size in the fuel bed [1], [2], [12], [13].

The maximum fire spread rate (m min-1), which accounts for local fuel characteris-
tics, slope and wind effect, is computed as:

max 0 (1 | |)R R= + φ ,   0 /( )R b igR I h Qξ ρ= (3)

where R0 is the spread rate on flat terrain and without wind;  IR is the reaction inten-
sity; ξ  is the propagation flux ratio; Qig is the heat of pre-ignition; bρ  is the ovendry

bulk density; h is the effective heating number.
The spread rate in an arbitrary direction is obtained assuming an elliptical shaped

local spread (see fig. 1a):

max

1
1 cos

R R
ε

ε θ
−=

−
(4)

where the eccentricity ε  of the ellipse increases as a function of the effective mid-
flame windspeed ev  according to the Anderson's empirical relation [3] as modified by
Finney [7]:

2
0.2566v 0.1548v1

, 0.936 0.461 0.397e ew
w

w

l
l e e

l
ε −−= = + − (5)

The effective midflame windspeed ev , defined as the virtual windspeed that by it-
self would produce the combined effect of slope and wind on fire spread rate, can be
derived from eq. (3).

It is worth noting that when 0ev =  (i.e. no slope and no wind) the eccentricity is

zero and the ellipse reduce to a circle of radius 0R .
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Fig. 1. a) Elliptical fire spread area in which the source lies at one focus and the major axis is
parallel to the maximum spread rate direction; b) Neighbourhood pattern and fire propagation
in the proposed model: the cells inside the ellipses are burning and each ellipse represents a
successive CA step

3 The Cellular Automaton

In order to avoid the spurious symmetries of the square cells, which characterize
some previous CA based fire models [8], [9], [10], [11], the proposed model is based
on a hexagonal lattice. The neighbourhood pattern includes the double order of hexa-
gons around the cell, as shown in fig. 1b. The further main points of the proposed
model are described by the following:
1. The state of the cell must account for all the characteristics, relevant to the evolu-

tion of the system and relative to the space portion corresponding to the cell; e.g.
the altitude. Each characteristic must be individuated as a substate. The substate
value is considered constant in the cell.

2. As the state of the cell can be decomposed in substates, the transition function may
be also split in many components. We distinguish two types of components: inter-
nal transformation, depending on the substates of the cell and local interactions,
depending on the substates of the cells in the neighbouring (e.g. fire propagation).

3. Special functions must supply the history of “external influences” overall on the
CA cells and direction.

4. Some cells represent a kind of input from the “external world” to the CA; it ac-
counts for describing an external initial influence, which cannot be described in
terms of rules; e.g. the fire starting points.

3.1   The Model Formalization

We now give a formal description of the model which is a two-dimensional CA with
hexagonal cells defined as:

CA = <K, X, S, P, σ, I, Γ>

where:
• K is the set of points with integer co-ordinates in the finite region, where the phe-

nomenon evolves. Each point identifies a hexagonal cell.
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• The set X identifies the geometrical pattern of the cells, which influences the
change in the state of each one (the full second order neighbourhood, see fig. 1b).

• The finite set S of the states of the cell is:

S = SA × SV × ST × SH × SC × SD × SWD × SWR × (SFS)
18

- SA, substate “altitude”, takes the altitude value of the cell;
- SV, substate “vegetation”, specifies the type of vegetation, relative to the proper-

ties of catching fire and burning. Fuel bed characteristics are specified according
to the 13 format of fire behaviour fuel models used in BEHAVE [5].

- ST, substate “temperature”, takes the temperature value of the cell;
- SH, substate “humidity”, takes the relative humidity value of the cell;
- SC, substate “combustion” for the two possible fire types in the cell: “surface

fire” and “crown fire”; it takes one of the values “non-flammable”, “inflamma-
ble”, “burning” and ”burnt” for each type.

- SD, substate “duration”, takes the value of the duration rest of the fire in the cell;
- SWD, substate “wind direction”, takes the values of the wind directions (the eight

directions of the wind rose) at ground level (that could be different from the free
wind direction);

- SWR, substate “wind rate”, takes the values of the wind rate (Km 0-60) at ground
level (that could be different from the free wind rate);

- SFS, substate “fire spread”, accounts for the fire spread from the central cell to
the other neighbouring cells;

- SFA, substate “fire acquire”, is just a renaming of SFS and individuates the fire
propagation to the central cell from the other neighbouring cells.

• P={pe, ps, pt, pwd, pwr, Pw, Pv} is the finite set of global parameters, which affect the
transition function; they are constant overall in the cellular space:
- pe, is the apothem of the cell.
- ps, the time corresponding to a single step.
- pt, the current time (month, day, hour and minute),
- pwd, the free wind direction
- pwr, the free wind rate;
- Pw, the set of weather condition parameters, varying during the day according to

the season (currently Pw contains the reference values of humidity and tempera-
ture). Such parameters are correct considering the type of vegetation, the wind
and in the case of a previous rain episode as far as a month

- Pv, the set of parameters concerning catching fire and burning, depending on the
type of vegetation; they are also constant in time.

Note that the function γ1 keeps pt up-to-date, the function γ2 supplies the history of Pw,
pwd and pwr at each CA step.
• σ: S19→S is the transition function, that will be sketched in the next section; it

accounts for the following aspects of the phenomenon: effects of combustion in
surface and crown fire inside the cell, crown fire triggering off; surface and crown
fire spread, determination of the local wind rate and direction.

• I ⊂ K individuates the cells where the fire starts.
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• Γ = {γ1, γ2, γ3, γ4} is the set of functions representing an external influence. They
are computed at each step before the application of σ.

• γ1 determines the current time of the CA step;
• γ2 supplies the weather conditions related to sun, the external wind direction and

rate, for each CA step;
• γ3: N×I→SC accounts for external setting fire to cells of  I at prefixed steps, where

N is the set of natural numbers;
• γ4: N×K→SC accounts for firemen intervention at prefixed steps.

3.2   The Transition Function

The transition function is defined as:

σ = σI3 ⊗ σI2 ⊗ σI1 ⊗ σT1

First the following internal transformation, concerning the effects of combustion in
surface and crown fire inside the cell, is computed:

σT1: SV×ST×SH×SC×SD×SWD×SWR → ST×SH×SC×SD.

Then the following local interactions are applied:

- σI1: (SA)19 → SWD × SWR

- σI2: (SFA)18 × SC → SC

- σI3: (SA)19 × SV × SC × SH × ST × SD × SWD × SWR → (SFS)
18

where σI1 computes the wind direction and rate at the cell altitude, σI2 computes the
change of combustion conditions in the current cell and σI3 computes the fire spread
toward the neighbouring cells.

Internal transformation Τ1
When the substate SC is not “burning” it doesn’t change the substate SD, while the
substates SH and ST vary their previous values on the basis of the weather change (Pw),
the day hour (pt), the wind (SWD and SWR) and the vegetation type (SV and Pv). When
the substate SC is “burning”, then the substates ST, SH, SC and SD depend on the previ-
ous values of SH, SD and ST. The value 0 for SD determinates the change of SC to
“burnt”. The conditions for the ignition from fire surface to crown fire are applied in
the internal transformation T1.

Local interaction Ι1
The computation of the substates SWD and SWR, “wind direction and rate” depends on
pwd and pwr that represent the values of the free wind. Such values are reduced in rela-
tion to the altitude of the cell according to an empirical table of Rothermel [13], ob-
taining the wind vector, related to the cell altitude. A corrective vector wind is com-
puted, considering the angle between the slope relative to the cell and the free wind
direction. It accounts for the absence of free wind, convective currents form along the
maximum slope directions; their rate depends also on the weather and the hour of the
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day. Some empirical tables of Rothermel [13] indicate the value of such vector. The
new values of SWD and SWR are obtained adding the altitude vector to the corrective
vector.

Local interaction Ι2
This function tests if the fire is spreading toward the central cell from the other cells of
the neighbouring. If the combustion substate SC is “inflammable”, then it changes to
“burning”.

Local interaction Ι3
If the state SC is “burning” the following computation steps, depending on substates
SV, SH, ST, SD, SWD, SWR and the set of parameters Pv, are considered:
a) First, using equations (1) and (2), the maximum spread vector is determined as the

sum of slope effect sφ  and wind effect wφ ;

b) Using equation (3) the maximum spread rate Rmax is computed.
c) An ellipse with a focus in the centre of the cell whose area depending on Rmax, is

calculated using equation (5); the time corresponding to the CA step ps also affects
the area of the ellipse (see fig. 1);

d) The fire can propagate towards the neighbouring cells inside the ellipse, i.e. SFS

(which is an alias of  SFA) takes the value “true”.

4 Implementation and Preliminary Applications

The implementation was developed in the programming language C++ using the
OpenGL library for visualization. The main input are the DEM (Digital Elevation,
Model) of the area, the gridded land cover (e.g. fuel kind) and the weather conditions.

A first validation was tested on a real case of forest fire (fig. 2) in the territory of
Villaputzu, Sardinia, on August 22nd, 1998. This forest fire was a case treated and
monitored in the milieu of European Research Program SALTUS, Environment and
Climate [15]. The fire began at 12.30 and lasted less than 9 hours. The wind was in
direction SE at a rate 20-30 Km/h. The burnt area was approximately 3 Km2. The
forest fire area in fig. 2 is illustrated by a legend specifying the different type of burnt
vegetation. The dotted lines indicate the roads. The roads on the left and on the right
of the initial area of the fire represent a barrier, because the human intervention to
limit the fire spread is easily performed in the areas adjacent to roads.

The simulated area (fig. 3 A, B, C, D) is visualised at each simulation step by a
matrix with 170 rows and 130 columns; the hexagonal cell apothem is about m 20;
the parameter ps is 2.5 min (as a result of a performed calibration procedure). The
forest fire started in the area on the top left of fig. 2. In the simulation matrix, a bar-
rier is introduced in the flat area to the right of the fire beginning area, as an easy
human intervention was performed there. Step 30 of the simulation (fig. 3-A, 75 min-
utes) represents the first cells burning.  In the step 90 of the simulation (fig. 3-B, 3.75
hours), the fire is rapidly reaching the mountain peaks. The fire is propagating ac-
cording to the wind direction and the positive slope also allows the fire to expand
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towards E, NE. Then the propagation towards the wind direction is almost exhausted
and its rate slows with the negative slope (fig. 3-C, almost 7 hours). The only propa-
gation direction is now SW and the fire proceeds very slowly (fig. 3-D, 8.3 hours).

Fig. 4 represents the superimposition of the real fire of simulated fire. The result of
simulation looks good, few areas of the real fire don’t appear to be burnt in the simu-
lation and few areas, which were not burnt, are computed to be “burnt” in the simula-
tion.

Fig. 2. The forest fire of Villaputzu, August 22
nd

, 1998

Fig. 3. Sequence of four simulation steps for the test case in fig. 2: figures A, B, C, D  corre-
spond respectively to steps 30,  90,  170, 200
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Fig. 4. Simulated vs. real fire spread for the test case in fig. 2

Fig. 5. CA model outcomes in a complex morphology

Many other simulations have been performed (see fig. 5 for example) and cur-
rently we are comparing the outcomes with those of a non CA based wildfire simula-
tor (i.e. FARSITE simulator whose spread prediction is based on Huygen’s principle
[7]).

5 Conclusions

The results of the simulations show a phenomenon development that fits significantly
with real data. Because of the use of hexagonal cells, the proposed model does not
present the spurious symmetries of the square lattice, which characterizes some pre-
vious CA based fire model and which can affect negatively the simulation, especially
in flat areas. Nevertheless it is necessary to stress that validation of fire spread models
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is difficult because usually standard fire records don’t account for all the data neces-
sary for simulation (e.g  both the collected vegetation and weather data are often
incomplete). Future work needs to concentrate on both including a more sophisticated
fire description (e.g. spotting phenomena) and validating the model using observed
fire growth patterns in a number of fuels, morphology and weather conditions.
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Abstract. The modelling of wildland fire spread across a heteroge-
neous landscape is significant because fire dynamics are sensitive to
local spatial characteristics. The development of accurate fire models
and simulations is important due to the economical and social losses
wildland fire can cause and the resulting need to better understand,
predict, and contain fire spread. We present a methodology for encoding
the spread of wildland fire in a set of interacting automata. The Circal
formalism is used to explicitly describe the transmission of fire as an
interaction between discrete cells of landscape. We demonstrate the
potential for the methodology to accurately model spatial dynamics by
giving results of our implementation of a fire spread model that includes
a heterogenous environment.

Keywords: Modelling wildfire spread, cellular automata, Circal.

1 Modelling Fire Spread

Fire spread is a phenomenon that deserves attention from scientists; not just
because it is socially and economically important, but also because the phe-
nomenon is complex, difficult to model, and computationally expensive to sim-
ulate. Indeed, there does not exist a verifiable method for better-than-real-time
simulation of the phenomenon. The heterogeneity of a landscape is a specific
problem of fire spread simulation. The landscape comprises the heterogeneous
variables fuel (including fuel load, fuel type, moisture), slope of terrain, and wind
direction and strength. In Section 2, we describe our method for capturing the
heterogeneities of the landscape in the state of finite automata and for building
a structure of connected automata as depicted in Fig. 1. We then describe a
method for describing the interaction of these automata that is also heteroge-
nous; the next-state transitions depend on the features of the landscape.

Throughout the world, and specifically in Australia where the climate is
dry and hot, wildland fire is a significant problem because it causes loss of life
and property. The scientific challenge is to produce accurate, spatially dependent
models and tractable, powerful simulations that can be used to investigate ‘what
if’ questions, containment strategies, and to develop training tools for firefighters.
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Rothermel’s research on understanding the physics of fires [1], forms the
basis for many approaches to modelling the behaviour of fires in wildland envi-
ronments. Some approaches to modelling fire spread are discussed in Section 1.1.

1.1 Related Research

Previous approaches to modelling the fire spread phenomenon can be categorised
as either empirically-based, physically-based, or a combination of both of these.
The techniques used to implement these models include cellular automata tech-
niques (such as Cell-DEVS and other formalisms that involve discretisation) [2,
3,4,5], numerical implementations of differential equations [6,7,8,9], fractal ge-
ometry [5], and artificial neural networks [10]. In this section, we highlight the
problems faced by researchers when trying to deal with the heterogeneous nature
of real landscapes in fire spread simulations using cellular automata techniques.

Bossert et al. [11] validate their simulation against a real scenario where the
turbulence of wind (the turbulence is affected by wind speed and the fire itself)
caused a marked increase in the spread of the fire due to convection. Research
by Linn et al. [8,9] clearly demonstrates the notion that a heterogeneous envi-
ronment produces phenomena that cannot easily be predicted by extrapolating
fine-scale experimental data.
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Fig. 1. This figure shows the structure of a simple homogeneous landscape of 25 cells.
The state of the centre-left cell (burning) causes a synchronisation of actions/events
between the automaton of the centre-left cell and the automaton of the cell below it.
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Clarke et al. [5] uses a cellular automaton to implement a model based on
fractal geometry. The research is significant because historic data is used to
calibrate the model. The argument is presented in support of the fractal nature
of wildfire spread; the spread of wildfire is highly sensitive to the heterogeneities
of the landscape and initial conditions, and fire is self-replicating. One of the
distinct differences between the implementation by Clarke et al. and ours, is
that we use heterogeneous wind and fuel and we do not use weighted, random
processes to simulate the influence of heterogeneity of the landscape.

Muzy et al. have developed several implementations of a semi-physical model
of fire spread [2] based on Rothermel’s model [1]. They compare the differ-
ent approaches to implementing the semi-physical model (namely DEVS and
Cell-DEVS approaches [12,13]) and conclude that a more rigorous method of
quantisation is required for more accurate and computationally less expensive
simulations [4]. Muzy and Wainer [3] have developed such an approach using
Cell-DEVS quantisation techniques and they conclude that they have reduced
the time taken to run a simulation and increased the accuracy of the results.
The discrete, event-based implementation of a model based on Rothermel’s orig-
inal work has accounted for the time and space sensitivities of the fire spread
simulation problem.

Our approach to modelling the fire spread phenomenon is different to the
approaches described in this section because we explicitly describe the interac-
tions between each discrete cell in the simulation landscape. We discretise the
landscape in a way that is typical to cellular automata but then we encode the
spatial information of that cell as input of the state of an automaton and use the
interactions between the automata of different cells to determine the behaviour
in a process algebra way.

In their Cell-DEVS approach, Wainer and Muzy [3] discretise Rothermel’s
equation for fire spread by the state of the fire (heating, burning, and burnt), but
they use continuous arithmetic to describe the heat exchange between cells. We
avoid the use of continuous arithmetic for heat exchange by defining a discrete
propagation delay (detailed in Sect. 2) that is discrete in both space and time,
and relies on a discrete addition operator instead of a continuous multiplica-
tive one. In Sect. 3 we show that we can achieve good results in the simplified
homogeneous case using this technique.

2 Modelling Spatial Dynamics via Interacting Automata

Our approach for modelling the fire spread phenomenon is to use interacting au-
tomata. This approach requires the discretisation of the landscape into (usually)
equally sized cells. The discretisation of the spatial information that determines
the spread on a cell-by-cell basis is encoded within each cell’s automaton in terms
of state and a next-state transition function.

The automaton that corresponds to a specific cell is a finite automaton (de-
terministic or probabilistic) with a set of states S, alphabet Σ, a next-state
transition function δ, and an initial state i. In this section we present an argu-
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ment for this approach and show how to encode the fire spread model in a set
of interacting automata.

How is the information encoded in the automaton? The state of the
automaton captures the spatial features of the particular cell to which it belongs.
The state (s ∈ S) of the automaton is defined by the set comprising slope
gradient, slope orientation, wind, and fuel as follows:

state s : S = F × T ×W , where
T = S� × O,
S� = {flat, slight,mid, steep},
O = {n, s, e, w},
W = {f, n, nw,w, sw, s, se, e, ne}, and
F = {unburnt, burning, burnt}.

The above sets refer to the gradient (slope S�), the aspect (orientation O) of
the terrain T , the wind direction W , and the state of the fuel F at the location
of each cell. Figure 2 shows the deterministic finite automaton in which this
information is encoded for the example where the slope is mid-ranged (mid),
the orientation of the slope is northerly (n), the wind is easterly (e), and the
fuel is not yet burnt (unburnt).

The state of an automaton captures the spatial information of the cell to
which it belongs, and this encoding is therefore a heterogeneous description of
the landscape. Figure 2 depicts the state and labelled transitions of the finite
automaton where the cell slopes upwards towards the north and has an east-
erly wind direction. We have used a similar discretisation of fuel as Wainer and
Muzy [3], but we also use discrete values for the description of wind and terrain.
The result of this approach is a set finite automata that are encoded with in-
formation describing the landscape as a combination of terrain, wind, fuel, and
fire.

2.1 The Significance of the Circal Formalism

To allow the automata to interact, we need to capture explicit, non-homogeneous
interaction between automata. For this, we use Circal [14,15,16], a process al-
gebra that has been used for describing and verifying complex systems such as
digital hardware including asynchronous logic and communication protocols. In
this section, we detail the use of the Circal formalism as a specification language
for encoding the spatial dynamics of fire spread as a set of connected and in-
teracting automata, after the landscape has been discretised using the cellular
automata paradigm.

Circal is an appropriate formalism for this approach because it has the neces-
sary constituents to permit these modelling concepts to be well-captured [17,18].
Circal is a rigorous formalism and allows concurrent communication between an
arbitrary number of processes. We use Circal to explicitly describe the interac-
tions between automata and encode the spatial information of each cell in the
states of each automaton.
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How do the automata interact? We impose a structure on the landscape as
we discretise it; defining areas where fire communication may occur. The adjacent
neighbours of a cell can see an abstracted view of the automata because of the
way the structure is built. Below, we describe the terminology of the structure,
and the procedure for determining the next state transition function.

The communication of fire spread between cells is captured by the actions of
each automaton in conjunction with automata that it connects itself with. The
actions (or transitions) of each automaton are the alphabet set Σ. We say that
two automata are connected if their associated cells are neighbours as depicted
in Fig. 1. In the case of the simulations described in this paper, neighbours will
always include the area of cells within a radius (in the cellular automata sense of
the word) of two from the cell in question, but two automata could be connected
arbitrarily within the landscape using the methodology. This is equivalent to
the neighbourhood term used in cellular automata based simulations. Figure 1
shows a landscape of size five by five and depicts all the cells that make up
the neighbourhood of the centre cell. The centre-left cell and its connections are
highlighted in the figure. The specific terms used in the figure are defined in the
following paragraphs.
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Fig. 2. This figure depicts the state and transition actions of a deterministic finite
state automaton that encodes the slope, terrain, and fuel information of a cell in a
landscape. This cell slopes upwards towards the north, has a midranged gradient, and
has an easterly wind direction.
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In the Circal formalism, the composition operator [18] uses similarly labelled
actions to ‘wire together’ structures such as the cells in Figure 1. The dashed
lines in Figure 1 are connections between connected automata are built using the
composition operator. This is called the synchronisation-of-actions technique.

Cerone and Milne [19] describe a process for the hierarchical description of
interacting automata in their research into asynchronous micropipeline digital
electronics. The connections between cells are the medium for the spread of fire
from one cell to another and are built between similarly labelled ports. The ports
are associated with the actions in the automaton that are not abstracted as a
part of the procedure described below:

1. All actions are relabelled to have the same name as the port they are con-
nected to or to an anonymous name if they are not connected to a port.

2. The separate cells are composed; similarly named ports are ‘wired up’ with
connections.

3. The actions inside each cell that are not connected to a port cannot be seen
from outside the box and are abstracted.

Figure 1 shows an example of the structure that has been connected using the
process described above. In this case, each of the actions in an automaton’s
alphabetΣ have been relabelled to reflect the coordinates of the associated cell in
the landscape. The automata are composed to build connections using the Circal
formalism’s composition operator and the alphabet is reduced (abstracted) to
remove the actions that are not visible from outside the cell.

The synchronisation-of-actions corresponds to the next state transitions func-
tion δ in the automata with the actions taken from the alphabet Σ. In this case,
the transition function δ becomes a function that determines the next state of
each automata based on a current set of enabled actions and hence indirectly
on the state of the automata in the connected cells. An action is enabled if it
can synchronise with the other similarly labelled actions through a responsive
port. A port becomes responsive when all the associated actions emanate from
the current states of the automata that they are associated with.

Why is it good to do it this way? We have developed a method for describing
heterogeneous landscapes using finite automata and using a rigorous formalism
to describe the interactions between the automata. The methodology couches
the structure and operation of simulations in the paradigm of cellular automata.

Unlike the cellular automata approach, we define heterogeneous landscapes
by encoding the spatial information as the state of each automaton. Like the
classical cellular automata approach, the state information of the neighbours of
a cell determines the next state of the cell. Although we use cellular automata
principles to discretise the time and space of the model, the interactions between
the cells are defined explicitly as a set of actions using the synchronisation-of-
actions technique rather than as a homogeneous update.
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3 Experiments and Results

We have identified heterogeneity of landscape as an important feature of mod-
elling the fire spread phenomenon. In this section, we describe the experiments
we have carried out using an implementation of the fire spread model. The main
aim of these experiments is do demonstrate the effect of the abstractions we
have made on the shape of the fire spread and to show the effect of simulating
the heterogeneous landscape explicitly using interacting automata. All of the
experiments conducted use a landscape with homogeneous fuel.

Fig. 3. This figure shows the effect of
terrain on fire spread. The contours indi-
cate the position of the fire front at regu-
lar intervals. The topography is indicated
by darker colours at lower elevations.

Fig. 4. This figure views a section of the
simulation results presented in Figure 3
from a different position, highlighting the
effect of terrain on the rate of spread
of the fire. The fire front spreads more
quickly on the uphill slope at the middle-
top of the figure and less quickly on a the
downhill slope on the middle-left of the
figure.

Hargrove et al. describes how the shape of a fire front approximates an ellipse
after it has burned for a period of time [20]. In the case of a homogeneous
environment (homogeneous wind, flat terrain, and no wind), the ellipse degrades
to a circle. Figure 3 demonstrates the difference between a near-flat terrain and
a hilly terrain in a scenario that uses a homogeneous fuel landscape and no wind.
More detail is shown in Fig. 4, which is a different view of a section of the results
presented in Fig. 3. The results show the circular contours on flat terrain (the
right hand side of Fig. 3) and the effect of terrain on the rate of spread of the
fire.

Balbi et al. and Santoni et al. describe the effect of slope on wildfire
spread [21,22] and the shape can be approximated by a double ellipse. From
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visual inspection of the results, we can conclude that the results of our experi-
ment give a reasonable approximation to both the circular shape we expect in
the case where the terrain is relatively flat and the elliptical shape we expect
on a hilly terrain. Figure 4 gives a clearer view of the effect of slope on wildfire
spread in our experiment that corresponds to the shape described by Balbi et
al. and Santoni et al.

When wind is introduced into the scenario described above, the results show
that the effects of both wind and terrain on the shape of a spreading fire front are
captured by the implementation that uses the interacting automata approach.
The shape produced in Fig. 5 is a good approximation of the ellipse expected
for a northerly wind direction on a relatively flat terrain. The effect of both
wind and terrain can be seen in Fig. 6 where the effects of wind and terrain are
captured together, giving a much more irregular spread pattern, as would be
expected from knowledge of actual fire spread.

Fig. 5. This figure shows the effect of
wind on a relatively flat terrain. An as-
terisk marks the ignition point, and the
wind is homogeneous and its direction
is from the top to the bottom of the
figure. The contours represent the front
edge of the spreading fire at regular inter-
vals. The topography is indicated using
a darker colour for lower elevations.

Fig. 6. A view of two types of terrain
is presented in this figure. The top-left
half of this figure represents a hilly ter-
rain and the bottom-right of this figure
represents a flat terrain. The wind is ap-
proaching from the top-right corner of
the figure and the topography is indi-
cated using a darker colour for lower el-
evations.

4 Discussion

In this paper, we have discussed the significant problem of wildfire spread mod-
elling and introduced a methodology that can be used to capture spatial hetero-
geneity via state encoding and explicit actions given by current state. A method
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for capturing spatial heterogeneity within automaton state has been presented
and utilised in a simulation environment. The suitability of the interacting au-
tomata approach to wildfire spread modelling has been demonstrated using the
implemented simulator.

The results demonstrate the ability of the methodology to capture spatial
heterogeneity of a landscape and simulate the spread of wildfire on a landscape
that is regular and non-uniform. We have not validated the model against factors
such as fuel loads, topography, and varying wind strength. The experiments de-
tailed in the previous section are centred on the demonstration of the interacting
automata approach and have shown that it can be used for heterogeneous en-
vironments, reproducing the elliptical shape expected of a simulation of wildfire
spread. The approach effectively captures the information about the landscape
as the state of an automaton, and uses explicit communication between cells to
describe the change in state over the landscape as the fire spreads.
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Abstract. A probabilistic cellular automaton is developed to study the
combined effect of competition and assortativity on the speciation pro-
cess in the absence of geographical barriers. The model is studied in the
case of long-range coupling. A simulated annealing technique was used in
order to find the stationary distribution in reasonably short simulation
times. Two components of fitness are considered: a static one that de-
scribes adaptation to environmental factors not related to the population
itself, and a dynamic one that accounts for interactions between organ-
isms such as competition. The simulations show that both in the case of
flat and steep static fitness landscape, competition and assortativity do
exert a synergistic effect on speciation. We also show that competition
acts as a stabilizing force preventing the random sampling effects to drive
one of the newborn populations to extinction. Finally, the variance of the
frequency distribution is plotted as a function of competition and assor-
tativity, obtaining a surface that shows a sharp transition from a very
low (single species state) to a very high (multiple species state) level,
therefore featuring as a phase transition diagram. Examination of the
contour plots of the phase diagram graphycally highlights the synergetic
effect.

1 The Problem of Sympatric Speciation

The notion of speciation in biology refers to the splitting of an original species
into two fertile, yet reproductively isolated strains. The allopatric theory, which
is currently accepted by the majority of biologists, claims that a geographic
barrier is needed in order to break the gene flow so as to allow two strains to
evolve a complete reproductive isolation. On the other hand, many evidences
and experimental data have been reported in recent years strongly suggesting
the possibility of a sympatric mechanism of speciation. For example, the compar-
ison of mythocondrial DNA sequences of cytochrome b performed by Schlieven
and others [1], showed the monophyletic origin of cichlid species living in some
vulcanic lakes of western Africa. The main features of these lakes are the envi-
ronmental homogeneity and the absence of microgeographical barriers. It is thus
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possible that the present diversity is the result of several events of sympatric
speciation.

The key element for sympatric speciation is assortative mating that is, mat-
ing must be allowed only between individuals whose phenotypic distance does
not exceed a given threshold. In fact, consider a population characterized by a
bimodal distribution for an echological character determining adaptation to the
environment: in a regime of random mating the crossings between individuals
of the two humps will produce intermediate phenotypes so that the distribution
will never split. Two interesting theories have been developed to explain the
evolution of assortativity. In Kondrashov and Kondrashov’s theory [2] disruptive
selection (for instance determined by a bimodal resource distribution) splits the
population in two distinct echological types that are later stabilized by the evo-
lution of assortative mating. The theory of evolutionary branching developed by
Doebeli and Dieckmann [3] is more general in that it does not require disruptive
selection: the population first converges in phenotype space to an evolutionar-
ily attracting fitness minimum (as a result of common echological interactions
such as competition, predation and mutualism) and then it splits into diverging
phenotypic clusters. For example [4], given a gaussian resource distribution, the
population first crowds on the phenotype with the highest fitness, and then,
owing to the high level of competition, splits into two distinct groups that later
become reproductively isolated due to selection of assortative mating.

In the present paper we will not investigate the evolution of assortativity
that will be treated as a tunable parameter in order to study its interplay with
competition. In particular we will show that: (1) assortativity alone is sufficient
to induce speciation but one of the new species soon disappears due to random
fluctuations; (2) stable species coexistence can be attained through the intro-
duction of competition; (3) competition and assortativity do exert a synergistic
effect on speciation so that high levels of assortativity can trigger speciation
even in the presence of weak competition and vice versa; (4) speciation can be
thought of as a phase transition as can be deduced from the plot of variance
versus competition and assortativity. The use of a simulated annealing method
enables us to find stationary or quasi-stationary distribution in reasonably short
simulation times.

2 The Model

We consider a constant population of N haploid individuals modeled as binary
strings. Each bit represents a locus and the Boolean values it can take on repre-
sent alternative allelic forms, namely, gi = 0 represents the wild-type allele and
gi = 1 is the least deleterious mutant. In agreement with the theory of quanti-
tative characters [5] we assume that the effects of genes are small, similar and
additive, so that the phenotype can be expressed by the sum of the bits of the
genotype.

The environment is modeled as a probabilistic cellular automaton with a large
number of states, one for each different genotype. All the cells of the lattice are
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occupied by organisms and the population size remains constant throughout the
simulation. The evolution of the automaton is given by the application of three
rules: recombination, reproduction and mutation.

The recombination rule is implemented as follows, adopting the point of view
of an individual of phenotype x located in a cell of a lattice.

Recombination. Each invividual looks for a potential partner within its mat-
ing range (dependent on the phenotypic distance) in a given neighborhood
of radius ρ. For each partner found, uniform recombination is applied so as
to produce an offspring with phenotype z. A(z) copies of the recombinant
offspring are then stored in a temporary offspring.

Reproduction. As the population size must remain constant, an individual is
randomly chosen from each offspring array which then replaces the parent.

Mutation. For each individual of the new generation, flip a randomly chosen
bit with probability μ.

As the model is very complex we will study it using a mean-field approx-
imation that enables us to disregard the spatial structure. The approximation
becomes accurate in the limit of a very large radius of the neighborhood so that
the neighborhood will extend on all the lattice.

In order to perform the mean-field analysis, let us first define the mating range
Δ as the maximal phenotypic distance between two indivibuals, still compatible
with mating; we also define assortativity as A = L −Δ. In a more formal way,
the mating preference function can be defined as:

mΔ(y, z) =

{
0 if |y − z| > Δ,
1 otherwise,

Once an organism has chosen a suitable partner we apply uniform recombi-
nation i.e. for each locus the offspring might receive an allele from either parents
with equal probability. Uniform recombination therefore implies absence of link-
age which is a reasonable approximation only in the case of a very long genome
distributed on many independent chromosomes.

We illustrate the most important features of the model in the mean-field
approximation. Let us introduce the overlap q between two genotypes (g1, g2, . . . )
and (h1, h2, . . . ) as the number of loci i for which gi = hi = 1. For a pair of
phenotypes x ≤ y, it can be shown [6] that the overlap must always be in the
range max(0, x+ y − L) ≤ q ≤ x. The probability Qxy(q) is

Qxy(q) =

(
x

q

)(
L− x
y − q

)
(
L

y

) .

Due to the property of binomial coefficient that
(
a
b

)
= 0 if b < 0 or b > a,

Qxy(q) �= 0 only for max(x + y − L, 0) ≤ q ≤ min(x, y). Notice that using this
property we can freely sum over q obtaining

∑
q Qxy(q) = 1.
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If phenotype y belongs to the mating range of phenotype x, it can be
proven [6] that the phenotype z of the offspings must lie in the range q ≤
z ≤ x+ y − q. The probability Rq

xy(z) that two phenotypes x and y with given
overlap q originate a phenotype z is

Rq
xy(z) =

(
x+ y − 2q
z − q

)
1
2

x+z−2q

.

Again, due to the properties of binomial coefficients, Rq
xy(z) �= 0 for q ≤ z ≤

x+ y − q. Summing over z one has
∑

z R
q
xy(z) = 1.

Finally, let us define A(z) as the number of offsprings with phenotype z
generated in each suitable crossing. Using this quantity, the selection step will be
implicitly performed within the reproduction step. A(z), in fact can be thought
of as a quantity related to the probability that an individual with phenotype z
may survive till the reproductive age.

We can now compute the number of individuals with phenotype z in the
offspring generation:

n′(z) = A(z)
∑

x

∑
y

n(x)n(y)mΔ(x, y)
M(x)

∑
q

Qxy(q)Rq
xy(z), (1)

where the factor

M(x) =
∑

k

mΔ(x, k)n(k)

is just the total number of individuals in the mating range of phenotype x.
If N is the constant size of the population, we must now introduce a nor-

malization factor C such that 1
C

∑
z n

′(z) = N . If we introduce the quantity
M̃(x) =

∑
k mΔ(x, k)p(k), it can be noticed that M(x) = NM̃(x) and the

normalization factor can be expressed as:

C =
∑

z

A(z)
∑

x

∑
y

p(x)p(y)mΔ(x, y)
M̃(x)

∑
q

Qxy(q)Rq
xy(z) (2)

The new frequency of phenotype z after the normalization procedure, which
corresponds to the reproduction step of the microscopic model can be therefore
computed as: n′′(x) = n′(z)

C .
Finally we can implement the mutation step that does not affect the total

size of the population as

n′′′(z) = (1− μ)n′′(z) + μ

(
L− z + 1

L
n′′(z − 1) +

z + 1
L

n′′(z + 1)
)
, (3)

where L is the genome lenght and μ is the per bit mutation rate. It is therefore

clear that
L− z + 1

L
μ is the probability that an individual of phenotype z − 1

undergoes a mutation on a bit 0 while
z + 1
L

μ is the probability that an individual
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with phenotype z + 1 mutates a bit from 1 to 0. The structure of Equation 3
therefore reflects the fact that in our model we implement only short range
mutations allowing an individual with phenotype x to turn only in one of the
neighbouring phenotypes x− 1 and x+ 1.

As the fitness is related to the survival probability, it is defined as the ex-
ponential of the fitness landscape: A(x, t) = eH(x,t). An important feature of
our model is that we consider two components of fitness. The static component
describes the adaptation to environmental factors not related to the population
itself such as climate or temperature, while the dynamic component relates to
the interactions with other members of the population and therefore it changes
in time as a function of the phenotype frequencies. In our model we consider
only competition. The static component of the fitness landscape is defined as a
function of the phenotype x:

H0(x) = e− 1
β ( x

Γ )β

This function becomes flatter and flatter as β is increased: for β → 0 the
function becomes a sharp peak at x = 0; when β = 1 the function is a declining
exponential whose steepness increases with Γ . Finally for β → ∞ the fitness
landscape is constant in the range [0, Γ ] and zero outside. The dynamic part of
the fitness has a similar expression, with parameters α and R that control the
steepness and range of competition among phenotypes. The complete expression
of the fitness landscape is:

H(x, t) = H0(x)− J
∑

y

e− 1
α | x−y

R |αp(y, t) (4)

The parameter J controls the intensity of competition with respect to the
arbitrary reference value H0(0) = 1. If α = 0 an individual with phenotype x is
in competition only with other organisms with the same phenotype; conversely in
the case α→∞ a phenotype x is in competition with all the other phenotypes
in the range [x − R, x + R], and the boundaries of this competition intervals
blurry when α is decreased.

In the limit of an infinite range of neighborhood ρ → ∞, for the sake of
computational efficiency we implemented our model as follows. The initial pop-
ulation is chosen at random and stored in a bidimensional matrix with L + 1
rows and N columns. Each row represents one of the possible phenotypes; as the
whole population might crowd on a single phenotype, N memory locations must
be allocated for each phenotype. Each generation begins with the reproduction
step. The first parent is chosen at random; in a similar way, the second parent
is randomly chosen within the mating range of the first one.

The offspring is produced through uniform recombination, i.e., for each locus
it will receive the allele of the first or second parent with equal probability; the
recombinant then undergoes mutation on a random allele with probability μ(t).
The newborn individuals are stored in a second matrix with L+ 1 rows and N
columns. The reproduction procedure is followed by the selection step. As we
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consider a constant size population, a cycle is iterated until N individuals are
copied back from the second to the first matrix. In each iteration of the cycle, an
individual is chosen at random and its relative fitness is compared to a random
number r uniformely distributed between 0 and 1: if r < A(x)/Ā the individual
survives and is passed on to the next generation, otherwise a new attempt is
made.

In order to speed-up simulations in computer time, we adopted a simulated
annealing technique: the mutation rate μ depends on time as

μ(t) =
μ0 − μ∞

2

(
1− tanh

(
t− τ
δ

))
+ μ∞,

which roughly corresponds to keeping μ = μ0 (a high value, say 10/N) up to
a time τ − δ, then decrease it linearly up to the desidered value μ∞ is a time
interval 2δ and continue with this value for the rest of simulation.

In the present work we also studied the behaviour of mean fitmess H̄ during
evolution. According to Fisher’s fundamental theorem of natural selection [7]
and Holland’s schemata theorem [8], in fact, the average fitness should always
increase. However,according to the modern interpretation of Fisher’s theorem
by Price [9] and Ewens [10] the total change in mean fitness is the sum of a
partial change related to the variation in genotypic frequencies (operated by
natural selection) and a partial change related to environmental deterioration,
and Fisher’s theorem predicts that the first contribution only is always non-
negative. The schemata theorem on the other hand, states that schemas with
higher than average fitness tend to receive an exponentially increasing number
of samples in successive generations. As a consequence, the average fitness of
the population is expected to increase as time goes by. Holland’s theorem, how-
ever, is not general in that it is based on the assumption of fixed fitness for
each phenotype. In realistic situations, fitness is frequency dependent, so that
as the population becomes richer and richer in fitter individuals the intensity of
competition also increases therefore counteracting a further increase in the fre-
quency of the best adapted phenotypes. This increase in competition intensity
is exactly what was meant by deterioration of the environmental conditions in
Price and Ewens’s reformulation of Fisher’s theorem [9,10]. In our formalism,
the deterioration is explicitly introduced by the competition term.

3 Simulations

The simulations we performed clearly show the synergistic effect of competition
and assortativity in inducing speciation. As an example consider the case of a
flat static fitness landscape. In a regime of random mating (Δ = 14 or, equiv-
alently, A = 0) speciation is never possible however high the competition level
may be chosen. Even choosing an extremely high competition intensity J = 16
and competition range R = 7 (we chose a genome lenght L = 14 so that the
phenotype can only take on values in the range [0, 14]) the frequency distribution
only becomes trimodal without splitting because the crossings between the two
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extreme humps always reproduce the intermediate phenotypes. This shows that
while competition was sufficient to induce speciation in non-recombinant popu-
lation (see Bagnoli [11]) when sexual reproduction is introduced this is no longer
true. The missing ingredient for the speciation of recombinant populations is as-
sortativity. If we choose a very high level of assortativity such as Δ = 1 (A = 13),
speciation is indeed possible even in the absence of competition (J = 0) but one
of the newborn species soon disappears due to random fluctuations and the final
distribution shows only a single delta peak. It can be therefore concluded that
assortativity allows speciation but not the stable coexistence of the new species.
We found that competition acts as a stabilazing force: in fact if we keep a very
high level of assortativity Δ = 1 (A = 13), but we introduce a weak competition
(J = 1, R = 2), the final distribution will be characterized by the stable coexis-
tence of two or three species represented by delta-peaks located in the phenotypic
space so as to minimize the inter-specific competition. The stabilizing effect of
competition can be easily explained if we recall that competition decreases with
the phenotypic distance between the interacting species and becomes maximal
between organisms with the same phenotypes. Consider a frequency distribu-
tion with two delta peaks: there will be intra-specific competition within each
peak and inter-specific competition between the peaks. Suppose the two peaks
at the beginning were equally populated and then due to random fluctuations
the frequency of the first peak decreases while the frequency of the second one
increases. In the first peak there will be a decrease in intraspecific competition
and thus an increase in fitness leading to an increase in frequency whereas in the
second peak the decrease in fitness due to the higher intraspecific competition
lowers the frequency. As a consequence the frequency of both peaks will oscillate
around 50% and none of them will be eradicated.

The simulations also show the synergistic effect of competition and assorta-
tivity. Speciation in fact, is possible also in the presence of a very large mating
range such as Δ = 4 (A = 10) if we set a sufficiently strong competition: J = 2,
R = 4. For the sake of comparison, consider that with Δ = 1 (A = 13) it is
sufficient to set J = 1, R = 2. The evolutionary dynamics of the simulation with
Δ = 4 (A = 10), J = 2, R = 4 can be followed if we plot mean, variance and
mean fitness of the distribution. At the beginning of the run the initial distribu-
tion (we chose a delta peak in x = 0 but the results are not dependent on the
initial distribution) splits in two bell-shaped distributions at the opposite ends
of the phenotypic space. This corresponds to an abrupt increase of the mean
and variance as well as of the average fitness: if the population is distributed
over several phenotypes, the competition pressure is relieved. After t = τ the
mutation rate decreases and the bell-shaped distributions are narrowed first in
the regions pointing towards the center of the space (which leads to a further
little increase in variance and mean fitness) and then in the regions pointing
towards the ends of the space (so that the variance decreases again). The final
distribution is represented by two delta peaks each accounting for about 50%
of the population. The plots of mean, variance and mean fitness are shown in
Figure 1.
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Fig. 1. Average fitness, variance and mean of the population distribution in a regime of
weak assortativity (Δ = 4 or A = 10), high competition intensity and long competition
range (J = 2, α = 10, R = 4). Annealing parameters: μ0 = 10−1, μ∞ = 10−6,
τ = 10000, δ = 3000. Total evolution time: 30000 generations.

In order to perform systematic simulations in a wide range of values of
competition and assortativity, a suitable parameter must be chosen to moni-
tor the speciation process. We chose the variance of the distribution: var =∑

i(xi− x̄)2p(xi). The simulations, in fact, show that, as competition and/or as-
sortativity is increased, the frequency distribution first widens, then it becomes
bimodal and eventually it splits in two sharp peaks that move in the phenotypic
spaceso as to maximize their reciprocal distance: each of these steps involves an
increase in the variance of the frequency distribution.

As the simulations discussed so far refer to a flat static fitness landscape, for
the sake of completeness, we will now show the plot of variance as a function of
competition and assortativity in the case of steep static fitness. We graphically
illustrate the synergistic effect of competition and assortativity on speciation in
the contour plots shown in Figure 2.

The contour plots divide the J , A plane in two regions: the area on the left
represents the state with a single quasi-species whereas the area on the right
represents the state with two or more distinct quasi-species. If a point, owing to
a change in competition and/or assortativity, crosses these borderlines moving
from the first to the second region, a speciation event does occur. It should be
noted that in the high competition region, the contour plots tend to diverge from
each other showing a gradual increase of the variance of the frequency distribu-
tions. This is due to the fact that, even if competition alone is not sufficient to
induce speciation in recombinant populations, it spreads the frequency distri-
bution that becomes wider and wider, and splits into two distinct species only
for extremely high assortativity values. In this regime of high competition only
the ends of the mating range of a phenotype x are populated and the crossings
between these comparatively different individuals will create once again the in-
termediate phenotypes preventing speciation until assortativity becomes almost
maximal. The down sloping shape of the contour plots is a strong indication
of a synergistic interaction of competition and assortativity on the speciation
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Fig. 2. Contour plots var = 5, 10, 15, 20, 25, 30, 35 for steep static fitness land scape.
Parameters: β = 1, Γ = 10, α = 2, R = 4, p = 0.5. Annealing parameters: μ0 = 10−1,
μ∞ = 10−6, τ = 10000, δ = 3000. Total evolution time: 30000 generations. Each point
of the plot is the average of 10 independent runs.

process. The contour plots show that for moderate competition there is a syner-
gistic effect between competition and assortativity since a simultaneous increase
of J and A may allow the crossing of the borderline whereas the increase of a
parameter at a time does not. On the other hand, for larger values of J the phase
diagram shows a reentrant character due to the extinction of one of the species
that cannot move farther apart from the other and therefore cannot relieve com-
petition anymore. It can also be noticed that for J = 0 the contour plot shows
a change in slope due to extinction of one species owing to random fluctuations.

4 Conclusions

We presented a microscopic model to investigate the evolution of sympatric spe-
ciation. The model is equivalent to the mean field approximation of a probabilis-
tic cellular automaton with a very large number of states. The simulations were
speeded up through the use of a simulated annealing technique. We showed that
assortativity alone is sufficient to induce speciation, but competition is necessary
for the stable coexistence of the new species. Moreover, competition and assor-
tativity influence speciation in a synergystic way as is evident from the down
sloping contour lines of the plot of variance as a function of competition and
assortativity. The contour plots also show that speciation can be seen as a phase
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transition and the system shifts from a state with a single species to a state with
two or several species as a threshold of competition and assortativity is crossed.
Finally, it is quite interesting to observe the behavior of the average of the fitness
landscape H̄ with respect to time in the various simulations. In general there is a
large variation in correspondence of the variation of the mutation rate. One can
observe that there are cases in which H̄ increases smoothly when decreasing μ,
while others, in correspondence of weak competition and moderate assortativity
exhibit a sudden decrease, often coupled to further oscillations. At the micro-
scopic level, this decrease corresponds to extinction of small inter-populations
that lowered the competition levels.

As explicitely declared, the present work focuses on the mean-field approxi-
mation of a Cellular Automaton. Simulations of the CA with finite neighborhood
are currently in progress, and the first results will be presented elsewhere. It is
also our intention to study the evolutionary dynamics in the case of randomly
chosen connections between interacting individuals.
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A Cellular “Blocks” Model for Large Surface Flows and
Applications to Lava Flows
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Abstract. A Cellular Automata methodological approach for modelling large
scale (extended for kilometres) surface flows (e.g. lava flows, debris flows etc.)
is here presented. It represents an improvement to previous empirical
approaches, in order to obtain a more physical description of the phenomenon
and a more accurate control of its development. The flows are described as
interacting “blocks” individuated by their mass centre position and velocity
inside each cell. Such an approach was applied to lava flows; an event of the
last (2002) Etnean eruption was simulated with relevant results.

1   Introduction

Cellular Automata (CA) applications to fluid-dynamics generated two important
computational paradigms: lattice gas automata models [1] and hence the more robust
lattice Boltzmann method [2], [3]. This latter is based on microscopic models and
mesoscopic kinetic equations, which rule a discrete world, where the fluid is
compound by “fluid particles” moving in a regular lattice. This idealised represen-
tation has been shown to be sufficient to recover complex features of the fluid-
dynamics in many phenomena. Nevertheless many complex macroscopic fluid-
dynamical phenomena seem difficult to be modelled in these CA frames, because they
take place on a large space scale. Therefore, they force to use a macroscopic level of
description that could involve the management of a large amount of data, e.g., the
morphological data. Moreover, they could even imply complicated transition
functions.

Many attempts were made in the past for simulating surface flows with CA by our
research group. Three-dimensional CA (cubic cells) models with few states were
developed for lava flows [4]; they gave qualitatively sounding simulations, but
applications to real cases were effective only for simplest cases, also regarding the
longest computation duration (at that time).

In order to overcome these difficulties, advantage was taken by the superficial
nature of the lava flows: quantities concerning the third dimension, the height, may be
easily included into the states of the CA, permitting models in two dimensions. It
involves a large amount of states, which can be formally represented by means of
substates: the Cartesian product of the sets of all substates constitutes the set of states.
Here a substate specifies an important characteristic (e.g. altitude, temperature etc.) to
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be attributed to the state of the cell and necessary for determining the CA evolution.
Furthermore, an empirical algorithm was developed in this context in order to
determine the outflows from a cell toward the  remaining cells of its neighbourhood,
giving rise to the model SCIARA and permitting first simulations of complex Etnean
lava flows [5].

This empirical method was formalised in [6] introducing new features; the good
results encouraged further applications to the debris/mud flows [7], [8], [9] and to the
soil erosion by water flows produced by rain [10].

This approach has a significant restriction, because it doesn’t permit to make
velocity explicit: a fluid amount moves from a cell to another one in a CA step (which
corresponds usually to a constant time), it implies a constant “velocity” in the CA
context of discrete space/time. Nevertheless, velocities can be deduced by analysing
the global behaviour of the system in time and space. In such models, the flow
velocity emerges by averaging on the space (i.e. considering clusters of cells) or by
averaging on the time (e.g. considering the average velocity of the advancing flow
front in a sequence of CA steps). Note that such a restriction is typical of the CA,
including lattice gas automata and lattice Boltzmann models.

Constant velocity could be a limit for modelling finely macroscopic phenomena,
because it is difficult to introduce physical considerations in the modelling at a local
level. Furthermore, the time corresponding to a step of the CA is often deduced “a
posteriori” by the simulation results and parameters of the transition function must be
again verified when the size of the cell is changed.

A solution is here proposed in the CA transition function: firstly, moving flows
toward the neighbour cells are computed, they are individuated by their mass and
mass centre (i.e., the barycentre), to whom a velocity is attributed; secondly, the
resulting new mass, mass centre and velocity are computed by composition of all the
“interacting blocks inside the cell”, defined as all the inflows from the neighbours and
all the outflows, whose mass centre is inside the cell.

Such a method is presented in the second section, the third section defines the
applications in modelling lava flows, the simulation results of the 2002 Etnean lava
flows are shown in the fourth section, some conclusions are reported at the end.

2   The Methodological Approach

Classical (homogeneous) CA [11] are based on a regular division of the space in cells,
each one embedding an identical finite automaton (fa), whose state accounts for the
features attributed to the cell; S is the finite set of its states. The fa input is given by
the states of neighbouring cells. The neighbourhood conditions are determined by a
pattern of m cells, which is invariant in time and space. The fa have an identical state
transition function τ:Sm→S, which is simultaneously applied to each cell. At time t=0,
fa are in arbitrary states and the CA evolves changing the state of all fa simultaneously
at discrete times (the CA steps), according to the transition function of the fa.

CA formalisation must be further specified in order to account for some features of
large scale surface flows (at least metres for the width, kilometres for the length).
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2.1   Global Parameters

Additional specifications need for permitting a correspondence between the system
with its evolution in the physical space/time, on the one hand, and the model with the
simulations in the cellular space/time, on the other hand.

Primarily, the size of the cell ps (e.g. specified by the cell side) and the time
correspondence to a CA step pt must be fixed. These are defined as “global
parameters”, as their values are equal for all the cellular space. They constitute the set
P together with other global parameters, which are commonly necessary for
simulation purposes.

2.2   Substates

The state of the cell must account for all the characteristics, relative to the space
portion corresponding to the cell, which are assumed to be relevant to the evolution of
the system (e.g. the altitude). A substate is attributed to each characteristic. The
possible values of the substate, referred to a characteristic ch (e.g. the possible values
of the altitude), constitute the finite set Sch.

The set S of the possible states of a cell is given by the Cartesian product of the sets
of values S1,S2,...,Sn of the substates: S=S1×S2×......×Sn.

When a characteristic (e.g. a physical quantity) is expressed as a continuous
variable, a finite, but sufficient, number of significant digits are utilised, so that the set
of permitted values is large but finite.

The substate value is considered always constant inside the cell (e.g. the substate
temperature). It implies a constraint for the global parameter ps “cell size” that must
be chosen small enough so that the approximation to consider a single value for all the
cell extension may be adequate to the features of the phenomenon to be modelled.

The movement of a certain amount of fluid from a cell toward another cell is
described introducing substates of type “outflow quantity”, “outflow mass centre”,
“outflow velocity”.

The substate “outflow velocity” impose a constraint on the global parameter pt

because the shift, determined by the maximum possible velocity of the outflow in the
time corresponding to a CA step, should not exceed the neighbourhood boundaries.

2.3   Cellular Space

The cellular space is two-dimensional because quantities concerning the third
dimension, the height, may be included among the substates of the cell in a superficial
phenomenon (e.g. the substates altitude, lava thickness). A regular hexagonal
tessellation is chosen, because it minimises the spurious symmetries effect in
comparison with triangular and square tessellation.
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2.4   Elementary Processes

The state transition function τ must account for all the processes (physical, chemical,
etc.), which are assumed to be relevant to the system evolution, which is specified in
terms of changes in the states values of the CA space. As well as the state of the cell
can be decomposed in substates, the transition function τ may be split into
“elementary” processes, defined by the functions σ1, σ2....σp with p being the number
of the elementary processes.

The elementary processes are applied sequentially according a defined order. Each
elementary process involves the update of the states of the cells. The application of all
the elementary processes constitutes a CA step.

Different elementary processes may involve different neighbourhoods; the
resulting CA neighbourhood is given by the union of all the neighbourhoods
associated to each process.

2.5   External Influences

Sometimes, a kind of input from the "external world" to the cells of the CA must be
considered; it accounts for describing an external influence which cannot be described
in terms of local rules (e.g., the lava alimentation at the vents, i.e.the craters) or for
some kind of probabilistic approach to the phenomenon. Of course special and/or
additional functions must be given for that type of cells.

2.6   Outflows Computation

Outflows computation is performed in two steps: determination of the outflows
minimising the “height” differences in the neighbourhood [6] and determination of
the shift of the outflows.

The neighbourhood of a cell (the “central” cell) is considered. It consists of the
central cell (index 0) and its six adjacent cells (indexes 1, 2 … 6).

A height quantity, that involves substates concerning the third dimension, is
defined for each cell according to the particular type of phenomenon (e.g., altitude
plus lava thickness).

The height of the central cell is divided in two parts: the fixed or bound part (b[0])
and the movable part (m[0]). The movable part represents a quantity that could be
distributed to the adjacent cells (e.g., the lava in terms of thickness), whilst the bound
part cannot change value (e.g., the altitude). There is no movable part for the adjacent
cells (m[i]=0, 1≤i≤6 , b[i]≠0, 1≤i≤6) because only the mobile part of the central cell
may be distributed.

The flow from the central cell to the i-th neighbouring cell will be denoted by f[i],
0≤i≤6, where f[0] is the part of m[0] which is not distributed. Let b'[i]=b[i]+f[i],
0≤i≤6 be the sum of the content of a neighbouring cell, plus the flow from the central
cell, and let b'_min be the minimum value for b'[i].

Thus, the determination of outflows, from the central cell to the adjacent cells, is
based on the local minimisation of the differences in “height”, given by the following
expression:
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The “minimisation” algorithm, i.e. the algorithm for the minimisation of dif-
ferences, guarantees the mass conservation; its complete specification and correlated
theorems can be found in [6].

The minimisation algorithm guarantees indeed the maximum possible equilibrium
in the neighbourhood when the outflows will reach the adjacent cells, but the velocity
of the outflows could be different because they also depend on gravity, slope and
friction forces.

A velocity is computed for each minimising flow f[i] according to the following
equations (deduced in sequence and similar to the Stokes equations) where F is the
force, m is the mass of f[i], g is the acceleration of gravity, v is the velocity of  f[i], t is
the time, v0 is the initial velocity, θ is the angle of the slope between the central cell
and the neighbour i, α is the friction parameter.

F = mg sinθ −α m v
dv/dt = g sinθ - α v

v = (v0 – g sinθ / α) e-αt + (g sinθ / α)
(2)

These equations describe a motion, which is depending on the gravity force and is
opposed by friction forces. An asymptotic velocity limit is considered because the
effect of the friction forces increases as the velocity increases.

This formal apparatus permits to describe the outflow from a cell c’ towards its
neighbour c” as the shift of a “block” (i.e. f[i]), individuated by its mass, mass centre
position and velocity. Such a shift couldn’t be sufficient to locate the new position of
the block mass centre outside the central cell c’: so more than one step could be
necessary for a transfer of the block to the cell c”.

3   The SCIARA γ2b Model for Lava Flows

Navier-Stokes equations represent a good, but perhaps not completely exhaustive
approach in terms of systems of differential equations for accounting of physical
behaviour of lava flows, moreover such equations become more complicated because
lava flows can range, rheologically, from nearly Newtonian fluids to brittle solids by
cooling [12]. Numerical methods look difficult to be applied efficaciously. So
different CA approaches were followed by our research group [4], [5], [6], [13] and by
other research groups:

Young and Wadge [14] presented a clever simulation CA model, but applicable
only to simple flow fronts.

Miyamoto and Sasaki [15] developed a CA model for non-isothermal laminar
Bingham flows and validated it on real lava flows at Mt. Miyakejima; they solved the
problem of the spurious symmetries with a probabilistic method, obtaining positive
results in their simulations.
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3.1   Main Specifications of the Model SCIARA γ2b

SCIARA γ2b is the last version of the family of CA models for lava flows SCIARA
(Simulation by Cellular Interactive Automata of the Rheology of Aetnean lava flows;
the acronym was devised by the word used for the solidified lava path in Sicilian), it
improves the previous versions introducing outflows as blocks.

SCIARA γ2b = <R, V, X, S, P, τ, φ> :
R = {(x, y)| x,y∈N, 0≤x≤ lx, 0≤y≤ly} identifies the set of regular hexagons covering the
finite region, where the phenomenon evolves. N is the set of natural numbers;
V is the set of cells, corresponding to the area of craters;
X is the hexagonal neighbourhood;
S is the finite set of states of the fa; S = Sa × Sth × Sx× Sy × ST × SFth

6× SFx

6 × SFy

6× SFv

6:
Sa is the cell altitude;
Sth is the thickness of lava inside the cell;
Sx, Sy are the lava mass centre co-ordinates x and y, referred to the cell centre;
ST is the lava temperature;
SFth is the lava flow, expressed as thickness (six components);
SFv is the velocity of the flow attributed to the mass centre (six components);
SFx, SFy are the co-ordinates x and y of the flow mass centre (six components);

P is the set of the global parameters; P={pa, pstep, pTV, pTS, padhV, padhS, pcool
, p

vl
};

p
a
 is the apothem of the hexagonal cell;

p
step is the temporal correspondence of a step of SCIARA;

p
TV , pTS  are the lava temperature at the vent and the solidification temperature;

p
cool 

is the cooling parameter;
p

vl 
is the “asymptotic limit of velocity” for lava flows;

p
adhV

, p
adhS

 are the adherence value at the vent and at the solidification temperature
(the adherence is the lava thickness, that may not be removed)

τ:S7→S is the transition function, composed by four “elementary” processes:
σfl determinates the lava outflows by application of minimisation algorithm;
σsh determinates the lava outflows shift by application of velocity formulae;
σmix computes the mixing of the blocks: remaining lava and inflows inside the cell;
σcool computes the lava cooling by radiation effect and solidification effects;

φ :Sth×N→ Sth × ST specifies the emitted lava from the V cells at the step t∈N.

3.2   The SCIARA γ2b Transition Function

At the beginning of the simulation, the Sa substates assume the morphology values
and all the remaining substates are initialised to zero.

At each step, the function φ is applied to the cells of V, determining the new lava
thickness and attributing the value p

TV to the substates ST, then the four elementary
processes are applied in sequence, each one updates the states of all the cells in R.

The “elementary” processes are specified in terms of equations, where names of
parameters and substates are derived by the lower indexes specified in the section 3.1:
the parameter pname is indicated as name; name and nname are respectively referred to
the substate of Sname and its new value; when the specification of the index i of a
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neighbourhood cell is necessary, the notation name[i] is adopted; an index pair <i,j>
is specified, if necessary, for the substates of type flow: Fname[i,j] means the value of
the flow substate name from the cell i toward the cell j in the neighbourhood (i=0 for
the outflows, j=0 for the inflows, whose values are trivially deduced by the outflows).

Determination of the Lava Flows. The resistance of lava increases as temperature
decreases. Because of complexities which are inherent in specifying lava rheology
and its variation with temperature [12]; rheological resistance was modelled in terms
of an “adherence effect”, measured by adh, which represents the amount of lava
(expressed as a thickness, as discussed above) that cannot flow out of a cell because
of rheological resistance. adh is assumed to vary with temperature T according to a
simple inverse exponential relation adh=ce−kT, where c and k are positive constants
such that adhV=ce-kTV and adhS=ce−kTS.

The minimisation algorithm is applied with the following specifications [5], [13]:
m[0] =th[0] – adh ,     b[0] = a[0] +adh,     b[i] = a[i] + th[i], 1≤i≤6.

Determination of the Lava Outflow Shift. Etnean lava flows are of “aa” type [16];
therefore, their behaviour may be considered purely gravitational, so there is no
dependence on the previous velocity: Fv[0,i] =vl⋅sinθ, where the velocity limit vl=g/α
and the angle θ is computed according the slope of the ideal path that a flow could
follow from the point with co-ordinates (x[0], y[0], a[0]+th[0]) of the central cell to
the point with co-ordinates (0, 0, a[i]+th[i]) of the neighbour i.

The projection of the shift of the flow mass centre on the plane x-y is given by:
shift= vl⋅sinθ⋅cosθ⋅ pstep, it determines nFx[0,i] and nFy[0,i]. If the shift is so long that
the flow mass centre exceeds the boundary of the cell 0, the flow is attributed to the
cell i, otherwise it remains in the cell 0.

Interaction of Blocks inside the Cell. Interaction of blocks inside the cell consists in
mixing of lava components i.e. inflows and lava remaining in the cell. The resulting
new thickness is obtained by the summation of the thicknesses of all components,
while the resulting new temperature and new co-ordinates x and y of mass centres are
computed by the weighted average of these quantities on the thickness. Note that the
outflows, whose mass centre remain inside the cell are considered as lava remaining
in the cell, while those with mass centre outside the cell (i.e. inside the neighbour cell
i) belong to the inflows of the neighbour cell i.

Lava Cooling and Solidification. It is always assumed here that different flows in a
cell can be thermally well mixed, although this approach involves sometimes a rough
approximation. The physical formula applied with the same considerations of the
other versions of SCIARA [5], [13] :

( )3 31 thstepcoolTTnT ⋅⋅+= (3)
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4   Simulation of the Lava Flows of 2002 Etnean Eruption

The event which occurred in the autumn of 2002 at Mount Etna (Sicily) involved two
main lava flows. The former started on the NE flank of the volcano, with lava
generated by a fracture between 2500 m a.s.l and 2350 m a.s.l., near the 1809 fracture
and pointed towards the town of Linguaglossa and was exhausted after 8 days.

Such real event (fig. 1) was generated by numerous vents originated from the
“fracture of 1809” [17]; simulations were actually carried out by considering two
major emission points, neglecting the others, since there was no significant interaction
between these flows and the main lava stream.

Fig. 1. The maximum extension of the 2002 Etnean lava flow of NE flank, menacing the town
of Linguaglossa.

Fig. 2. Simulation steps of 2002 Etnean lava flows in the NE flank, corresponding to the lava
fields of the first, fourth and ninth day; maximum extension was reached before the ninth day.

The Linguaglossa lava flow was chosen for validating SCIARA γ2b for the more
precise (but not optimal) available morphological data. Positions of craters are
considered indisputable data, but lava flow rates are considered approximate for
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obvious known reasons, i.e., the difficulty of measuring flow rates and evaluating
eventual rapid changes.

Many simulations with different values of global parameters were performed in
order to obtain the better agreement between real and simulated event in terms of
surface covered by the lava flows and of the lava flows advancing front.

The following values obtained the best simulation (fig 2): p
a
=2.5m, p

step
=5s,

p
TV

=1373°K, p
TS =1123°K, p

cool
=7.5⋅10-17 s-1⋅ m⋅°K-3, p

adhV
=0.9m, p

adhS
=6m, p

vl
=2m/s.

The simulation captures the major features of the real event, both in terms of lava
extent and in terms of covered distance; moreover field data concerning the advancing
flow front fits well with the corresponding steps of simulation.

Other simulations were made just doubling and halving p
step

. Results were
interesting because simulations were strictly similar: it shows that explicit velocity
permits time scalability. This feature was not permitted in previous SCIARA models,
where time was deduced “a posteriori” on the evaluation basis of the simulation
goodness. The same tests for p

a
 were not performed because of the imprecision of the

available DEM (Digital Elevation Model).
Improvements of this model concern two major aspects. Even if in the previous

model the overall lava covered distance reflected the real event, the new model has
permitted a time correspondence between lava extents at intermediate timings. The
second improvement concerns the areal extent of the simulated lava flow. The
evaluation of the goodness of a given simulation is performed by a evaluation
function, e, simply comparing the extent of actual and simulated events (in terms of
affected area). Let R and S be the regions affected by the real and simulated event,
respectively; let m(A) denote the measure of the set A. The function e is defined as:

( )
( )SRm

SRm
e

∪
∩= (4)

Note that e∈[0,1]. Its value is 0 if the real and simulated events are completely
disjoint, being m(R∩S)=0; it is 1 in case of perfect overlap, being m(R∩S)= m(R∪S).

Regarding the simulation here presented, e=0.689, while the e value didn’t exceed
0.65 in the best simulation of previous SCIARA models.

5   Conclusions

SCIARA γ2b is not a sophisticated model from a physical viewpoint: formulae for
explicit velocity are simple, they express the velocity limits, but they could be
improved in order to capture better the rheological features of lava flows. The model
permits also mixing of lava flows at very different temperatures, rotational effects are
reduced to simple displacements between couples of cells, but it is more physical and
less empirical in comparison with the previous versions of SCIARA.

Simulations are valuable and developments are being planned for simulating more
complex physical phenomena concerning lava flows (e.g. tunnel effects, lava layers at
different temperature, etc.) or for extensions to other types of lava.
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Abstract. We introduce a Cellular Potts model (a cellular-automaton-
based Monte-Carlo model) of in vitro capillary development, or angiogen-
esis. Our model derives from a recent continuum model, which assumes
that vascular endothelial cells chemotactically attract each other. Our
discrete model is “cell based.” Modeling the cells individually allows us
to assign different physicochemical properties to each cell and to study
how these properties affect the vascular pattern. Using the model, we
assess the roles of intercellular adhesion, cell shape and chemoattrac-
tant saturation in in vitro capillary development. We discuss how our
computational model can serve as a tool for experimental biologists to
“pre-test” hypotheses and to suggest new experiments.

1 Introduction

A detailed understanding of capillary blood vessel formation, or angiogenesis,
is essential to understand and control physiological and pathological processes
from wound healing to tumor growth and angiogenesis-related pathologies such
as advanced diabetic nephropathy. Capillaries develop in two main ways: through
the aggregation of endothelial cells into capillary cords, and through sprouting
from existing capillaries.

In vitro culture of human umbilical vascular endothelial cells (HUVEC) in
Matrigel is a popular experimental model of capillary development (see e.g. [2]).
Matrigel is an extracellular matrix product obtained from murine tumors. The
extracellular proteins and growth factors in the gel stimulate HUVEC cells to
form networks (Fig. 1) resembling vascular networks in vivo. HUVEC-Matrigel
cultures and related HUVEC cultures in collagen [3] and fibrin [4] gels are stan-
dard models in biomedical research to identify the key molecular players in
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pathological and physiological angiogenesis, to unravel the role of cell growth
and apoptosis in vasculogenesis and to probe potential anti-angiogenic pharma-
ceuticals.

The biophysical mechanisms by which endothelial cells form such networks
are poorly understood. Several computational studies have suggested that en-
dothelial cells, behaving according to a small set of rules, could suffice to ex-
plain network-formation. Most hypotheses assume that either chemotaxis [5,6]
or tractional forces relayed through the extracellular matrix [4,7,8] drive cell
aggregation. Partial differential equation models of both mechanisms generate
patterns that resemble in vitro networks, so which of them most closely parallels
the biological mechanism remains unclear.

These continuum approaches implicitly assume that the endothelial cells that
construct the pattern are much smaller than the length-scale of interest, namely
that of the “cords” and “nodes.” In vitro, however, at most a dozen elongating
cells form the cords, which are one to a few cell-diameters thick (see Fig. 1).
Thus, we expect the scale of the endothelial cells to play an important role in
patterning. The properties of individual cells, such as their shape, their mu-
tual adhesion and their adhesion to the extracellular matrix may also affect the
pattern resulting from their interaction.

This paper develops a cell-oriented approach to modeling in vitro vasculogen-
esis, based on the Gamba-Serini chemotaxis model [5,6]. We construct computa-
tional models of individual HUVEC cells which mimic experimentally-observed
cell phenomenology, including response to external chemical signals, cell elon-
gation, cell adhesion, chemotaxis, haptotaxis, etc. We then release these sim-
ulated cells in a “virtual Petri-dish” and quantitatively compare their macro-
scopic, collective behavior to experiments. We attempt to recover minimal sets
of physicochemical properties and behavioral rules for the cells which reproduce
the experimentally-observed tissue-level pattern.

Our focus on cell phenomenology may seem crude compared to large-scale,
post-genomic, systems-biology initiatives whose aim is to model ab initio and in
detail the internal structure and genetic regulation of individual cells, and even-

Fig. 1. HUVEC culture on Matrigel, 4x magnification, 2h (left) and 9h (right). To
improve contrast, we have applied an Opening Top-Hat transform [1] with a small-disk
structuring element.
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tually collections of interacting cells (see e.g. [9,10]). However, the cell-oriented
approach allows us to distinguish a) how genomic information determines cell
phenomenology (using detailed, single cell models) from b) how collections of
cells exhibiting a particular phenomenology interact during biological morpho-
genesis (using a “cell-oriented” approach). The cell-oriented approach has been
successful in the study of biological morphogenesis. In particular, it can simu-
late the entire developmental life cycle of the cellular slime mold Dictyostelium
discoideum [11,12], convergent extension in early vertebrate embryos [13], tumor
invasion [14] and pattern formation in vertebrate limb cell cultures [15].

The Cellular Potts model (CPM) [16,17], a cellular-automaton-based Monte-
Carlo method, is a convenient cell-oriented simulation framework. Early CPM
studies of differential-adhesion-driven cell rearrangement in cell aggregates quan-
titatively reproduced cell sorting experiments [16]. An energy-minimization phi-
losophy, a set of energy constraints and auxiliary conditions determine how cells
move. Connections between cells determine a cell-cell contact (or bond) energy.
favoring stronger over weaker bonds and shortening of the boundary length. An
energy constraint regulates cell volume or area. Further constraints or auxiliary
conditions easily extend the CPM to include chemotaxis [11], cell growth, cell
death [18] and cell polarity [13].

The remainder of this paper introduces our hybrid CPM/PDE model and
extensions to the CPM motivated by HUVEC phenomenology. We then study
patterning in the CPM/PDE version of the Gamba-Serini chemotaxis model.
Finally, we discuss the biological and computational relevance of our results.

2 Methods

2.1 Hybrid Cellular Potts Model

We use a hybrid Cellular Potts (CPM) and partial differential equation (PDE)
model (see [11,12,17]). The CPM models endothelial cells, while the PDEs model
the chemoattractant. Experimentally-confirmed cell behaviors, which we include
in the model are, 1) secretion of chemoattractants, 2) chemotaxis of cells up
chemical gradients, and 3) progressive elongation of cells.

The CPM represents biological cells as patches of lattice sites, x, with iden-
tical indices σ(x), where each index identifies, or “labels” a single biological
cell. Connections between neighboring lattice sites of unlike index σ(x) �= σ(x′)
represent membrane bonds, with a characteristic bond energy Jσx,σx′ , where we
assume that the types and numbers of “cell adhesion molecules” (CAMs) of the
interacting cells determine J . An energy penalty increasing with the cell’s devi-
ation from a designated target volume Aσ imposes a volume constraint on the
biological cells. To mimic cytoskeletally driven membrane fluctuations, we ran-
domly choose a lattice site, x, and attempt to copy its index σx into a randomly
chosen neighboring lattice site x′. To ensure isotropy, we use the twenty, first- to
fourth-order neighbours on a square lattice. On average, we attempt an update
at each lattice site once per Monte-Carlo step (MCS). We calculate how much
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the Hamiltonian would change if we performed the copy, and accept the attempt
with probability:

P (ΔH) = {exp(−(ΔH +H0)/T ), ΔH ≥ −H0; 1, ΔH < −H0}, (1)

whereH0 > 0 is an energy threshold which models viscous dissipation and energy
loss during bond breakage and formation[18]. We then define the Hamiltonian
as:

H =
∑
x,x′

Jσx,σx′ (1− δσx,σx′ ) + λ
∑

σ

(aσ −Aσ)2, (2)

where λ represents resistance to compression, and the Kronecker delta is δx,y =
{1, x = y; 0, x �= y}. The cells reside in a “medium” which is a generalized
CPM cell without a volume constraint and with σ = 0. In most simulations,
we use a bond energy Jcc = 5 between the endothelial cells, and JcM = 20
between the endothelial cells and the medium. We further define a surface tension
γcM = JcM − Jcc/2, which enables us to determine whether the cells cohere
(γcM > 0) or dissociate (γcM < 0) [16] in the absence of chemotaxis. Our default
cellular adhesion setting is adhesive, i.e. γcM > 0. We define a special, high cell-
border energy JcB = 100 to prevent cells from adhering to the boundaries. The
viscous dissipation H0 and all terms in the Hamiltonian, i.e. the bond energies
J , and the prefactors to the additional energy terms, such as λ, scale with the
temperature T ; i.e. if we multiply T by a factor τ , we can multiply the H0 and
the Hamiltonian by the same factor and obtain the same simulation results.

In analogy to the Gamba and Serini PDE model [5,6], we set the diffusion
and secretion of the chemoattractant c to:

∂c

∂t
= α δσx,0 − (1− δσx,0)ε c+D∇2c, (3)

where δσx,0 = 1 inside the cells, α is the rate at which the cells release chemoat-
tractant, and ε is the decay rate of the chemoattractant. Thus, every site within
the cells secretes the chemoattractant, which decays only in the medium. We
solve the PDEs numerically using a finite difference scheme on a lattice match-
ing the CPM lattice, using 20 steps per MCS withΔt = 0.2. For these parameters
the chemoattractant diffuses much more rapidly than the cells, enabling us to
ignore the advection that occurs as the cells push the medium forward.

Chemotaxis. We implement preferential motion of the cells along gradients of
the chemoattractant c by defining [11]:

H ′ = H −
∑

i

χ
c(x, t)

s c(x, t) + 1
(1− δσi,σj ), (4)
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where χ is the strength of the chemotactic response, and the saturation s sets
the Michaelis-Menten constant of the chemotactic response, for which we use
s = 0.01 by default. For s = 0 the cell’s response to gradients does not level off at
higher concentrations, as in the original method of Savill et al. [11], while for large
s the cells become unresponsive. Because the chemical field biases cells’ boundary
copying, each cell moves with an velocity v ∝ √

(μ)
∑

j

∑
i Pj(di), where the

sums run over the sites of the cell and the twenty lattice directions respectively,
and Pj(di) denotes the probability that site j copies in lattice direction di. The
prefactor

√
μ has units of force, but we can also interpret it as the chemotactic

strain field [19].

Cell elongation. The HUVEC cells in our cultures elongate progressively as
the vessel-like pattern develops. To study how cell elongation affects the pattern,
we add a cell-length constraint to the Hamiltonian:

H ′′ = H ′ + λL(l − L)2, (5)

where l is the length of the cell along its longest axis, L is its target length, and
λL is the strength of the length constraint. Larger values of λL result in more
elongated cells. Following Zajac et al. [20], we calculate the short and long axes
of the moments of inertia as:

Ixx =
∑

i(yi − ȳ)2,
Ixy = −∑i(xi − x̄)(yi − ȳ),
Iyx = Ixy,

Iyy =
∑

i(xi − x̄)2, (6)

where the sum is over all the sites x = (xi, yi) in the cell. We determine the
length l from the largest eigenvalue of I as l = 2

√
λb, where:

λb =
1
2
(Ixx + Iyy) +

1
2

√
(Ixx − Iyy)2 + 4I2

xy. (7)

We can update the inertia tensor locally after each cell extension or retrac-
tion, by constructing it from the first and second order moments of the positions
of the sites the cells occupy:

Iyy =
∑

i x
2
i − 1

a (
∑

i xi)2,
Ixy = −∑i xiyi − 1

a

∑
i xi

∑
i yi,

Ixx =
∑

i y
2
i − 1

a (
∑

i yi)2, (8)

with a the cell area. Thus Eq. 7 determines l without lengthy calculation.
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The length constraint can cause cells to split into disconnected patches. We
prevent this artifact by introducing a connectivity constraint. To check whether
an index copy into site x will change local connectivity, we count how many of
its neighbors x′

i have equal index to x while the next in cyclic order has unequal
spin. If this quantity

∑
i δσ(x),σ(x′

i)(1 − δσ(x),σ(x′
i+1)) > 2, with the sum run-

ning in cyclic order, changing the site will destroy the local connectivity. We have
currenly only implemented this algorithm for second-order neigborhoods (i.e. 8
neighbours). This test for connectivity loss gives “false positives” for non-convex
patches, which occur in our simulations when cells suddenly shrink, for example
during “apoptosis” [18]. Instead of introducing a very expensive (O(N2)) global
connectivity test, we tolerate temporary violations of connectivity for large en-
ergy drops. The bond energies ensure that the lifetime of disconnected patches
is short. We assume that cell fragmentation is energetically costly, and set a
high energy threshold H0 (typically H0 = 500) iff the attempted update would
change the local connectivity.

2.2 Simulation Set-Up and Initialization

In our partial differential equations (PDE), we set boundary values to zero (i.e.
the boundaries absorb the chemoattractant), while for the CPM we implement
repellent boundary conditions by setting the cell-boundary binding energy to
JcB = 100. We use a 500× 500 lattice, where each lattice site represents an area
of about 4μm2. Cells have actual areas of around 45 lattice sites, equivalent to a
typical endothelial cell area of around 150μm2 [21]. To diminish boundary effects
we initially disperse n cells randomly within a centered 333 × 333 square. For
n >= 3000 we disperse the cells all over the field to minimize cell overlap. After
each Monte Carlo Step (MCS) we update the PDE 20 times with Δt = 0.2.

2.3 Morphometry

We characterize the patterns by measuring the average size L̄a of the open spaces
which the vessel-like structures enclose (lacunae). L̄a = 1/N

∑
i Lai, with N the

number of lacunae and Lai the size of each lacuna, which we identify using a
standard connected-component labeling algorithm [1].

3 Results

Figs. 2 and 3 review our results. Fig. 2a reproduces the results of the Gamba
and Serini PDE model [5,6] in our cell-oriented model. The cell-adhesion settings
are strongly adhesive (γcM = 17.5). The cells aggregate into cords and nodes,
typical of HUVEC Matrigel cultures (Fig. 1) and the Gamba-Serini model. As
the cell density increases, we find a percolation transition as in the Gamba-
Serini model [5]; for low densities, n < 1000, the cells do not form a connected
network, while for high densities, n > 1000, all cells interconnect (see Fig. 2a).
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Fig. 2. Overview of parameter sweeps. Typical cell patterns after 5000 MCS. Lattice
size 500 × 500, n = 1000 scattered within inner 333 × 333 subfield (e: n = 555).
Parameters were T = 50, λA = 50, A = 50, γcM = 17.5, s = 0.01, χ = 2000, α = 0.01,
ε = 0.05, D = 1, λL = 0 (e: λL = 1.0), unless indicated otherwise.

Also, as in the Gamba-Serini model, the size of the lacunae depends on the rate
of chemoattractant decay, as Fig. 2b shows.

In Figs. 2c-e, we systematically modify the Gamba-Serini model by chang-
ing the biophysical properties of the individual cells. First, we study the role
of intercellular adhesion. In our model, cell adhesion is essential. If we reduce
the adhesivity of the endothelial cells, a network no longer forms and the cells
aggregate into “islands” (Fig. 2c). Like the Gamba-Serini model, our model can
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Fig. 3. Dependence of lacuna size on model parameters, after 5000 Monte Carlo steps.
Parameters as in Fig. 2. Error bars indicate standard deviations (n = 5)

also form networks without cell adhesion, but these networks are unstable and
decay into an “island-like” pattern (results not shown).

Fig. 2d shows the effect of changes in s, the threshold for chemotaxis satu-
ration (sensitivity) (see eq. 4). Up to around s = 0.1 vessel-like patterns form,
while for larger values more amorphous patterns with larger clusters and few
lacunae form. The lacuna size becomes more variable for larger values of s (see
Fig. 3d).

In the in vitro culture experiments, the endothelial cells elongate during
vessel-like patterning. Although elongation is not necessary for vessel-like pat-
terning in our model, cell elongation is one of the first observable signs of vessel-
like patterning in HUVEC cultures. In Fig. 2e and Fig 3e we investigate the
effect of cell elongation on patterning at low cell densities (n = 555). Cell elon-
gation facilitates the interconnection of isolated parts of the pattern (see Fig. 3e).
For very large length constraints (L > 300) the cells fragment, after which the
vessel-like pattern no longer interconnects. At higher densities, when the pattern
already fully interconnects even for round cells, cell elongation has no effect on
lacuna size, but affects the shape of the lacunae (results not shown).

4 Discussion and Conclusions

Computational screening of the parameter dependence of patterning may help
to direct experiments to identify the key regulators of vascular development and
suggest new hypotheses. If chemotaxis drives vascular development, as in the
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Gamba-Serini model, our simulations suggest that endothelial cell adhesion is
essential to form stable vascular networks. Furthermore, our simulations suggest
that pattern formation changes qualitatively when the receptors saturate at lower
concentrations of chemoattractant. We could test this effect experimentally by
specifically inhibiting the production of receptors, in which case the remaining
receptors would saturate at lower concentrations, or by adding receptors with
higher affinity. Cell extension also strongly affects the multicellular pattern, re-
ducing the cell density network formation requires. Biological experiments might
attempt to specifically target the elongation of the endothelial cells. Preliminary
results also show that cell motility above a mininum required velocity does not
significantly affect patterning (not shown). Continuous models have great diffi-
culty assessing the role of these parameters, in particular of intercellular adhesion
and cell morphology.

In our ongoing work we are refining and validating our computational model
by obtaining experimentally derived values for the model parameters and by
comparing our simulation results quantitatively to time-lapse videomicroscopy
experiments. We are analyzing the dynamics of patterning in HUVEC cultures
under different physiological and pathological conditions and comparing these
to the computational model’s dynamics for similar simulated conditions. Grad-
ual cell elongation, rather than the instantaneous elongation that we employed
here, may change the model’s dynamics. We also plan to model the interaction of
the individual cells with the viscoelastic extracellular matrix, which experiments
and theory [4] suggest is crucial to in vitro vasculogenesis. These studies may
lead to better understanding of the biophysical mechanisms of vascular develop-
ment, which will suggest new experimental tests of the genetic and biophysical
regulation of vascular development.
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Abstract. We outline the basic principles of neuropercolation, a gener-
alized percolation model motivated by the dynamical properties of the
neuropil, the densely interconnected neural tissue structure in the cortex.
We apply the mathematical theory of percolation in lattices to analyze
chaotic dynamical memories and their related phase transitions. This
approach has several advantages, including the natural introduction of
noise that is necessary for system stability, a greater degree of biological
plausibility, a more uniform and simpler model description, and a more
solid theoretical foundation for neural modeling. Critical phenomena and
scaling properties of a class of random cellular automata (RCA) are stud-
ied on the lattice ZZ2. In addition to RCA, we study phase transitions
in mean-field models, as well as in models with axonal, non-local inter-
actions. Relationship to the Ising universality class and to Toom cellular
automata is thoroughly analyzed.

1 Introduction

Information encoding in the form of oscillatory patterns has advantage com-
pared to fixed-point (static) memories. A number of researchers acknowledged
the limitation of static approaches, and have worked around it. Grossberg has
proposed adaptive resonance theory network which is a sophisticated topological
arrangement of components [1]. Hopfield proposed his famous associative mem-
ory network, which is a recurrent system [2]. Elman uses processing elements
with feedback as memory devices [3]. Cellular nonlinear neural network (CNN)
represent another paradigm showing great promise by implementing cellular au-
tomata theory in the form of a programmable memory device [4]. In a separate
development, KIII nets have been introduced which represent a prototype of
dynamic memory devices based on information encoding in aperiodic (chaotic)
attractors [5].
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What distinguishes brain chaos from other kinds is the filamentous texture
of neural tissue called neuropil, which is unlike any other substance in the known
universe [6, 7]. Neural populations stem ontogenetically in embryos from aggre-
gates of neurons that grow axons and dendrites and form synaptic connections
of steadily increasing density. At some threshold the density allows neurons to
transmit more pulses than they receive, so that an aggregate undergoes a state
transition from a zero point attractor to a non-zero point attractor, thereby
becoming a population. Such a property has been described mathematically in
random graphs, where the connectivity density is an order parameter that can
instantiate state transitions [8, 9].

Information processing in the proposed chaotic dynamical memories is closely
related to percolation phenomena [10, 7, 11]. For about forty years now, perco-
lation theory has been an active area of research at the interface of probability
theory, combinatorics and physics [12]. Interest in various aspects of standard
percolation remains high, including estimates of critical probabilities [13, 14].
There has been much work on the family of processes know as bootstrap per-
colation [15 - 19]. Many percolation problems exhibit phase transitions, where
for p less than some critical probability pcrit only finite clusters exist, and for
p > pcrit infinite clusters almost surely exist. We propose to apply the math-
ematical theory of percolation in lattices to analyze dynamical neural systems
and their related phase transitions. First the basics of bootstrap percolations are
described. This is followed by the introduction of several generalizations of stan-
dard percolation, which we call neuropercolation. Generalizations include the
biologically motivated activation and deactivation functions, random transition
rules, and non-local interactions. Non-local interactions mean a rewiring of the
connections, which is related to small-world phenomena [20]. Related work on
percolations in small-world models is described in [21, 22].

First we describe theoretical results on mean field models, and critical behav-
ior observed in local RCAs. This is followed by the analysis of non-local models
and the comparison of their behavior with Ising universality class and Toom
automata [23]. Finally, we discuss the directions of combining populations of
nonlinear processing elements to multi-layer architecture, in order to describe
dynamic processes in cortices.

2 Model Description and Activation Density

Here we introduce the mathematical formalism of neuropercolation. A key pa-
rameter of the system is the probability p, which characterizes the stochastic
nature of the transition rule. We will see that the random initialization is of
secondary importance when having random transition rule. I the following con-
siderations we describe effect related to this probability p.

Let Λ be a finite subset of ZZd containing the origin 0 = (0, . . . ,0) and let
p: 2Λ → [0, 1] be a function that assigns for each subset S ⊆ Λ a probability pS .
We define a stochastic process as a sequence of subsets Xt ⊆ ZZd by including
each x = (x1, . . . ,xd) in Xt+1 independently with probability pS where S =
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Λ ∩ (Xt − x) and Xt − x is the translate of Xt by −x. We start the process
with X0 given by some specified distribution. We call such a process a random
cellular automaton on ZZd. Usually we define Λ to be the closed neighborhood of
z, consisting of all points unit distance from z together with z itself. Similarly we
can define random cellular automata on the d-dimensional torus ZZn1×. . .×ZZnd

,
or on the corresponding finite grid (with suitable boundary conditions imposed).
We start by considering p of a certain special form. Assume pS depends only on
the cardinality of S and whether or not the site itself is active (z ∈ S). We write
p
(0)
r in place of pS when |S| = r and z /∈ S and p

(1)
r when |S| = r and z ∈ S.

We shall call these models isotropic. Isotropic models are substantially more
restrictive than the general case, but they still have complex behavior. We call
the model fully isotropic if p(0)

r = p
(1)
r = pr for all r. In this case, the site itself

is treated on the same basis as its neighbors. By complementing the sets Xt we
obtain a new model with p′(i)

r = 1−p(1−i)
|Λ|−i (or more generally, p′

S = 1−pΛ\S). We

call the model symmetric if it is the same as its complement, so p(1)
r = 1−p(0)

|Λ|−r

for all r (or pS = 1−pΛ\S for non-isotropic models). For symmetric models, there
is a further symmetry. If we complement every otherXt, then this is equivalent to
a new symmetric model with pS replaced by p∗

S = 1−pS . We call this new model
the dual model of a symmetric model (pS). Phases in the original model with
density not equal to 0.5 will give oscillating phases in the new model with period
two [24]. Random cellular automata generalize deterministic cellular automata
such as Conway’s game of life. Given the complexity of deterministic automata it
should not come as a surprise that random automata display extremely complex
behavior.

3 Mean Field Models

On a finite grid or torus, we can compare random automata with the correspond-
ing mean field model over ZZ2. In the mean field model instead of taking |Λ| − 1
specified neighbors, we take |Λ|−1 elements of the grid at random (with replace-
ment). It is clear that the mean field model does not depend on the topology of
the grid, and the only information of relevance in Xt is given by its cardinality
|Xt|. We define xt to be |Xt|/N where N is the size of the finite grid or torus.
Thus xt ∈ [0, 1] gives the density of points in Xt. Let us consider the symmetric
fully isotropic model p0 = p1 = p2 = p. It can be shown that for the mean field
model, this has one fixed point at x = 0.5 for p ∈ [ 7

30 ,
1
2 ], but for p < 7

30 = .2333
the fixed point x = 0.5 is unstable and there are two other fixed points which are
stable [24]. Figure 1 illustrates the average density and its variance for various
p values.

Our real interest lies in random cellular automata on ZZ2 rather than the
mean field models. So one question is how well do the mean field models approx-
imate the corresponding random automata? Unfortunately, the answer is ‘not
very well in general’. Since the mean field model is equivalent to that of a fully
isotropic model, the best we could hope for is that it approximates fully isotropic



438 R. Kozma et al.

models. However, even fully isotropic models can exhibit behavior that is richer
than that of the mean field models. The theoretical analysis of local RCA is
extremely difficult. Recently, a rigorous mathematical derivation of properties of
phase transitions in RCA with very small p ≈ 0 has been given by [25]. Phase
transitions near the critical point are not tractable by rigorous mathematical
tools at present. Accordingly, we rely on computer simulations with local and
non-local RCAs in the following considerations.

Fig. 1. Activiation density ρ of the mean field with pc = 0.233. The variance of |ρ−0.5|
has a sharp increase as p approaches pc.

4 Simulation of RCA on Finite Lattices

4.1 Phase Transition in Local RCA

The simulation was run on a 2-dimensional torus with noisy majority rule with
4 + 1 local neighbors. All the sites are updated simultaneously at a certain time
t. In this section we use the statistical physics methodology of finite size scaling
that has been developed for Ising systems and consecutively applied to various
cellular automata, including Toom automata [26, 23, 27]. Here we summarize
the major results and conclusions; for details, see [28]. We define the activation
density across the torus as follows:

xt =
Xt

Ntotal
, (1)

where, Xt denotes the number of active sites at time t, and Ntotal is the total
number of sites in the torus. The average density over n iterations is defined as:

ρ =
1
n

n∑
t=1

xt. (2)

We define the parameter of magnetization as the distance to the known fixed
point 1

2

〈|m|〉 =
1
n

n∑
t=1

|xt − 1
2
|. (3)
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The system exhibits three basic behaviors depending on p. For p values below
the critical probability pc, the system is of ferromagnetic type, see Fig. 2a (left
panel). For p values greater than pc, the system is like the paramagnetic state
in Ising model, Fig. 2c (right panel). When p approaches the critical probability,
large clusters are formed in the lattice; see Fig. 2b (center panel). In order to
obtain a quantitative charaterization of these observations, we have conducted
a detailed analysis of critical exponents using finite size scaling theory.

Fig. 2. Illustration of the three regimes. They correspond to the following states in
Ising models: (a) p = 0.11 < pc - ferromagnetic; (b) p = 0.13423 ≈ pc - critical; (c)
p = 0.20 > pc - paramagnetic.

4.2 Estimation of Critical Probability and Critical Exponents

In addition to the magnetization, we introduce the susceptibility χ and the cor-
relation length ξ. In the infinite-size limit, the following power laws are expected
to hold:

m ∼ (p− pc)β for p ≥ pc (4)

χ ∼ |p− pc|−γ for p → pc (5)

ξ ∼ |p− pc|−ν for p → pc (6)

Finite size scaling theory tells us that the fourth order cumulants of the magne-
tization are expected to intersect each other at the unique point which is inde-
pendent of lattice size L. The intersection of the curves determines the critical
probability. For example, the fourth order cumulants are defined as

U(L, p) =
〈m4〉
〈m2〉2 (7)

where ”〈 〉” means to take the average over all runs. We calculate U(L, p) for
several probabilities and for lattice sizes 45, 64, 91, 128. The critical probabil-
ity estimated from their intersection points is 0.13423± 0.00002. For each RCA
configuration, simulations run for 108 ∼ 109 steps, until they produced a steady
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Fig. 3. The exponent of the correlation length is estimated by using finite size scaling
theory. The correlation coefficient is displayed in the parenthesis followed the estimated
exponent.

estimation of the fourth order cumulants. The critical exponent, which corre-
sponds to the correlation length ξ, is estimated according to finite size scaling
theory [26]:

dUL

dp
(pc) ∝ L 1

ν (8)

To estimate numerically the derivatives in Eq. 8, we fit four adjacent points with
cubic interpolation. This approach has shown numerically precise and stable
results [27]. The graphs are depicted in Fig. 3. The exponent were estimated
using dU

dP |Pc
, dlog(〈|m|〉)

dP |Pc
, dlog(〈m2〉)

dP |Pc
, and dlog(〈m4〉)

dP |Pc
. In the calculations,

the previously determined value pc = 0.13423 is used. The average value over
all estimations has been used to obtain the final estimation of ν = 1.0429. To
estimate the remaining two exponents β and γ, we again apply finite size scaling
theory. The results are given in Table 1. Finally, we evaluate the consistency of
the estimation of the critical parameters. It is known that the identity function
2β+γ = 2ν holds for Ising systems. Let us denote the difference between the left
hand side and right hand size of the above equation as Ierror = 2β+γ−2ν. Table
1 includes calculations with Toom cellular automata TCA [27] and coupled map
lattices CML [29].

Table 1. Comparison of RCA and several other models

β γ ν Ierror

RCA 0.1308 1.8055 1.0429 0.02
TCA 0.12 1.59 0.85 0.13
Ising(2D) 0.125 1.75 1 -
CML 0.115 1.55 0.89 0.00
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Fig. 4. Magnetization as the function of the noise level for various non-local topologies;
circle - local; dot - 25% of sites have 1 nonlocal: 25%(1); square - 100%(1); diamond -
100%(4).

Table 2. Critical exponents for various connection patterns

pc β γ ν Ierror

Local 0.1342 0.1308 1.8055 1.0429 0.02
25%(1) 0.1702 0.2262 1.4687 0.9760 0.03
100%(1) 0.2052 0.3943 1.0981 0.8780 0.13
100%(4) 0.2247 0.4141 0.9800 0.8759 0.06

5 Critical States in Non-local Random Cellular Automata

The introduction of non-local interaction is strongly biologically motivated. The
neurons have most of their connections in their direct neighborhood, but they
have also axonal links with other neurons outside of their surround. Clearly,
axonal conductance plays an important role in actual neuronal circuits. We ap-
proximate long-range axons by replacing several local (direct neighbor) connec-
tions with new neighbors randomly selected from the whole lattice. During this
rewiring process, each site maintains the same number of connections (4). There-
fore, each time a site get a non-local neighbor, we cut out (randomly) one of its
local neighbors. In the extreme case, when we cut out all 4 local neighbors of
every site, we get an architecture that represents a mean field model.

Figure 4 shows the effect of non-local connections on the critical behavior.
We observe critical p in models with non-local links. However, in accordance
with the intuition, pc becomes larger as the proportion of remote connections
increases. The curves in Fig. 4 belong to models: local (circle), 25% of sites
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having one non-local link (dot), 100% of sites have one remote link (square), and
all sites have all 4 connections remote (diamond). Table 2 includes the critical
exponents obtained by the finite size scaling method for each model structure.
It is interesting that the various exponents drastically deviate from the values
represented by the Ising universality class. At the same time, the hyperscaling
relationship remains valid to a significant degree.

6 Discussion and Conclusions

In this paper we have introduced the biologically motivated neuropercolation
model. We have identified two critical parameters: the noise level, and the non-
locality. Noise modeled the self-sustaining, randomized, steady state background
brain activity is the source from which ordered states of macroscopic neural
activity emerge, like the patterns of waves at the surfaces of deep bodies of water.
Neural tissues, however, are not passive media, through which effects propagate
like waves in water. The brain medium has an intimate relationship with the
dynamics through a generally weak, subthreshold interaction of neurons. The
synaptic interactions of neurons provide weak constraints on the participants,
and the resulting covariance appears in the form of spatiotemporal pattern. In
the framework of this research we use mathematical tools of percolation theory
to explore the information processing mechanisms in brains as the randomized
activity of myriads of neurons that provides the basis for self-organization and
higher brain functions. The present works belong to the basic building block of
our neurodynamic model based on K sets [30, 31]. This is the single KI layer of
homogenous elements. A higher complexity level is represented by the KII model
which has interacting excitatory and inhibitory populations. KII may exhibit
nontrivial limit cycle and aperiodic oscillations. The interaction of several KII
sets produces the KIII system with aperiodic spatio-temporal dynamics. KIII has
the potential of spontaneous phase transitions propagating in space and time.
Research in this direction is in progress.
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Abstract. The Hybrid Cellular Automata (HCA) modelling framework
can be an efficient approach to a number of biological problems, particu-
larly those which involve the integration of multiple spatial and temporal
scales. As such, HCA may become a key modelling tool in the develop-
ment of the so-called integrative biology. In this paper, we first discuss
HCA on a general level and then present results obtained when this
approach was implemented in cancer research.

1 Introduction

Traditionally, mathematical modelling of biological problems has focused on the
integration of the most crucial properties of the phenomenon under study into a
model formulated in terms of continuum ordinary differential equations (ODEs)
and/or partial differential equations (PDEs) [23]. However, these methods im-
pose a significant restriction on the modelled system’s time-scales.

Physiologically-structured models [11,6] are one of the many approaches pro-
posed to cope with this problem. In this paper we will focus on the hybrid cellular
automata (HCA), a multiple scale individual-based framework for modelling bi-
ological processes.

The paper is structured as follows. In Section 2, biological complexity and
complexity in cancer are introduced as limitations to the traditional modelling
approach. In Section 3, we give a general introduction to the HCA framework
and its uses in biology, focusing on its integrative capabilities. In Section 4, we
focus on a particular application of the HCA framework, namely evaluation of
the efficiency of CHOP chemotherapy on non-Hodgkin’s lymphoma.
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2 Biological Complexity and Complexity in Cancer

Biological complexity has been recognized as a limitation to the current math-
ematical research approach, particularly in areas such as physiology, molecular
biology and genetics [29]. Complexity in pathophysiology and therapeutics may
be due in part to the diversity of the levels of our knowledge: gene, molecular,
cellular, tissue, organ, body and population. All entities of a living organism
interact through quantitative functional relations with time scales varying from
nanoseconds to the organism’s lifespan. This observation has led to the develop-
ment of so-called systemic or integrative biology [16] and to the exploration of
new methodologies [21], which might be more appropriate for studying complex
and heterogeneous diseases such as cancer.

It is necessary to understand the many intricacies of cancer in order to design
efficient treatment. Many approaches to anticancer treatment have had limited
success. Certain biological properties of cancer render it even more problematic
than other complex diseases. One fundamental obstacle to cancer therapy is ac-
quired tumor “robustness”, i.e. a self-organizing system which builds resistance
to treatment [17]. Another feature is the multitude of intricate pathways for
signal transduction. Though intermediates of multiple signalling pathways have
been identified, understanding their function has proved to be an extremely
difficult task [18]. The increasing evidence of cross-talk between pathways via
signal transactivation adds an additional degree of complexity which is difficult
to incorporate into traditional modelling approaches. Only fully integrative de-
scriptive methods, capable of dealing with multiple scales, may assess disease
and afford reliable treatment prediction. In this context, HCA models possess
such capabilities.

3 HCA Modelling of Biological Processes

Cellular automata (CA) models have been applied to many areas of biology
(see [14,22,1,4] for an overview). In recent years, a modification to the classic
definition of CA has been introduced, yielding the so-called HCA.
The classic definition of CA involves only local rules for the evolution of the state
of a given element: the transition rules that define the site dynamics depend
only on the configuration of its spatial neighborhood. However, many biological
processes depend upon non-local signalling cues or nutrients. Chemical cues and
nutrients are usually diffusive substances, smaller than the typical cell.
Nutrient spatial distribution and various signalling processes play a fundamen-
tal role in tumor growth [12,24,5], as well as in developmental processes [20].
Therefore, in order to obtain an appropriate description of these processes in
CA modelling, it is necessary to expand the original setup to incorporate these
non-local effects. This expansion is the essence of the HCA framework, which
constitutes a first step towards an integrative (multiple scale) approach to biol-
ogy.

Given that molecules such as chemical cues and nutrients are usually small
when compared to the size of a cell, they can be described in terms of continuous
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fields that evolve according to appropriate reaction-diffusion equations (RDEs).
Signalling cues are secreted by the cell’s internal machinery in response to either
internal or external stimuli and feed back at the population level, altering the
observed macroscopic pattern. The macroscopic structure of the vascular system
affects the nutrient supply to the cells. In turn, nutrient levels modulate internal
cellular processes such as cell division [6]. The HCA concept has recently been
expanded to take into account such intra-cellular processes [6,25].

The HCA approach has been adopted to study various aspects of tumor
growth. The model proposed in [12] is formulated as a two-dimensional HCA
(or, more precisely a lattice-gas model) and reproduces many of the features of
avascular tumors in vitro, e.g. their layer structure. In [24], a hybrid CA model
of tumor growth in the presence of native vasculature is proposed to analyze the
role of host vascular density and tumor metabolism on tumor growth. It seems
that unlike normal cells, which use aerobic metabolism, tumor cell metabolism
is glycolytic. One by-product of glycolysis is increased acidity. Since tumor cells
are more resistant to acidity than their normal counterparts, it appears that can-
cer uses the glycolytic phenotype (which produces H+ ions) in order to increase
its invasiveness. Several results regarding the interplay between vessel density,
increased acidity, and tumor progression were obtained in this study. One of
the most significant conclusions is the existence of a sharp transition between
states of initial tumor confinement and efficient invasiveness when H+ produc-
tion passes through a critical value. This phenomenon has been observed in the
clinic [15]. Finally, studies proposed in [7,8] use HCA in order to obtain realistic
models for blood flow dynamics.

Recently, HCA has been applied to study the effect of blood flow heterogene-
ity on tumor growth [5]. Oxygen reaches the tissues via the vascular system. Due
to the highly complex nature of blood flow and its interaction with the structure
of the vascular system, which is also affected by the metabolic needs of the sur-
rounding tissue, blood flow appears to be highly heterogeneous. Consequently,
the spatial distribution of blood-borne nutrients and drugs is also heterogeneous.
This heterogeneity has significant implications on tumor growth [5] and therapy,
as we will observe in the following sections.

In the next section, we will discuss a particular example of the application of
HCA in order to evaluate the efficiency of current clinical protocols for CHOP
therapy of non-Hodgkin’s lymphoma.

4 CHOP Therapy for Non-Hodgkin’s Lymphoma:
Insights from an HCA Model

In this section, we present an application of HCA for assessing chemotherapy
treatment for non-Hodgkin’s lymphoma (NHL) [25].

NHL patients are currently treated with CHOP chemotherapy
(Cyclophosphamide, Doxorubicin, Oncovin, Prednisone) in which Doxorubicin
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and Cyclophosphamide are the more active drugs [19]. CHOP is usually ad-
ministered over a total of 6 to 8 cycles separated by 21-day intervals [10]. The
relationship between this dosing interval and the efficiency of NHL CHOP treat-
ment has not been systematically analyzed. However, theory suggests that the
success of cancer chemotherapy is primarily determined by the frequency of drug
administration [2,3].

4.1 Methods

A two-dimensional HCA-based mathematical model aimed at simulating the
effect of Doxorubicin on NHL was developed. The model takes into account two
key factors which influence the efficiency of drug delivery:

– coupling of NHL growth to the vascular network [31], which affects the struc-
ture of the blood vessels;

– blood flow heterogeneity which results from this diverse construction.

The domain corresponds to a 2 mm square tissue initially filled with NHL cells
forming a random pattern, and composed of 110 vessels whose radii are subject
to adaptation through vessel structural modification processes [5].

Fig. 1. Representation of NHL cells and the honeycomb-like vascular network on the
computational domain (see [5]).
Left: a fully populated domain; Right: the domain following significant cell depletion.

The blood flow in each vessel is assumed to be laminar steady Poiseuille flow.
For the dynamics of nutrient and drugs, the adiabatic approximation is applied,
according to which chemicals (nutrient and drug) can be considered instan-
taneously in steady state. For drug pharmocokinetics (PK), i.e. decay of the
blood-borne drug, a one-compartment model, in which the drug concentration
in plasma over time declines exponentially, is considered. For drug pharmaco-
dynamics (PD), i.e. effect of the extracellular concentration of drug on NHL
cells, a simple logit relation is used for determining the probability for a cell to
survive the drug. See the Appendix for the continuous model equations and [25]
for further details.
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The initial cell colony is composed of NHL cells divided into two categories:
proliferative and quiescent cells.

To model cell division, a simple cell-cycle model is considered in which the
duration of each phase of the cell-cycle was set according to various NHL-kinetic
studies [9,13,27]. Each cell is assigned an age, which increases at each iteration.
Thus, the cells progress through the different stages of the cell-cycle. Normal
progression through the cell-cycle may be disrupted by lack of nutrient, leading
to quiescence or cell death, or cells may be killed by the drug. A significant
attribute of this model is the ability of the cell colony to influence vascular mor-
phology. Normal vasculature is known to be well organized and endowed with
smooth muscle cells and pericytes. This allows the vessels to adapt their struc-
ture to various mechanochemical stimuli [28]. Due to neovascularisation, cancer
vessels are immature and therefore lack this structure. Consequently they are
not able to undergo structural adaptation. Furthermore, cancer cells can desta-
bilize established, mature vasculature, rendering it immature [31]. Therefore,
in the model presented in [25] whenever a vessel is engulfed by cancer cells it
is assumed that it loses its ability for adaptation and its radius is fixed at ran-
dom. Vessels not surrounded by lymphoma cells retain the structural adaptation
mechanism [5]. The status of all vessels (mature and immature) is updated at
each time step.
The following CA rules hold for each cell and at each time step of the model.

– The probability of cell death is determined by the drug concentration and
PD;

– If the cell is not killed by the drug, it advances one time step in its cycle
phase;

– Between G1 and S-phase, the cell can either die, be arrested, or continue
progressing through the cell cycle according to its local environment, i.e,
local concentration of nutrient and over-crowdedness.

– If the environmental conditions are appropriate, the cell enters into G2 and
divides, daughter cells moving towards higher nutrient concentrations.

4.2 Results

When the dynamics of a simulated NHL cell colony under CHOP chemotherapy
were examined [25], a significant phenomenon was observed. After the initial
effect of a drug application, the tumor begins to regrow at a steady and rapid
rate. However, beyond a certain point, the cell colony’s growth ceases to be sta-
ble and begins to display unpredictable oscillations of significant amplitude (see
Figure 2). Blood flow heterogeneity appears to be a key factor in this result
and its effect is illustrated in Figure 3, which compares cell recovery from a
chemotherapy cycle when the vessel maturation/destabilization process is taken
into account, compared to a case in which this assumption is relaxed [25]. Con-
sequently, one of the conclusions from this study is that in order for treatment
to be efficient, additional drug cycles must be administered before the tumor
can enter the unstable stage of its regrowth. Note that we have considered a
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Fig. 2. Model prediction of tumor growth with Doxorubicin chemotherapy treatment
cycles separated by 21 days.

regular hexagonal array of blood vessels which is unrealistic, in actual tumors
the vasculature is very heterogeneous so we would expect the effects of blood
flow heterogeneity to be even more pronounced.

The HCA framework has also been used to describe tumor structures in
two pathophysiological settings in a study of which the purpose was to predict
the efficacy of two different conventional strategies for chemotherapy intensifica-
tion [26]. Results suggest the existence of a critical drug regimen intensity (CI)
value, i.e. the ratio between the total dose administered and the duration of
the treatment. If the regimen intensity is lower than CI, the tumor succeeds in
recovering to its initial size over the duration of the dosing interval.

5 Conclusion

HCA can be viewed as an effective means of dealing with some of the problems
raised by biological complexity. Through its ability to integrate different tempo-
ral and spatial scales, it constitutes a promising investigative tool for analyzing
complex biological systems such as cancer and cancer therapy. In the example
we presented, an HCA model has been used for investigating the efficacy of cur-
rent and potential therapies of non-Hodgkin’s lymphoma. Within the context
of certain model assumptions, our results have raised relevant and interesting
conclusions on the issue of treatment efficacy.
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Fig. 3. Model prediction on the effect of vessel maturation/destabilization process on
cell population recovery following a 10 mg/m2 Doxorubicin administration.
Thin line: with vessel maturation/destabilization; Empty circles (thick line): no vessel
maturation/destabilization is assumed.
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A HCA Model Equations

A.1 Blood Flow

Assuming Poiseuille flow, the flow rate (Q̇) and resistance (Z) in each vessel are
given respectively by:

Q̇ =
ΔP

Z
(1)

Z =
8μ(r,H)L

πr4
(2)

where ΔP is the pressure drop between two points of the network, L, r, and H
are respectively the resistance, length, radius, and hematocrit. μ is the radius
and hematocrit dependent viscosity [5].

A.2 Vessel Structural Modification

We assume that the radius of each immature vessel (rim) is modified at each
time step according to the equation:

rim = rmat · (1 + ε) (3)

where rmat is the initial radius of the mature vessels, and ε is a random number
uniformly distributed in the interval (0, 3) according to [30].
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A.3 Nutrient and Drug Diffusion

Assuming adiabatic conditions, the diffusion equation for the concentration
(C(x, y, t)) of nutrient or drugs is given by:

K∇2C(x, y, t)− q(x, y) · C(x, y, t) = 0 (4)

where K is a diffusion coefficient and q(x, y) the uptake coefficient at position
(x, y).
On the vessel walls, we impose the boundary conditions:

−Knw · ∇C(x, y, t) = P · (Cb − C) (5)

where nw is the unit vector, orthogonal to the vessel wall, Cb is the drug or
nutrient concentration in the blood, and P the permeability of the vessel.
On the edges of the computational domain we impose no-flux boundary condi-
tions:

n|∂Ω · ∇C(x, y, t) = 0 (6)

where n|∂Ω is the unit outward vector, orthogonal to the boundary of the domain.

A.4 Doxorubicin PK/PD

The decline of drug concentration in plasma (Cb) is given by:

∂Cb

∂t
= −k · Cb(t) (7)

with initial condition:
Cb(0) =

dose

Vd
(8)

where Vd is the volume of distribution of the drug, and k the fraction of drug
which is eliminated from the compartment per unit time, inversely related to
the half-life t1/2:

k =
ln(2)
t1/2

(9)

The survival fraction SF (percentage of cells that survives the drug at each time
step) is given by:

SF =
a · Cb(t)

Cb(t) + Ec1/2
(10)

where Cb(t) is the relevant drug concentration and a, Ec1/2 are constants.
See [25] for model parameters and further details.
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Abstract. The dynamics of immune response to initial infection and
reinfection by the same pathogen sometime later, are considerably dif-
ferent. Primary response, which follows initial infection, is characterised
by relatively slow precursor cell activation and population growth rates,
with a consequent elongated pathogen clearance profile, typically ex-
tended over six days or more. On the other hand, secondary response (to
reinfection by the same pathogen some time later) is notable for short
effector activation time, high specificity of response, rapid pathogen elim-
ination and high degree of memory cell participation. In this paper, we
present a seven state non-deterministic finite automata (NFA) of the ef-
fector T cell lifecycle, which is encoded as a set of states and state tran-
sitions. Our objective is to study the degree to which variable infection
outcome is dependent on the accumulation of chance events. Such chance
events may be represented as the consequence of premature, delayed or
even failed state transitions. We show how small variation in crucial state
transitions probabilities during the lifecycle can induce widely variable
infection outcomes. This model is implemented as a spatially extended,
concurrent two-dimensional stochastic cellular automata, executing on a
MPI-based Linux cluster.

1 Introduction

Cellular Automata (CA) have been applied to numerous areas of complex physi-
cal systems modelling [1]. CA have several important characteristics which make
them amenable to efficient computational implementation, including ease of rep-
resenting (in the form of n-dimensional arrays), discrete nature of the underly-
ing computations, simplicity of rules or laws which are programmed into the
CA, and the highly repetitious nature of the processing steps. However, cellu-
lar automata posses additional fascinating properties, for example, patterns of
self-organisation of a complexity which cannot be derived numerically from the
rules on which the underling cellular automata is based. As a result of this com-
plexity, [2] has postulated that some form of CA must underlie many complex
physical phenomena visible in nature. Furthermore, with the application of non-
deterministic (stochastic) cellular automata, the idea of randomness in CA site
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selection and update rule enforcement has yielded further insight into modelling
stochastic natural systems such as molecular motion, turbulence in water flow
and various biological processes, especially models of the human immune system
[3,4,5,6,7]. In this paper we present an approach that seeks to avoid a computa-
tional modelling process exclusively influenced by current experimental immune
system research trends. We propose a relaxation of the deterministic assump-
tions inherent in earlier work [8], and explore the dynamics of a more stochastic
system. Stochastic events appear to play a crucial role in certain immune system
functions [9]. The contribution of this work is as follows: (i) an extended non-
deterministic state transition model of the effector T cell lifecycle is introduced.
This model successfully reproduces time-realistic effector and pathogen popu-
lation dynamics during primary and secondary response, and during repeated
reinfection, (ii) we identify three stages in the effector T cell lifecycle model
which are critical in regulating the course of primary and secondary response,
and (iii) the model is implemented as a spatially extended two-dimensional cellu-
lar automata lattice executing concurrently on a MPI-based Linux cluster. This
allows us to scale the model to cell density levels in the order of 106 CTL cells -
which approaches levels typically observed in in-vivo murine experiments. This
work is arranged as follows: section 2 is a brief overview of some key features
of the adaptive immune response which we model, and serves as an introduc-
tion to some specific terminology. Section 2 is intended for readers who may be
unfamiliar with general principles of immunology. Section 3 discusses the model
structure and explains the motivation and implementation of the underlying
non-deterministic cellular automata. Section 4 presents results of the simula-
tion, and in particular, some interesting features which emerge. Finally, section
5 is a discussion of the results, and an outline of further enhancements.

2 Adaptive Immune Response

Common to all immune systems is the principal of sensing of localised space for
the purposes of intrusion detection. Intrusion, in this case, is the appearance
of a bacteria, viral particle or infected cell which may be classified as non-self.
Any non-self genetic material discovered must be eliminated in order to prevent
infection (or even death), of the host. Broadly speaking, the means by which
the non-self intruder gained access to the blood stream or lymphatic compart-
ments is not of interest1. There are a great variety in the pathogen challenge
and immune response course (not all of which are a concern here). One such
scenario arises as follows: when a viral particle has been taken up by an antigen-
presenting cell (APC), such as a dendritic cell, it is degraded into one or more
peptide chains within the cytosol region of the APC, and is then bound to the
major histocompatible complex (MHC) class I molecule (a process known as
antigen processing) before finally being presented on the surface of the APC as

1 Some viruses, for example, the influenza and corona viruses, enter the host through
the air passages and not through tissue damage.
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an MHC:peptide complex, a process known as antigen presenting. APC will re-
circulate through the lymphatic system in order to alert the immune system to
an infection. Sensing of the lymphatic compartments (of which there are many)
for antigen-presenting cells, is a systematic function of immune cell (lymphocyte)
recirculation. Cytotoxic lymphocyte (CTL) precursor cells constantly recirculate
and sample their environment in the search for foreign pathogens. The process
of sampling involves two cells binding for some small time period, during which
the immune cell senses the receptor of the bound cell to determine if the bound
cell is an invading pathogen (or not). If the bound cell is an invading pathogen,
the immune cell may be stimulated to produce clones of itself in order to attack
and remove other cells bearing the same genetic material. Under normal cir-
cumstances, the production of clones ceases after some fixed period of time, and
once the infection has been cleared, most CTL cells will undergo programmed
death (apoptosis). A small subset of the clone population will remain activated
indefinitely, and this population represents effector memory. In the presented
here, we do not model free antigen, but only antigen epitopes which have been
bound to the surface of an antigen presenting cell.

3 The Model

Our model runs in discrete 30-minute timesteps, and all entities in the model act
asynchronously at each timestep (τ). As primary response normally consists of 4
days of cell replication (clonal expansion), the cells in our model will stop dividing
at τ = 192. The recirculation space of the lymphatic compartment is modelled
as a two dimensional stochastic cellular automata lattice of length L = 103,
with periodic boundary conditions and neighbourhood radius r = 1 (in two-
dimensions), with a maximum of 8 neighbours. Each site is selected at random
for update during the timestep. Not every site is will be visited at each timestep,
but each site can be updated at most once in any given timestep. At τ = 0 some
5000 antigen entities are introduced into randomly selected sites on the lattice
(following a uniform distribution), and the model executes until τ = 3000 (62.5
days of elapsed time). The CTL population grows exponentially in response
to APC stimulation, with a clonal expansion rate which is a function of the
affinity between the CTL and APC. The dynamics of affinity are modelled using
shape space [10,11]. The stimulation rate never exceeding 0.036, which yields a
population of daughter clones of ∼ 1000 after 4.5 days of clonal expansion. Each
lattice site may contain only one entity at any given timestep. The set of entities
and states supported is shown in Table 1, which also introduces some important
notation used throughout this paper.

3.1 Non-deterministic Finite Automata

To allow the study of a distribution of possible outcomes, we identify a subset of
the CTL lifecycle state transitions, and replace the certainty of a transition from
state w to state v on event e with some probability (< 1) of state transition.



A Stochastic Model of the Effector T Cell Lifecycle 457

Let us start by defining what is meant by state transition relaxation: If X is a
discrete random variable (drv) representing the transition from state w to state
v, and e is some event linking wv, the relaxed state transition Xr is:

P (Xr|e) = 0 ≤ ψ ≤ 1 (1)

The choice of value for ψ will naturally depend on the wv in question. In
contrast to earlier models 2, Eq. (1) implies duality in the presence of event e:
transition on e (Xr) or not (X̄r). This extension results in a non-deterministic
finite automaton (NFA) [12]. Fig. (1) is a non-deterministic finite automata
model of the lifecycle of the CTL (and follows notation explained in Table 1).
E is the set of events the model, and consists of both deterministic and non-
deterministic elements. We define a subset of three critical non-deterministic
events S ⊂ E as: S = {e2,8, e3, e5}. Each ei ∈ S is defined as follows:

e2, e8 An infected antigen presenting cell will be destroyed by a bound cyto-
toxic lymphocyte cell which recognises it. Recognition is a function of the
distance between the two cells in shape space.

e3 An activated proliferating immune cell (state ctl+�) will normally end
clonal expansion on the event 〈e3 : age(ctl+�) > 192〉.

e6 The fraction of effector T cells entering the long-lived memory pool. Nor-
mally the majority of activated effector cells undergo programmed cell
death (apoptosis) at the end of primary response. However, recruitment
to the memory pool consumes around 5 − 10% of activated CTL [13,14,
15], thus, a further stochastic transition occurs on e6, with of ctl+† enter
ctl+• on event 〈e6 : age(ctl+†) ≥ 192〉.

erpt Repeated reinfection events, resulting in repeated doses of infected antigen
presenting cells introduced into the simulation, at timestep τ + 300n, n =
0, 1, ..., 9.

Each of the above events (en) has an associated probability ψn. The set
{ψ1, ψ2, ψ3, ψ4}, therefore fully describes each simulation configuration of the
model (all other parameters being kept constant). In the results presented in the
following section, we define the following four experimental onfigurations of P:

1. P1 : {0.9, 0.9, 0.9, 0.0}
2. P2 : {0.9, 0.9, 0.95, 0.0}
3. P3 : {0.9, 0.9, 0.9, 1}
4. P4 : {0.9, 0.9, 0.95, 1}

The first two configurations of P test the fidelity of the model response when
confronted with a singular secondary infection event some 30 days after the initial
infection. The first configuration represents a normal response and is intended to
calibrate the model for near optimal conditions. For P1, we would expect to see
CTL production levels broadly characterised by low, elongated peak for primary
infection, followed by an increase in memory CTL. Another expected observation
2 in that P (Xr|e) = 1
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Fig. 1. A seven-state non-deterministic finite automata of the cytotoxic lymphocyte
cell lifecycle. Transition events (en), which carry the same label, are non-deterministic.

is APC clearance: over some 6− 10 days for primary response, and significantly
faster during secondary response. The second configuration is an increase in ψ3
from 0.9 to 0.95 and is intended to test the impact of a 5% decline in the number
of cells which transition to the effector memory state (ctl+† → ctl+⊕). Some viral
infections are known to case damage or loss of the memory pool [16], and we
test to see the impact this has on our model. We test repeated reinfection with
normal and depleted memory cell production (P3 and P4, respectively). Many
pathogens are known to lead to acute and persistent viral infections, and we test
the importance of memory cell production in these cases. Again we deplete the
memory production by 5% and study the consequences of this loss. Section 4.1
examines the results of persistent infection in our model.

4 Results

The model is initially executed with parameter set P1 and P2 (with no repeat
reinfection), and the results are shown in Fig. 2. In (a), the initial infection
is visible at τ = 0 with pathogen density pd = 5000, (the broken line) and
consequent effector response reaching a maximum value at τ = 300, with ed =
8.2 × 103. Fig. 2(b) shows the antigen presenting cell population level (only).
No memory cells are present during primary response, and as such, the effector
cell population is made up entirely of clones produced by stimulated precursor
cells. To the right of each effector cell peak is a plateau of memory cells. The
slope of the CTL density peak is extreme, indicating that the state transitions
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Table 1. Notation and definition of model entity states

Notation Definition

ctl− naive recirculating effector precursor

ctl+� proliferating lymphocyte

ctl+• dead activated lymphocyte (apoptosis)

ctl+⊕ activated memory effector

ctl+⊕� activated proliferating memory effector

ctl+⊕† activated memory effector

ctl+† armed activated effector

apc+ active infected antigen presenting cell

apc+• dead infected antigen presenting cell

from ctl+� to ctl+† to ctl+⊕ (or ctl+•) occurring with a high degree of certainty.
At time τ = 1500 (day 31), secondary exposure to the same pathogen occurs,
and the model exhibits following general behaviour: (i) the secondary immune
response is preceeded by a pool of committed CTL memory cells which have
already been primed to respond to the re-appearing pathogen, (ii) the activated
CTL density is some 10 times higher than primary response, and does not last as
long, and (iii) the pathogen is reduced to half its original level much more rapidly
than during primary response. With P1, the model exhibits efficient detection
and clearance behaviour associated with a healthy immune system. From Fig.
2, it can be seen the advantage in both time and infected cell clearance which is
conferred on a response based largely on memory: the half life of the virus during
primary response is around 3.25 days, with 90% pathogen clearance achieved at
around τ = 480, or 10 days of simulation time. Compared to secondary response
on reinfection we see an infected cell half life of τ ≈ 60 or 1.25 days - an efficiency
of around 87%. Effectively, this is because memory cells, having already been
primed by a previous encounter with the specific pathogen, undergo expansion
with lower death rates than during primary response: they therefore accumulate
more quickly [17]. The results for P2 are shown in Fig. 2(c) and (d). Here,
the probability of entering apoptosis is increased from 0.9 to 0.95. This means
that the memory cell population would be around 5% of that activated effector
population post-primary response. Recent work (notably [17]) has shown that
some ≈ 90% of activated effector undergo apoptosis after primary response.
Therefore, ψ3 = 0.95 would represent an unusually high suppression of memory
function. Clearly, the reduction of memory effector production should not effect
primary response, and this is borne out by CTL density levels prior to τ = 1500
(c). We see a normal 10-day clearance regime (d) during primary response, but
a less effective response during reinfection: in fact, the memory cell pool in the
time range 500 ≤ τ ≤ 1500 has fallen to ≈ 500. Once reinfection occurs, the APC
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Fig. 2. CTL and pathogen lattice density levels (a),(c) over a simulated 62.5 day period,
with an initial infection at time τ = 0 and a reinfection by the same pathogen occurring
at τ = 1500, for 3 values of P. Antigen presenting cell (APC) density is shown by the
broken line, with the solid line indicating levels of effector memory and activated cells
combined. For clarity, (b),(d) show population levels for APC for each P.

population is cleared some 31% more effectively than during primary response.
The APC half life is τ = 108, 90% clearance is achieved after reinfection at
τ ≈ 1788 (or some 5.9 days of simulated time). However, the characteristics of
P2 are significantly degraded compared to that observed in P1.

4.1 Persistent Reinfection

Some viral pathogens are capable of persistent reinfection, in that, although pop-
ulation levels of infected antigen presenting cells may decline in response to clear-
ance pressure by a specific CTL response, over time, the number of infected cells
rises to chronic and sometimes acute levels. Examples of such viruses are HIV,
HTLV, hepatitis C (HCV), hepatitis B virus, CMV EBV and rubella [16]. Such
persistent reinfection pathogens have been associated with normal immune func-
tion suppression. In this section, we simulate persistent reinfection by randomly
scattering a repeat ‘dose’ of the pathogen, introduced at τ +300n, n = 0, 1, ..., 9.
This reinfection pattern is a represents a resurgence of infected cells every 6.25
days, in discrete bursts. The results of this simulation are shown in Fig. 3.

With respect to Fig. 3 (a), the response to the first reinfection is clearly
strong: some 3.8× 105 lymphocytes are generated and the reinfection is rapidly
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Fig. 3. The model is exposed to repeated infection events, arising at time τ = 300n, n =
0, 1, ..., 9, equivalent to an infection every 6 days.

eliminated. As further infections arise starting at τ = 600, the existing memory
pool never falls below 1.8 × 105, and is critical in bringing the repeated rein-
fections under control in time periods (b) which rarely exceed 130 timesteps
(or 2.8 days of simulated time). We also see from (a) that slightly lower re-
sponses are sufficient in order to effect optimal clearance. Results from (a) and
(b) support the clinical findings that the memory cell levels tends to be higher
after secondary and tertiary infections [17], which in turn, supports the clinical
practice of vaccination boosting. Finally, when the simulation is executed with
diminished memory cell creation and repeatedly stressed with reinfection (P4),
average primary and secondary response levels are similar (around 1.2 × 104).
Each response is characterised by rapid expansion and reduction of effector lym-
phocyte clones. There are no memory cells to confer clearance advantage, and
each response is initiated from low levels (around 1.2× 102).

5 Discussion and Conclusions

The approach taken in this research was to construct a stochastic model of the
effector T cell lifecycle, in order to study a distribution of possible simulation
outcomes. We have shown how the model reproduces well the time and space
dynamics of initial and secondary infection. In addition, we believe the research is
valuable in modelling the relationship between repeated reinfection and effector
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cell transition to memory or apoptosis. We have demonstrated how repeated
reinfection can be controlled only within a limited range of ψ3: too much memory
causes the lymphatic compartment to fill-up, too little memory induces the need
for clonal expansion from naive precursor cells, and a elongated APC clearance
profile. When the ratio of apoptosis to memory is ‘just right’ (0.88 ≤ ψ3 ≤ 0.92),
antigen presenting cell levels (during repeated reinfection) are brought under
control in increasingly rapid time frames. The next steps in this research are
to test the homeostasis of our model: where does the model break down, and
what insight does this provide. Very recent clinical work [16] suggests that the
immune system must periodically preferentially eliminate some memory cells
which exhibit poor cross-reactivity. One of the benefits of the the stochastic
effector T cell lifecycle model presented here is the relative ease with which this
theory could be investigated. The benefits of selective memory cells reduction
may form the basis of further work with this model.
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Abstract. Evolution of a population consisting of individuals, each holding a
unique “genetic code”, is modeled on the 2D cellular automata lattice. The “ge-
netic code” represents three episodes of life: the “youth”, the “maturity” and the
“old age”. Only the “mature” individuals can procreate. Durations of the life-
episodes are variable and are modified due to evolution. We show that the “ge-
netic codes” of individuals self-adapt to environmental conditions in such a way
that the entire ensemble has the greatest chance to survive. For a stable envi-
ronment, the “youth” and the “mature” periods extend extremely during evolu-
tion, while the “old age” remains short and insignificant. The unstable environ-
ment is modeled by periodic plagues, which attacks the colony. For strong
plaques the “young” individuals vanishes while the length of the “old age” pe-
riod extends. We concluded that while the “maturity” period decides about the
reproductive power of the population, the idle life-episodes set up the control
mechanisms allowing for self-adaptation of the population to hostile environ-
ment. The “youth” accumulates reproductive resources while the “old age” ac-
cumulates the space required for reproduction.

1   Introduction

The cellular automata paradigm is a perfect computational platform for modeling
evolving population. It defines both the communication medium for the agents and
the living space. Assuming the lack of individual features, which diversify the popu-
lation, the modeled system adapts to the unstable environment, developing variety of
spatially correlated patterns (see e.g. [1-3]). Formation of patterns of well-defined
multi-resolutional structures can be viewed as the result of a complex exchange of
information between individuals and the whole population.
      Another type of correlations - correlations in the feature space - emerges for the
models of populations in which each individual holds a unique feature vector evolving
along with the entire system [4].  The aging is one of the most interesting puzzles of
evolution, which can be investigated using this kind of models.
      It is widely known that the aging process is mainly determined by the genetic and
environmental features. The most of computational models of aging involving genetic
factor are based on the famous Penna paradigm [5,6]. This model uses the theory of
accumulation, which says that destructive mutations - which consequences depend on
the age of individual - can be inherited by the following generations and are accumu
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lated in their genomes.  The Penna model suffers from the following important limita-
tions.
1. The location of the individuals in space is neglected, thus the system evolves in

spatially uncorrelated environment with unbounded resources.
2. Only two episodes of life are considered, i.e., the “youth” and the “maturity”. The

durations of the two are the same for each individual. The “old age” is neglected.
In this paper we propose a new model, complementary to the Penna paradigm.  It does
not consider genetic mutations. Instead, it allows for studying the influence of envi-
ronmental factors on the aging process.
       The paper is constructed as follows. First, we describe our algorithm, its principal
assumptions and implementation details. In the following section we discuss the re-
sults of evolution and self-adaptation of population to the hostile environment repre-
sented by periodic plaques. Finally, our findings are summarized.

2   CA Model of Evolution

Let us assume that an ensemble of S(t) individuals is spread on 2D N×N mesh of
cellular automata (CA). The mesh is periodic. Each individual, residing in (i,j) node,
is equipped with a binary chain – the “genetic code” - of length L. The length and the
number of “1”s in the chain correspond to the maximal and actual life-time of indi-
vidual, respectively. Only “1”s from “genetic codes” of each individual are read one
by one along with the evolution while “0”s are skipped. Afterwards the last “1” has
been read, the individual is deleted from the lattice. The individuals are treated as
independent agents, which can move and reproduce according to recombination
(cross-over) operator from the genetic algorithms. The code chain consists of three
sub-chains corresponding to three episodes of life: the “youth” y, the “maturity” m
and the “old age” o. They do not represent biological age of individuals, but reflect
their reproduction ability. Only the “mature” individuals from the Moore neighbor-
hood [7] of an unoccupied node of CA lattice are able to reproduce. Every individual
can move randomly on CA lattice if there is a free space in its closest neighborhood.

Let A = {aij}NxN is the array of possible locations of individuals on the 2D
NxN lattice of the cellular automata. The value of aij∈ℜ, ℜ={0,1}, where “0” means
that the node is “unoccupied” and “1” that it is “occupied”. An individual is defined
by corresponding “genetic code” αij∈ℜL such that:

     if (aij = 1) then (i,j) → ‘is occupied’;
          αij → [yij, mij, oij];
          yij   → [yij

1,yij

2,..., yij

l],  mij  → [mij

1,mij

2,..., mij

m], oij   → [oij

1,oij

2, ..., oij

n],
                             ∧ yij

k, mij

k, oij

k ∈ {0,1}, L=n+m+l
else
          (i,j) → ‘is unoccupied’ and αij → 0

In Fig.1 we show the sequence of instructions describing the process of evolution.
The binary vectors yij, mij, oij represent the subsequent episodes of individual life: the
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“youth”, the “maturity” and the “old age”, respectively. The values of l,m,n are the
maximum lengths of each of the episodes while their actual durations are equal to the
number of “1”s in the corresponding vectors yij, mij, oij. The symbol Ω denotes the
classical recombination operator from the genetic algorithms, t is the number of gen-
eration cycle (time), p(αij)  is the unitation operator, (i.e., it returns the number of
“1”s in αij chain) and the function pk( ) is the “counter” operator defined as follows:

∀ (aij = 1 ∧ p(αij) ≥  k); pk(αij) =  k.

Fig. 1. The pseudo-code describing evolution rules.

We assume that, the population can be attacked by a plaque represented by “seeds”.
The “seeds”, which are generated periodically in time, are scattered randomly on the
CA lattice. The strength of the plague is defined by ε0 - the ratio between the number
of “seeds” and the total number of individuals. If a “seed” is located at the same place
as the population member, both are removed from the lattice. Otherwise, the “seed”
moves randomly on the CA lattice until it “annihilates” with the first encountered
individual. The “seeds” cannot reproduce.

Our system consisting of elements with “genetic codes” evolves not only on
CA lattice but also in the abstract multi-dimensional feature space ℜL represented by
the coordinates of binary chains αij. As shown, e.g., in [4], the clusters of similar
individuals are created both on the mesh and in the feature space ℜL due to the ge-
netic drift. These clusters can be extracted using clustering algorithms [8,9] and then
visualized in 3-D space by employing multidimensional scaling (MDS) algorithms
[8,9].
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3 Results of Modeling

The parameters assumed for a typical run are shown in Tab.1. The periodic lattice of
cellular automata 200x200 and 100x100 were considered as optimal ones balancing
well adequate representation and computational requirements. These parameters are
also sufficient to obtain stable populations and partly eliminate boundary effects.

Table 1. The parameters for typical simulation.

Lattice size (N×N) 100×100, 200×200 Mobility factor ∈(0,1) 1
Initial density (P0) 0.2 – 0.5 Probabability of reproduction 1
“Youth”   - length 32 Probabability of mutation 0
“Mature”  - length 32 Plague period 50
“Old age” - length 32 Dose (ε0) 0.4

At the start of evolution, the population is generated randomly with P0 density
(P0∈(0,1), see Tab.1). Because all individuals are initially “young”, the evolution
scenario depends strongly on P0 (see Fig.2). For both too large and too small P0 val-
ues, after some time, the number of offspring can become marginal in contrast to
massive extermination of “old” individuals from the initial population. This may lead
to fast extinction of the whole population. This effect can be considerably reduced by
increasing mobility factor of individuals, their life-time and initial diversity of popu-
lation.

Fig. 2. Various scenario of the growth of population size in time for increasing P0 (initial
population size). The simulation was started assuming that all the individuals are “young”. The
CA lattice of size 100x100 was simulated.
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We have assumed additionally that:
• the length L of the vector representing the “genetic code” is equal to 96,
• the lengths of vectors y, m, o are identical, i.e., l=m=n=32 (see Definition 1).
The value of L was selected intentionally to have more compact representation (thus
more efficient code) of individual, whose “genetic code” can be implemented then as
three float values. The value of L cannot be too small due to statistical validity (the
number of “1”s in various episodes of individual’s life has initially the Gaussian dis-
tribution) and due to high sensitivity of the system on various simulation conditions.
Other configurations and vector lengths were also examined. The first conclusion is
that, the individuals, even those with the same life-time lengths L, can behave in vari-
ous ways depending on the lengths of subsequent life-episodes y, m, o. On the one
extreme, the population with too short “maturity” period will die quickly. On the
other, the populations with greater reproduction potential (defined by the length of m
vector) will tend to fill the m part of vector α with “1”s. This is due to the population
members who are “mature” for a longer time, have a greater chance to reproduce and
pass their “genetic code” to other generations. One can expect that the similar behav-
ior will be observed for “idle” episodes of individual’s life i.e., the “youth” and the
“old age”, i.e., the individual’s life-time will increase due to the evolution to the
maximum length L. However, the situation is completely different.

 

0 

200 

400 
600 

800 

1000 

1200 

1 5 9 13 17 21 25 29
length 

P
op

ul
at

io
n 

si
ze

 maturity youth old age

 

0

500

1000

1500

2000

2500

1 5 9 13 17 21 25 29 
length

P
op

ul
at

io
n 

si
ze

 

maturityyouth old age 

Fig. 3. The histograms representing the number of individuals with various lengths of y, m, o
life-episodes. For initial generation of individuals the distributions are similar (the plot on the
left), but after g=2000 steps they diversifies considerably (the plot on the right).

Let us assume that initially the distribution of “1”s in each of the three episodes of life
is Gaussian and there are in average 16 “1”s in each of y, m and o vectors. These
initial conditions are shown in Fig.3a. After t=2000 time-steps, the situation consid-
erably changed. The distributions of “1”s for each period of life undergo strong diver-
sification (Fig.4b).

As displayed in Fig.4, the distribution of individuals both on the CA lattice and in
the feature space, changed also dramatically. Instead of initially chaotic configuration
of individuals populating 2D lattice, they form distinct clusters. The individuals be-
longing to the same cluster are similar according to the Hamming distance in the L-D
feature space. As shown in Fig.4b there exist four distinct “families” of individuals in
the feature space. In Fig.4a we show them projected onto the CA lattice.
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a) b)

  

Fig. 4. Clusters of individuals on 2D lattice (a) and in the feature space (b). Single plate in
Figs.4b corresponds to a group of individuals with identical “genetic codes”. Fig.4b shows the
result of k-mean clustering in the L-D feature space transformed by using multi-dimensional
scaling to 3-D space. Various colors in b) indicate the spurious clusters obtained using k-means
clustering scheme. While colored 2-D clusters on the CA lattice in Fig.4a represent the four
clusters recognized visually from Fig.4b.

The continuation of the evolution from Fig.4 produces a stable attractor, which con-
sists of four “families” of individuals, which have exactly the same “genetic codes”.
The codes differ between clusters only on two bits positions. Therefore, the offspring
generated due to recombination belong to one of the existing clusters. We did not
obtain any global solution with only one large cluster of individuals having the same
genetic code. It means that the fitness factor for the populations of individuals with the
three life periods is not a trivial, increasing function of the length of life. This is unlike
for populations, which are “mature” and ready for reproduction during the whole life-
time (L=m, l,n=0). In this case the attractor of the evolution process would consist of
individuals with “genetic codes” filled exclusively by “1”s.
    The most basic features of attractors resulting from modeling are collected in
Tab.2. As shown in Tab.2, where apart from the “natural” elimination - resulting from
the limited life-time inscribed in the “genetic code” - there are not any other lethal
factors, the “maturity” period fills with “1”s after relatively small number of evolu-
tion cycles t. This is obvious because longer ability of reproduction gives a greater
chance for passing the genetic code to the offspring. By extending the evolution time
about threefold, also the “youth” vector will be filled with ‘1’s. Surprisingly, even
much longer simulation does not affect the “old age” vector. It remains the mixture of
“1”s and “0”s. This observation confirms also for:

• variable lengths of y,m.o (l≠m≠n),
• long “old age” period (n=64),
• much shorter remaining episodes (l=16, m= 24, respectively).
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Table 2. Number of “1”s in the average “genetic chains” of different lengths for corresponding
episodes of individual’s life after 50,000 time-steps. “mix” -  the mixture of “0”s and “1”s,
“perished”  - the population deceases quickly.

YOUNG MATURE OLD
1 No plague

(32,32,32)
(16,16,16)

(8,8,8)

32
16
8

32
16
8

mix
mix
mix

2 No plague
(16,24,64)
(8,32,64)
(0,40,64)

3
1
0

24
30

perished

mix
mix

perished
3 Plague period < L

(32,32,32)
(32,32,0)
(0,32,32)

0
0
0

32
32
32

mix
0

mix
4 Plague period >L

(32,32,32) 0 32 0
5 Plague period < L

(8,8,8) 0 8 mix
6 Plague period >L

(8,8,8) mix 8 0

a) b)

   
Fig. 5. The histograms of individuals vs. their age for a) stable (l=32, m=32, n=32), and b)
unstable (l=0, m=40, n=64) populations.

Surprisingly, further decrease of the “youth” episode (l=8, m=32, n=64) with respec-
tive extension of the “maturity” episode weakens considerably the population. For
(l=0, m=40, n=64) it dies eventually. This behavior shows that the “youth” period
accumulates reproductive ability of the population. If released too fast it will cause
non-uniform aging (see Fig.5b), which may result in fast extinction of the whole
population.
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As depicted in Fig.6, the population attacked by the periodic plague dies if the
strength (“Dose” in Tab.1) of the plague ε0, defined as the ratio of the number of
“seeds” to the number of individuals, and/or its period exceeds a certain threshold.

a) b)

 

Fig. 6. a) The influence of periodic plague (thin line) on the number of individuals (thick line).
b) The number of individuals (thick line) eliminated by the periodic plague (thin line) in time.

The attractors (i.e., the non-evolving populations of individuals with similar “genetic
codes” obtained due to the long evolution) in a stable environment die very quickly
due to the lack of adaptation ability represented by diversification in the “genetic
codes” of individuals. For example, a uniform population (e.g., see Tab.2 for
l=m=n=32) obtained after long evolution (t=50,000 time-steps) and attacked then by
the plague extincts during the following 100 steps. The same population, but this time
infected at the early stage of evolution (after t=200 steps) survives. The “genetic
codes” of individuals self-adapt to the unstable environment. As shown in Tab.2, the
“genetic codes” of attractors of attacked population are different than those obtained
for the stable environment. Moreover, they differentiate depending on the period of
the plague.
     For the outbreak with a period shorter than the average life-time of individuals, the
“youth” episode, as the obstacle for fast reproduction, is eliminated completely (all
“0”s in vector y). Surprisingly, the “old age” period remains relatively long. Because
the population can have not enough time for reproduction between subsequent
plaques, it has to elaborate sophisticated control mechanism of growth. Let us assume
that:
1. the “old age” is inhibited (n=0) and the population consists of only “mature”

individuals,
2. the majority of individuals are eliminated by the plaque from the lattice in a very

short time.
At the very moment when the plaque ceases, all survivors will produce many new-
borns due to plenty of free space on the lattice. Therefore, after some time, the indi-
viduals of a similar age and approximately the same life-time will dominate in the
population. Their simultaneous death will weaken the population (see Fig.5b). Thus,
the number of “mature” individuals, which survive after the following disasters, may
be too small to initiate new generations and the population may extinct eventually.

Assuming that the “old age” episode is greater than 0 (n>0), post-plaque
demographic eruption (resulting in demographic catastrophe after some time) can be
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much smaller than for n=0. It is easy to remark that the demographic eruption will be
monotonically decreasing function of n because only the “mature” survivors have
reproductive ability. Moreover, the existence of “old” individuals will decrease the
probability of reproduction. The replacement of “old” individuals with newborns will
be also postponed and possible only after their death. All of these demographic in-
hibitors cause that the post-plaque reconstruction of the population takes more time
than in the previous (n=0) case. Instead, the age distribution in the population is more
stable (see Fig.5a). Thus the population allowing the “old age” episode is stronger and
has a greater chance to survive in unstable environment than that consisting of only
“mature” individuals. We can conclude that the “old” individuals accumulate the envi-
ronmental resources (free space) for stable growth eliminating dangerous post-plaque
effects such as demographic eruptions.
    When the plague period is greater than the average life-time of individuals
and simultaneously the “strength” of the plague increases, the “old age” is also elimi-
nated due to evolution. This is because the population has enough time for reproduc-
tion and demographic minimum does not coincide with the plaque.

4 Concluding Remarks

We have discussed the influence of the lengths of three life-episodes: the “youth”, the
“maturity” and the “old age” on population evolution. Of course, their duration of
depends on the biological construction of individuals. The organism requires a mini-
mum time to grow-up and be ready for reproduction. However, the terms “youth”,
“maturity” and “old age” used in this paper have not only biological meaning. Envi-
ronmental factors influence both reproduction ability and the life-time. They may
cause that the same organism can be treated as “young”, “mature” or “old” independ-
ently on his age.
           Summarizing our findings, we can conclude that “maturity” period decides
about the reproductive power of the population and its survival ability. Thus the
population increases its length to a maximum value allowed. The idle episodes of life,
i.e., the “youth” and the “old age” play the role of accumulators of the population
resources and control their growth. The “youth” accumulates reproductive resources
while the “old age” accumulates the space required for reproduction. The idle life-
episodes develop the control mechanisms, which allow for self-adaptation of the
population to unstable environment.
1. In the case of a stable growth the reproductive resources are accumulated in the

“youth” episode of life. The “old age” remains the secondary control mechanism.
2. For periodically infected populations with the period longer than the average

length of the life-time L the population is biased only for reproduction, eliminat-
ing idle episodes of life.

3. For strong enough and frequent pests the „old age” remains non-zero accumulat-
ing additional space required for burst-out of population just after the plague
vanishes.
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Many aspects of the model have not been explored yet. For example, the influence of
lethal mutations and other hostile environmental factors on the survival ability of the
population. However, our model can be an interesting complementary constituent to
the Penna paradigm of aging.
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Abstract. This paper introduces a Cellular Automata (CA) approach
to spatiotemporal data mining (STDM). The recently increasing interest
in using Genetic Algorithms and other evolutionary techniques to iden-
tify CA model parameters has been mainly focused on performing artifi-
cial computational tasks such as density classification. This work investi-
gates the potential to extend this research to spatial and spatiotemporal
data mining tasks and presents some preliminary experimental results.
The purpose is twofold: to motivate and explore an evolutionary CA
approach to STDM, and to highlight the suitability of evolutionary CA
models to problems that are ostensibly more difficult than, for example,
density classification. The problem of predicting wading-bird nest site
locations in ecological data is used throughout to illustrate the concepts,
and provides the framework for experimental analysis.

1 Introduction

Space-time dynamics are ubiquitous in both real-world and artificial systems.
The recently emerging field of spatiotemporal data mining (STDM) opens up a
number of possibilities for the integration of previously distinct research areas.
Cellular Automata (CA) techniques, in particular the use of Genetic Algorithms
and other evolutionary approaches to learn the transition rules from given pat-
terns, show great potential to be combined with data mining techniques in order
to tackle problems of previously prohibitive complexity. They can also give in-
sight to improve on previous approaches.

In order to illustrate our approach, we use a classic problem in spatial data
mining - the prediction of nest site locations in a wading bird ecology - and
examine the merits and difficulties of applying an evolutionary CA approach.
The data consists of nest site locations and environment variables (e.g. vegetation
type, water depth). Given a set of spatial patterns (the training data), the aim is
to construct a CA neighbourhood and transition rule such that they will predict
the locations (or significantly aid prediction) of nest sites on unseen data sets
consisting of the environment variables only.

Genetic Algorithms have been used to discover CA rules that will perform
computational tasks such as density classification (complete cellular grid to be-
come one of two states depending on which had the higher initial density) [1],

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 474–483, 2004.
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synchronisation (all cells to flash on and off in synchrony) and most recently pe-
riod three and quasiperiod three behaviours [2]. They have also been applied to
identifying the neighbourhood and transition rules that will recreate spatiotem-
poral patterns generated by CA [3]. The closest in nature to our work is that of
Richards et al. [4] who also look at extracting cellular automata rules directly
from experimental data. In their case the data relate to the dendritic solidifica-
tion of NH4Br. The key theme here is to expand this concept to more complex
multivariate scenarios.

Section 2 introduces spatiotemporal data mining through a formal treatment
of the location prediction problem. In section 3 we motivate and present our
evolutionary CA model. Section 4 details the experimental setup and contains
preliminary results and analysis. Finally, section 5 concludes and discusses future
work.

2 Spatiotemporal Data Mining

Spatiotemporal data mining is a relatively recent expansion of data mining tech-
niques to take into consideration the dynamics of spatially extended systems for
which large amounts of data exist. Given that all real world spatial data exists
in some temporal context, and knowledge of this context is often essential in in-
terpreting it, spatial data mining is inherently STDM to some degree. Although
time series and spatial data mining have existed as research fields for a num-
ber of years independently, they have been growing towards a synthesis that is
inherently multi-disciplinary.

2.1 The Location Prediction Problem

This multi-disciplinary nature is borne out by the fact that a well known and
thoroughly researched spatial data mining application is that of predicting nest
site locations in an ecological data set. A particular data set was first considered
by Ozesmi [5] in an ecological modelling context, and then taken up as a spatial
data mining problem by Shekhar et. al. [6].

Following [6], the problem is defined as follows: Given

– A spatial framework S of sites {s1, ..., sn} for an underlying geographic space
– A collection X of explanatory functions fXk

: S → IRk, k = 1, ...,K. IRkis
the range of possible values for the explanatory functions

– A dependent class variable fC : S → C = {c1, ..., cM}, cm ∈ {0, 1}

Find: Classification Model f̂C : IR1×, ...,×IRk → C

In [6], a number of approaches are compared both theoretically and exper-
imentally. In order to gain insight regarding spatially dependent multivariate
processes, and to motivate the use of an alternative technique, these approaches
are also briefly reviewed here in order of increasing sophistication.
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Linear Regression. The classical linear regression equation does not attempt
to model spatial dependence. It is defined as

y = Xβ + ε (1)

where β = (β0, ..., βm)T , y is an n-vector of observations and X is an n×m
matrix of explanatory data. This is then transformed from a real-valued variable
to binary via the logistic function, Pr(ci|y) = ey/(1+ey). When the samples are
spatially related, the residual errors reveal a systematic variation over space.

Spatial Autoregressive Models. In order to model spatial dependence, a
spatial contiguity matrix is used. The essential idea is that spatial locations which
are neighbours are coupled through an entry in the matrix. The simplest form is a
binary matrix where entries are either 1 or 0 depending on a Euclidean adjacency
metric, however ‘neighbours’ can be defined in any fashion and non-zero elements
are often scaled to sum to unity in each row. Figure 1 shows an example spatial
framework and figure 2 a corresponding row-normalised contiguity matrix where
cells that share an edge have double the weighting of cells that are diagonal
neighbours. The modified regression equation is

y = ρWy +Xβ + ε. (2)

The dependence on neighbouring classes is exerted in a static fashion through
the contiguity matrix. The fact that it is at heart a logistic regression model
means there is an assumption that the class conditional distribution belongs to
the exponential family.

Markov Random Fields. A more sophisticated approach is to model the
data as a Markov Random Field (MRF). A MRF-based Bayesian classifier is a
non-parametric model which, unlike logistic regression, is not bound to make
assumptions that the class conditional distribution belongs to a particular fam-
ily. A MRF explicitly models the relative frequencies in the class prior term.
Conceptually it is therefore more suited to the real-world nonlinearity of this

S1 S2

S4S3

Fig. 1. An example spatial frame-
work

S1 S2 S3 S4
S1 0 0.4 0.4 0.2
S2 0.4 0 0.2 0.4
S3 0.4 0.2 0 0.4
S4 0.2 0.4 0.4 0

Fig. 2. Row-normalised contiguity
matrix for the spatial framework
shown in figure 1
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problem and accordingly has the best experimental performance in the study in
[6].

MRFs consist of a set of random variables with an interdependency rela-
tionship represented by an undirected graph which is analogous to the spatial
contiguity matrix. The Markov property contends that a variable depends only
on its neighbours and is independent of all other variables. For this problem,
that means random variable li is independent of lj if W (si, sj) = 0, where W is
the neighbourhood relationship contiguity matrix.

Using Bayes rule it is possible to predict li from feature value vector X and
neighbourhood class label vector Li as follows:

Pr(li|X,Li) =
Pr(X|li, Li)Pr(li|Li)

Pr(X|Li)
(3)

Where Li is the label vector for the neighbourhood of i.

2.2 The Curse of Dimensionality

Despite its theoretical ability to encode complex probabilistic relationships in-
volving multiple variables without reliance on any assumptions about the dis-
tributions of class variables, the actual solution procedures for MRFs require
large amounts of training data and/or a number of limiting assumptions on
Pr(X|li, Li). This is because the graph of a Markov field must connect all pairs
of variables that are conditionally dependent even for a single choice of values
of the other variables [7]. In other words, it is hard to encode interactions that
occur only in a certain context and are absent in all others. An example would
be that the probability of a nest site occurring in a location with a certain com-
bination of environment variables is very different when there happens to be
three or more birds within a certain distance of that location. In many situa-
tions these assumptions may be acceptable, however if there is a high degree of
attribute interaction this is not necessarily the case. Attribute interaction is a
crucial theme in data mining [8] and is common in many complex real-world sys-
tems. The ‘curse of dimensionality’ is the situation where there is a high degree
of attribute interaction over a sparse amount of data.

3 Evolutionary CA for Data Mining

The importance of approaching analysis of complicated systems with the goal
of understanding rather than prediction is becoming more widely acknowledged.
This places the emphasis on dynamic process rather static pattern, as noted by
[9]. A model that has such a characteristic is Cellular Automata. CA are well
suited to a high degree of attribute interaction and sparse data because they are
not a statistical model of the system which requires a large amount of data to
give ‘support’ to the probability distributions. Instead they are a model that can
map every state of the environment to a state of the dependent variable. The



478 A. Campbell, B. Pham, and Y.-C. Tian

penalty for such flexibility however is that it is required to search a potentially
massive parameter space for the correct rules.

Evolutionary methods are highly suited to such a problem and have been
used to evolve CA transition rules for a number of computational tasks. The key
theme of evolutionary approaches is that the behaviour of the system is defined
implicitly by a fitness function measuring the difference between the candidate
solution and the desired solution. No explicit knowledge is needed to show the
system how to perform the task.

The line between a forward CA approach - conscious programming of CA
rules with a resultant behaviour in mind - and a backward or inverse approach
where no a priori knowledge is used and the desired behaviour is the only guide,
is inherently indistinct. The nature of the relationship mirrors closely the mining-
modelling one mentioned previously. In the CA literature this type of problem
seems to have been predominantly approached in a forward sense. Examples of
this abound especially in urban modelling [10,9] and, perhaps closer in form to
our problem, in vegetation dynamics [11].

The problem is approached here in an inverse sense because from a data
mining perspective this means there is no explicit requirement for prior domain
knowledge. It also ensures the possibility to discover rules that are counter-
intuitive and/or too complex to program consciously. Thus it is both more flex-
ible and more general. In the evolution of a complex, high-dimensional system,
it is often the case that there are only a relatively small number of degrees of
freedom which contribute (above a certain threshold, which is indistinguishable
from noise) to the dynamics, such that the attractor of such a system can be
reconstructed in a greatly reduced state space. We see these two characteristics
as analogous which motivates us to look for a parsimonious rule-set that will
represent the important factors in nesting behaviour. Having said that, the im-
mense size of state space is still a huge obstacle, and the method proposed here is
intended only as a complementary approach: in combination with domain knowl-
edge and other data mining techniques it offers the chance to discover nonlinear
spatial and spatiotemporal relationships, even in the face of sparse data.

3.1 Cellular Automata Model Definition

The model we propose is a synchronous two-dimensional Cellular Automata
where data belonging to each grid-cell is the basis for the state of a cell in
the cellular lattice. More precisely, each cell’s state can be split into two parts.
The first is the three independent variables: distance to open water, vegetation
durability, and water depth; these remain constant for the duration of each
simulation run. The second state denotes the presence or absence of a nest site -
this state will be more typical of a CA in that it will be recalculated at each time
step according to the current rules. The first state can be collectively thought of
as the landscape in which the simulations take place. The second can be thought
of as the progressive spatial distribution of the birds as they are drawn towards
the attractor which characterises their nest site behaviour.

Our CA can initially be defined as: CA = 〈Ω,Q,N, I, f〉
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Where:

– Ω = {(i, j)|1 ≤ i ≤ Lx, 1 ≤ j ≤ Ly} is the Lx × Ly lattice of cell sites
– Q is a finite set of cell state values
– N is a neighbourhood template
– I : Ω → Q is the initialisation function
– f : Q×Q|N | → Q is the transition function

Incorporating the two-part cell state values we have Q = {Ql, Qn}, where:

Ql = {DOW,V,WD}, Qn = {0, 1} (4)

Where Ql is the state of the landscape consisting of DOW - distance to open
water, V - vegetation durability, and WD - water depth. Qn is the presence or
absence of a nest site.

The transition function becomes:

f : Ql ×Qn ×Q|Nl|
l ×Q|Nn|

n → Qn (5)

Where Nn is the neighbourhood for nest sites and Nl is the landscape neigh-
bourhood. We may additionally wish to have different sized neighbourhood for
each individual landscape variable depending on domain knowledge that certain
variables have a larger influence.

3.2 Genetic Algorithm Model Definition

Similar to a number of evolutionary CA papers we use a standard CA-GA model
of GA = {P, T, ρ,G,E}, where P is population size of candidate rules, T is the
number of CA time steps, ρ is the mutation rate, G is the number of generations
and E is the number of elite rules. However, unlike the artificial computational
tasks tackled by other evolutionary CA methods which aim to converge to a
particular target configuration, we are looking to learn a complex probability
distribution that represents the nest location ‘behaviour’ of the wading birds. In
order to realistically rate the ability of a CA rule to do this, it is necessary to
run the GA on a number of training configurations (of target nest site locations)
which follow some predetermined probability distribution. Also, the number of
CA time steps before the fitness is measure is nonstandard, and is discussed in
the next section.

The fitness function of a rule is perhaps the most crucial ingredient in a suc-
cessful GA. Our fitness function takes into account spatial accuracy so that con-
figurations which are spatially near the target configuration are still rewarded.
This may be crucial given the many potential sources of noise and uncertainty
in spatiotemporal data sets, and also highly appropriate for discovering qualita-
tive relationships. A modified version of the Spatial Accuracy Measure (SAM)
outlined in [6] is used.

SAM = TPR−FPR =
AnMPn

AnMPn+AnMPnn
− AnnMP

AnnMPn+AnnMPnn
(6)
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Fig. 3. Distance to Open Water, DOW Fig. 4. Water Depth, WD

where TPR is the true positive rate, FPR is the false positive rate, An[i] =
fC [si] and Pn[i] = f̂C [si] are boolean vectors representing actual nest loca-
tions and predicted nest site locations respectively, and Ann[i] = 1− An[i] and
Pnn[i] = 1 − Pn[i] are their inverses. The spatial weighting is applied through
M = W + I, the matrix addition of contiguity matrix W and identity matrix I.

4 Experimental Setup, Preliminary Results, and Analysis

In [12], high fidelity colour images of the three spatial data sets from the study
in question are provided, along with a colour-intensity scale. Due to a num-
ber of factors, including: a desire to operate on the same data set for future
comparisons, the qualitative nature of our approach at this initial stage, and an
unavailability of other suitable data, we have used these images (rather than raw
data) for our experiments. The relative values of the variables were preserved
by creating a colour map based on the provided intensity levels, and the spatial
integrity of the data was preserved by reducing the number of cells (pixels) in
the image down to the corresponding number of data grid points in the original
study.

In the Spatiotemporal Data Mining section it was shown that both regression
and MRF models may be forced to make limiting assumptions, especially when
there is a high degree of attribute interaction. Our first goal was to show that
an evolutionary CA approach is highly suited to problems that are nonlinear in
this way.

In order to investigate this in a experimental fashion, synthetic nest site
locations were generated using a nonlinear generalisations of equation (2):

ysyn1 = (I − ρW )−1 × (β × cos(X) + c× random(ε)) (7)

ysyn2 = (I − ρW )−1 × (β × cos(X) +W × cos(X)× γ + c× random(ε)) (8)

where W is an equally weighted, row-normalised 7× 7 neighbourhood, X is
the DOW explanatory variable, ρ is an arbitrary spatial weighting of 0.6, c is a
relatively small noise weighting of 0.5, ε = N(0, 1), and β, the weighting on local
explanatory data, has been set arbitrarily at 0.3. In equation (9), γ represents
the dependence of the dependent variable on neighbouring explanatory data;
this has been set high (relative to β) at 0.25 to generate a significantly more
nonlinear problem.
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Fig. 5. Gradual fitness increase over CA time steps

Rule Types and Transients. The CA model defined above is very general
and is likely in most situations to have a prohibitively large state space. In order
to reduce this state space a number of different simplifications have been used.
Firstly the the explanatory data has been quantised so that Ql = {0, 1, 2, ..., 16}.
The level of quantisation should be partly determined by the specific domain.
More importantly, a number of rule types have been considered. Initially it was
thought that an outer-totalistic rule would be sufficient to capture the extent of
the nest-site location interactions, however in looking for a rule that produced an
increase in fitness over a number of CA time steps (ie one that reached a higher
‘equilibrium’ fitness) it was discovered that symmetric rules tend to oscillate
between fitness levels in a more extreme fashion. More complex rule types, while
when averaged over a large number of specific rules may not have performed any
better (plenty decreased in fitness over the CA time steps), seemed to produce
a larger number of rules that purely increased in fitness. The mechanism behind
this phenomena is more complex rules’ greater propensity for information trans-
fer across the spatial lattice. In order to retain this property, while increasing
the state space as little as possible, reflection symmetric (rather than rotation
symmetric or completely symmetric) rules were preferred. Figure 5 shows the
increase in fitness over a number of time steps for a von Neumann reflection
symmetric rule on a single arbitrary target nest location data set. An empirical
study of the transient behaviour of a large number of CA rules led to the re-
quirement that at least Te CA time steps elapse before the spatial accuracy is
measured, at which point it is averaged over at least the next Tav time steps,
and T = {Te, Tav}.

Nonlinear Generalisation Capabilities. Thus far a reduced complexity ver-
sion of the model outlined above has been implemented where the landscape
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Fig. 6. Fitness of GA for two scenarios: one nonlinear in the local explanatory data
only, the other additionally nonlinear in neighbouring explanatory data

consists only of the distance to open water variable. Although we have not yet
performed enough experiments for statistical significance, so far results are en-
couraging. Figure 6 is a typical graph of fitness vs. generation where for both
experiments: GA = {P, Te, Tav, ρ,G,E} = {100, 30, 5, 0.01, 100, 20}. Each can-
didate CA rule is matched against 10 synthetically generated target nest site
locations according to equation (8) for the first experiment and (9) for the sec-
ond.

Both populations are performing at similar reasonable fitness levels, espe-
cially given the difficulty of the task. Secondly and more interestingly, in the
population with the more nonlinear probability distribution to learn, the fit-
ness increases take longer to come, but are larger when they do. Intuitively this
matches our perceptions about the nature of the tasks and the GA’s ability to
learn nonlinear relationships for a CA model.

5 Conclusion and Future Work

We have used an analysis of statistical spatial models to give insight into the
nature of attribute interaction and as the basis for experimental metrics. We
have explored the potential for an evolutionary CA approach to STDM and
presented some encouraging, though preliminary, experimental results.

Of the two goals set out at the beginning, more emphasis has been placed
on the suitability of CA to nonlinear problems. Hopefully this has provided
an experimentally justified foundation for the application of CA to a broader
range of problems. The suitability of this technique for data mining specifically
has been given less attention due to space constraints and future work will be
needed to develop the interpretation of CA rules for data mining purposes in
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greater depth. Also, the issue of sensitivity to noise needs to be investigated,
possibly through the application of a probabilistic CA model.
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Abstract. Large areas of savannas are found in Africa in climatic zones
favourable to humid tropical forests: they are relicts of past dry periods
and forest domains are naturally expanding. Men have influenced the
transgression, especially by starting savanna fires. FORSAT is a stochas-
tic cellular-automaton model dedicated to the forest-savanna mosaic on a
landscape scale, taking into account savanna fires, vegetation succession
cycle (vegetation types are discriminated by their ecological function:
herbs, pioneer seedlings, pioneer adults, forest) and pionneer seed dis-
persal and recruitment. The model is validated by comparison between
its emergent behavior and biogeographical field studies. Two parame-
ters (an environmental factor and a man-related fire frequency) control
an van-der-Waals-like phase transition between forest and savanna. This
brings to three types of evolution: progression or regression of forest edge,
formation and coalescence of clumps in savanna and global afforestation
of savanna. These results explain the mainlines of ecosystem distribution
in tropical Africa and the gap between the transgression rates inferred
from paleostudies and currently measured.

1 Introduction

We know now that current climatic conditions make it possible for the tropical
forest to expand over the periforest humid savannas, especially in Africa [1,
2, 3, 4]. In most regions, this trend is balanced by savanna fires, that are the
most significant man-induced disturbance (although some are natural) [5]. The
balance between these two processes, one favorable – the forest succession – and
the other unfavorable – the fires – results in a pattern of evolution in a particular
zone.

The evolution displays some similarities throughout the world. First, savanna
fires are common in the whole tropics [5]. Secondly, the forest succession happens
as follow [6, 7]. Light-demanding forest pioneer species disperse seeds and settle
in savanna (at the forest edge or further). Provided they do not burn, they
grow, shadow the soil and attract forest seed-dispersers. Other forest trees settle
beyond and so the edge progresses or a grove appears.

However, if the processes that come into play are identical, there are regional
particularities in their parameters and details. The pioneer species that first set-
tle in open-land vary and each of them has its own characteristics (ability for
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their seeds to travel far, ability to resist fire...). Then, in zones of homogeneous
vegetation, there can be great changes in how often savannas experience fires (sa-
vannas near villages usually burn every year, the other more or less often). This
results in differences especially in the rate of edge progression, in the number and
shape of clusters of forest trees in savanna. The few existing studies (e.g. [2,4])
fail to reconstruct the relation between the ecological and ethnological character-
istics and the observed emergent behavior. That can be done with a mechanistic
model, incorporating the key processes and taking the differences into account.
It allows to check the effects of the virtual tuning of the parameters, their effects
on the emergent behavior and then check using field studies. Moreover, such a
model allows to generalize the knowledge acquired in some spots to the whole
ecologically homogeneous region, where differences can appear, for example, in
the man-induced disturbance.

2 The FORSAT Model

2.1 Modelling the Key Processes

The FORSAT model [8] is designed in the cellular automata framework: the
space unit is a 5-meter-sided square cell which can take four states of vege-
tation : ‘Herbs’, ‘Young Pioneers’, ‘Adult Pioneers’ and ‘Forest ’. These states
correspond to vegetation stages different in their constitution and their fire sen-
sitivity. ‘Herbs’ represents grasses and herbs (either savanna grasslands with
a sparse shrubby vegetation or low understory vegetation in forest clearings).
‘Young pioneers’ represents seedlings or bushes of forest woody pioneer species:
it is the first stage in the colonization by the forest. ‘Adult pioneers’ is dominated
by seed producing pioneer trees with crowns above understory species. ‘Forest’
corresponds to patches of dense forest where the herbaceous cover is low and
the structure, if not the species cohort, has reached an equilibrium. This choice
brings compatibility with remote sensing data: the spatial scale is of the order of
the resolution of satellite data and NDVI data can help discriminate between the
different states of vegetation. What we here call stages of vegetation are similar
to Plant Functional Types (PFTs), in the sense that trees are defined by their
roles, which are played by different species in different parts of the tropics.

A simulated year consists in the succession of two processes, modelled
stochastically (figure 1): the evolution following the succession cycle with yearly
probabilities to for each cell to switch to the next state and the fire propaga-
tion in savanna. The choice for stochastic modelling is motivated by the need
of restraining the numbers of parameters involved in processes poorly known in
detail.

During the succession processes, each cell is assigned a probability to turn into
the next state in the succession cycle. These probabilities are related to biological
processes and properties: rates of seed dispersal and sprouting, growth, mortal-
ity... For the transitions from ‘Young Pioneers’ to ‘Adult Pioneers’ (growth) and
from any stage to ‘Herbs’ (death), the probabilities of transition are uniformly
distributed. The transitions from ‘Herbs’ to ‘Young Pioneers’ (recruitment) and
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Fig. 1. Synopsis of the processes modelled by FORSAT

from ‘Adult Pioneers’ to ‘Forest ’ (maturation) involve a spatially structured sub-
process: seed dispersal. Each seed producer – represented by ‘Adult Pioneers’ and
‘Forest ’ cells for the recruitment transition and by ‘Forest ’ cells for the matura-
tion transition – confers to other cells a probability of transition depending on
their relative distances. The function relating the probability of successful seed
dispersal events at the distance from the parent tree is termed seed shadow.
Short-distance seed shadow is considered explicitly, whereas far seed dispersal is
considered to confer an additional background uniform probability.

Savanna fires are modelled by an iterative bond-percolation-type algorithm,
similar to that used in [9]. Each cell in the direct neighborhood of a burning
one is conferred a probability to be ignited, that depends on wind and on its
vegetation stage (the four vegetation stages have decreasing susceptibility to
burn).

Two parameters influence these processes: an environmental factor (modify-
ing the transition probabilities and representing how environmental conditions
as climate or soil facilitate the succession cycle) and the frequency of lightning
of fires in savannas.

2.2 Model Analysis

The first step of the model analysis consisted in choosing realistic parameters
(although not explicitly based on field studies) to check whether the processes
chosen are able to reproduce qualitatively the real patterns of transgression. The
initial state is a 180 × 200 cell landscape of forest savanna interface displaying
two savanna gulfs.

Then, we studied the quantitative effects of both parameters. For different fire
frequencies, we investigated the equilibrium for varying environmental factors
with two kinds of initial conditions: savanna (only ‘Herbs’) and forest (only
‘Adult Pioneers’). The other parameters 1 have been taken as simple as possible
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Table 1. Summary of the parameters used for the different simulations. (1): parameters
used for exploring the qualitative emergent behavior. (2): parameters used for the
forest-savanna phase transition study.

State
Probability of transition
to the next state

Burning
probability (1,2)

‘Herbs’

(1) Global: 0.02
Local: Gaussian probability
p = 0.1 · exp(−0.1x2)
up to 10 cells near seed cells
(2) Global: 0.05
Local: p = 0.1 next ‘Adult Pioneers’

1

‘Young Pioneers’ Global: 0.2 0.5

‘Adult Pioneers’
(1) Local: 0.2
next forest cells
(2) —

0.2

‘Forest ’ — 0.005
Other parameters: (1,2) Death probability: 0.005

(1) Fire frequency: 0.5
(1) Environmental factor: 1.0

to investigate the phenomenological effects (pioneer and forest seed shadows
restricted to the nearest neighbors).In both case, the map contains 256 × 256
cells, of which the 200×200 cell central region is considered to avoid edge effects.

3 Emergent Behavior

3.1 Phenomenological Behavior

FORSAT proved able to reproduce the qualitative patterns of forest transgres-
sion observed in field studies (figure 2): (i) the linear progression of the forest
edge, (ii) the filling of savanna gulfs – that is a faster edge progression in the
curved edges –, (iii) the creation of clusters of forest in savanna, (iv) their co-
alescence or incorporation in the forest domain starting by a vegetation bridge
between the two entities.

Two aspects, more or less independent, need to be considered: the evolution
of the forest edge and the evolution of clusters of forest trees in savanna.

3.2 Savanna Phase or Forest Phase

With the simplified model, two kinds of equilibrium can be reached: a forest,
where the region is dominated by ‘Adult Pioneers’ cells or a savanna, dominated
by ‘Herbs’ and ‘Young Pioneers’ cells. In reference to the statistical physics
theory, these two equilibria can be considered as two phases of the dynamical
system. A given state can be characterized by the proportion of space occupied
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Fig. 2. Phenomenological emergent behaviour: progression of forest edge, filling of
savanna gulfs, nucleation, growth and incorporation of clusters. Zoom: bridge of vege-
tation between the forest and the cluster. (maps: 180 × 200 cells)

Fig. 3. Left: critical line in the parameters space separating the regions for which the
equilibrium is forest or savanna. Right: phase transition diagram. For low fire frequen-
cies, the transition is continuous: all tree covers can be reached. For more frequent
fire frequencies, the transition is discontinuous: only very low (for low envorinmental
factors) or very high tree covers (for high environmental factors) can be rached.

by the largest cluster of ‘Adult Pioneers’ cells: this order parameter (analogous
to that for percolation systems) is near zero for the savanna phase (a contin-
uous herbaceous layer with scattered trees) and positive for the forest phase
(continuous tree cover possibly interspread with herbs).

The two parameters control a van-der-Waals-like phase transition (figure 3).
In the parameter space, the critical line is increasing: the greater the environe-
mental factor is, the greater the fire frequency must be to maintain a savanna.
Moreover, the transition is continuous for low environmental factors/fire fre-
quency but discontinuous for higher values. This discontinuity is characterized
by an hysteresis: there is a range of parameters for which both savanna and
forest can be stable.
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3.3 Phase Transition Dynamics

The relative dynamics of forest and savannas can be derived from classical con-
siderations about phase transitions dynamics.

First, in the region of parameters for which savanna is stable, ‘Adult Pio-
neers’ cells organize in small clusters that grow and disappear but whose size
distribution is fixed, leading to the constant proportion described in the former
paragraph. In this situation a forest edge recedes.

In the region where forest is the stable phase, clusters of forest appear, grow
over savanna and finally coalesce until total invasion. Once the cluster is big
enough, the ‘Young Pioneers’ and ‘Adult Pioneers’ cells at the border protect
the centre from fire. The number of clusters and their growth rate of course
depend upon the values of the control parameters of the transition. Near the
threshold, there are few clusters that can emerge and they grow big before they
merge and coalesce. As the parameters get farther from the threshold, the time
of coalescence decreases: the rate of cluster creation and the rate of growth of
the clusters both increase. For values very far from the threshold, the dynamics
is so rapid that no spatial structure really appear: there is a global afforestation.
This cluster formation is accompanied by a forest edge expansion.

In the hesteresis region, no cluster grows in savannas. Forest expansion is
only mediated by the forest edge progression over the savanna.

4 Discussion

When dealing with the emergent behavior of the FORSAT model, the concept of
phase transition naturally arises. It is of recent application in ecological studies
[10] and the challenge is to make the correspondence between the theoretical
results and the ecological and sociological data. We bring here some tracks.

First, the van-der-Waals-like transition brings an explanation for the min-
lines of the tropical ecosystems repartition in Africa. There, open savannas (with
nearly no tree cover) come in between the humid dense forest in the equatorial
climatic zones and the wooded savannas or open forests in the dry tropical
ones [11]. This paradoxical phytogeographical hiatus is easily explained in the
framework described here. In the most humid regions, the environmental factors
are high and the transition is discontinuous. Only dense forests and open savan-
nas can exist. Intermediate formations with various tree density can only persist
for less favourable environmental conditions (e.g. in arider regions).

Moreover, four kind of dynamics emerge from the FORSAT model that relate
to observations:

1. a global afforestation of savanna [12,13];
2. a progressive encroachment of savannas by apparition, growth and coales-

cence of clusters of pioneer trees [1, 14];
3. a progression of the forest edge over a preserved savanna [15,14];
4. a recession of the forest edge [16].
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The four of them can happen in one ecologically homogeneous region – where
species involved are the same. It is the combination of soil, climate and human
pressure (fire) that determines which kind of dynamics takes place. For exam-
ple, an historical change in climate or human disturbances can help cross the
threshold between two dynamics. Spatial changes can also modify locally the
dynamics – savannas next to a village burnt more often than those farther away,
heterogeneity of soil conditions.

A correlation can be established with field experiments to explain why current
measured transgression rates can be so much weaker than those that have been
inferred from paleoenvironmental reconstruction. In the past, anthropogenic
pressure was weaker than it is now and potentially weak enough to pass the
stable coexistence/invasion threshold. In included savannas, afforestation of the
zone has taken place at a fast pace. In open landscape, however, dispersal should
be assumed to be distance-dependent, and it decreases with distance from the
forest edge. Therefore, forest clumps are created in savanna near the forest front.
These clumps are progressively incorporated and can also grow.

Paleoenvironmental patterns of forest-savanna dynamics can be interpreted
within this framework. One scenario is that gallery forests constituted mi-
crorefuges of dry epochs, from which the dense forest could have expanded.
Once favorable environmental conditions are met, dense forest clusters would
have formed in savanna, and would have been progressively included in the for-
est zone, creating included savannas that would in turn be rapidly filled. With
the increase of human pressure (fires), the system switched to the other regime
of a slow linear progression scenario that has been observed in most present
studies [17].

Acknowledgments. This work is part of ECOFIT program (Intertropical for-
est ecosystems and paleoecosystems, CNRS-IRD-CEA program).
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7. Letouzey, R.: Etude Phytogéographique du Cameroun. Encyclopédie Biologique
LXIX, Editions P. Lechevalier, Paris (1968)

8. Favier, C., Fabing, A., Chave, J., Schwartz, D., Dubois, M.: Modelling forest-
savanna mosaic dynamics in anthropogenic environments: effects of fire, climate
and soil heterogeneity. Ecological Modelling 171 (2004) 82–104

9. Hargrove, H., Gardner, R., Turner, M., Romme, W., Despain, D.: Simulating fire
patterns in heterogeneous landscapes. Ecological Modelling 135 (2000) 243–263

10. Li, B.: A theoretical framework of ecological phase transitions for charaterizing
tree-grass dynamics. Biotheoretica 50 (2002) 141–154
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Abstract. In this paper we develop an artificial world model to investi-
gate how environmental conditions affect opportunities for learning. We
model grouping entities that learn what to eat in a 2D environment. We
study diet development and focus on the social consequences of individ-
ual learning in relation to different environmental conditions.
We find that homogeneous and patchy environments have opposite ef-
fects on learning. Homogeneous environments lead to diet differentia-
tion, while patchy environments lead to diet homogenization among the
members of a group. In patchy environments, grouping results in a so-
cial influence on individual learning and could be the simplest way to
achieve social inheritance of information. Moreover, diet differentiation
can affect group cohesion, leading to group fragmentation along dietary
lines. This suggests that if social learning leads to diet homogenization,
it could play a role in maintaining group cohesion.

1 Introduction

Social learning and foraging cultures appear to have considerable impact on the
foraging behavior of non-human primates. Different food extraction techniques
are employed by different groups of chimpanzees [1] and orang-utans [2], and
to lesser extent in, for example, capuchin monkeys [3]. These, together with
differences in diet that cannot be attributed to ecological factors, constitute
evidence for foraging cultures. Social learning constitutes a non-genetic means of
information transfer and seems to be an important addition to genetic evolution
of behavior.

The discussion on social learning centers mainly around the underlying cog-
nitive mechanisms [4] and its adaptive value [5,6]. Social learning is thought to
be adaptive because it reduces the costs of trial and error learning. It is clear,
however, that there are many more factors that determine whether social learn-
ing and culture can occur. For example, given sufficient cognitive abilities, the
emergence of culture depends on the need for sophisticated food extraction or

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 492–501, 2004.
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processing [7], group size [8,9] and tolerance within a group [2,10]. From this per-
spective, Coussi-Korbel and Fragaszy [11] have developed a speculative frame-
work where they relate social learning opportunities to primate social dynamics
(from egalitarian to despotic). Their main tenet is that despotism increases di-
rectionality and reduces the scope for social learning.

In our study we focus on the environmental opportunities for individual and
social learning. We aim to gain an understanding of the types of interactions
and feedbacks that arise when groups of individuals forage and learn in a given
environmental background. We have developed an artificial world where foraging
individuals have to learn what to eat. We model individuals which form groups
and interact with their environment in a way that is sufficiently representative
for primates, yet remains simple enough to understand. An important aspect of
our model is the flexibility of interaction between model components, allowing
for self-organizing processes to arise. In the present study we look only at indi-
vidual learning, but we relate our results to social learning and social information
inheritance.

2 Model

Our artificial world is a 2D environment with a high number of resource types
in which individuals forage in groups. The model is constructed using a combi-
nation of a multi-layer cellular automata for the environment and an individual-
oriented component for entities that learn to forage. Unlike most ecological mod-
els, predator-prey relations are not predefined. Individuals must learn what to
eat, so defining their own ecological dynamics.

Local ecological and social context, and individual internal state, determine
individual behavior. In this way foraging is dependent on the ecological and
social opportunities that arise. Therefore learning is not a default strategy, but
depends on who and what individuals can see. Furthermore, learning is linked
to genetically determined gastro-intestinal digestive capacity, thus determining
the types of resources that can be digested. The model, as used in this study, is
described below.

2.1 Environment

The environment is a 20 layer cellular automata (CA) where each layer repre-
sents space for resources. The ecological dynamics are limited by single seasonal
influxes of resources and subsequent depletion through foraging. A varying num-
ber of resource types (species) are modeled and each can have varying degrees
of 5 nutrients, bulk and toxicity (

∑
(Ri) + Rtox + Rbulk = 1), i.e. all resources

have equal unit size.
Resources can be found on the CA grid points and the maximum number

of resource items per location is equal to the number of layers. When items are
eaten they are removed from the field.
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2.2 Individuals

We model individuals which forage in groups using an event-based formalism.
Their behavioral repertoire involves moving, searching for food, eating and doing
nothing. Furthermore, individuals digest food and learn. Individuals move in a
continuous 2D space and can learn during foraging when they find unknown
resources. Movements are determined by grouping tendency and food availability.

When modeling foraging we have taken into account that selectivity is an
important aspect of primate foraging [12,13]. We model foraging motivation
(probability) as a decreasing sigmoid function of an individual’s stomach con-
tents. Parameters are set to ensure that an individual’s stomach becomes full
considerably before digestion has taken place, increasing the importance of se-
lectivity. Furthermore, we model individuals to form estimates of environmental
conditions to enable them to adjust their selectivity to changes in the environ-
ment. However, the adjustment occurs with sufficient delay to ensure selectivity
in a heterogeneous environment. We assume that expectations play a role in
primate foraging and believe them to be important for the learning process. For
the present model we use individuals that do not evolve, reproduce or die.

Grouping. In contrast to many models of flocking and schooling (e.g. [14]),
grouping in our individuals is mediated by foraging. In this way resource avail-
ability or distribution can affect grouping. The exact individual motivation for
grouping is not important for the model, however our grouping rules are inspired
by the idea that primates form groups to avoid predation [15].

We achieve grouping by modeling individuals to require a minimum number
of neighbors (= 3) within SAFERADIUS (= 5). Individuals check for safety with a
certain probability and if they are not safe they move towards the largest part of
the group. They do this by moving to the nearest neighbor of the fullest of four
randomly oriented quadrants about themselves within MAXVIEW (= 50). When
individuals rejoin the group in this way, they adjust their direction to average
group direction.

Foraging. Hungry individuals search for food if they are safe or haven’t checked
for safety. To avoid crowding, they only search for food if there are no more than
a given number of eating neighbors (= 1) within REACHRANGE (= 0.9). They
search within SEARCHRADIUS (= 2) and SEARCHANGLE (= π) in the direction the
individual is facing. A random resource location (grid point on CA) within view
is chosen and each resource item at that location is assessed for consumption in
a random order. Searching stops when an item is chosen, but can continue up
to a maximum of 20 items. If this maximum is not reached, searching continues
at another random resource location in view. The maximum number of items
defines the time constraints for searching during a search event.

If a food item is selected it is consumed in a subsequent EAT event. If in
addition it was beyond REACHRANGE, the individual first moves towards it. If
no food is selected an individual can use cues from other individuals within
NEIGHAWARERANGE (= 50) to find food; they move towards the part of the group
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where the density of feeding individuals is highest. Otherwise the individual can
search again, move forward or do nothing.

Food Choice: Individuals use preferences and a preference expectation to make
food choice decisions (prob = prefi/prefexp). Preferences are formed after di-
gestion of a resource (see Sect. 2.3). Preference expectation is updated when a
resource with a higher preference than preference expectation is eaten. Prefer-
ence expectation then attains the value of that preference. If resources are less
preferred than preference expectation, preference expectation decays with time.
Preference expectation reflects an individual’s estimate of the quality of food
presently available in the environment. Resources with a negative preference are
avoided. Those with preference zero are unknown.

2.3 Digestion

Digestion capacity is modeled as a normalized function over digestion for 5 nu-
trients (see Sect. 2.1) and a detoxification capacity:

∑
Di +Dtox = 1 . Digestion

takes place periodically (every 100 time steps) and the quality of a resource is
equal to the energy an individual gains from it:

Er =
5∑

i=1

(RiDi)−RtoxDtox (1)

Total energy over all resources eaten is equal to
∑

(ErNrS), where Nr is the
number of items of resource r eaten and S is a scaling factor.

2.4 Learning

In this model there are two components to learning: (1) eating a novel resource
(learn events) and (2) forming resource preferences.

Learn events: Learn events occur when individuals eat unknown resources. This
occurs with a fixed probability (PROBEXP (= 0.001)) if there are unknown re-
sources available. The probabilities of learning are encoded genetically and reflect
learning propensity. In the current version, learn events depend only on learning
opportunities in the environment and not on any previous learning.

Preference Updates: Individuals form and update resource preferences due to
a feedback from digestion. Updates are equal to an update factor times the
difference between the average energy gained from digestion and the average
expected energy (preference) for all resources eaten:

Prefi = Prefi + (C
Si

ST
(Eavg − Prefavg) (2)

where Si is the number of items of resource i in the stomach, ST is the total
number of items in the stomach and C is an update constant.
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Since learning resource preferences depends on digestion time intervals, it
is a delayed process. It is sensitive to interference when a mixture of resource
types is digested simultaneously, because preference updating is averaged over
all resources. Feedbacks on preferences from digestion have been shown for rats
[16] and primates [17] and interference has been demonstrated in goats [18].

3 Experiments

In this paper we report on baseline experiments where we study individual learn-
ing in different environmental conditions by looking at diet development. We
compare homogeneous and patchy environments and test the effect of differ-
ences in individual learning propensities.

We use a 800 by 800 field with 100 resource types. Field size is hereby large
enough to avoid global resource depletion and resource diversity is high enough
to allow for divergence of individual diets. For homogeneous conditions, resources
are spread evenly, but not all resources are present at each location. For patchy
conditions, patches don’t overlap and have empty space in between (see Fig. 4).
Resources are initialized simultaneously on an empty field at the beginning of
each ”season” (= 105 time steps) and are depleted by foraging.

When comparing different environmental conditions we ran simulations with
20 näive individuals for 3 seasons and observed diet development, behavior and
group cohesion. To test for effects of grouping we ran simulations with solitary
individuals. When comparing different learning propensities we ran simulations
with 20 explorative (neophilic) and 20 non-explorative (neophobic) individuals.

4 Analysis

We visualize and analyze diets using clustering techniques [19] on data matrices
of feeding frequency of each individual over all resources. We display dendro-
grams and sorted data matrices.

On the one hand we cluster individuals to determine which individuals share
dietary components and the extent of dietary overlap in a foraging group. On the
other hand we cluster resources to determine which resources share patterns of
foragers. In the latter case it is informative to compare distributions of feeding
over resources with a randomized feeding distribution. For this we randomize
individual foraging patterns over resources before clustering. This means that
we randomize the feeding distributions of each individual.

For the clustering, Manhattan distances are used. When clustering individu-
als, we search for groups of individuals with similar diet and use average distance
linkage. When clustering resources, we use single linkage focusing on the distance
to the nearest resource. If these nearest neighbor distances center around a cer-
tain value, this indicates that there is no common preference for any of the
resources and that feeding is over-dispersed over resources.
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Fig. 1. Dendrograms and data matrices for 100 resources eaten in the 3rd season by 20
individuals in an homogeneous environment: grouping individuals, solitary individuals,
and randomized feeding distributions. We use Manhattan distances and single link-
age for clustering. Resources eaten by grouping individuals are clearly over-dispersed
compared to random and solitary feeding distributions.

5 Results

5.1 Minimal Diet Overlap in Homogeneous Environments

In homogeneous environments we find that foraging groups structure the en-
vironment locally through depletion and thereby shape the opportunities for
learning. Each individual tends to feed on and learn from resources not eaten
by others. Thus each individual develops its own unique diet. This is revealed
in cluster analysis which shows that individual diets are over-dispersed over
resources types. In comparison, the distribution of resources used by solitary
foragers has a closer resemblance to a randomized distribution (Fig. 1).

5.2 Large Diet Overlap in Patchy Environments

In patchy environments we find that foraging in groups has a social influence on
individual learning and leads to large within-group diet overlap (group-level di-
ets). In patchy environments foraging groups develop considerably more uniform
diets than either solitary individuals in the same environment, or foraging groups
in homogeneous environments (Fig. 2 a,b vs Fig. 1). In patchy environments, in-
dividuals in groups visit the same patch, therefore any learning taking place is
shared with group members. As a consequence, homogenized diets develop.

Diet overlap is not perfect, especially if foraging groups can fragment and each
sub-group follows different paths in space. Each sub-group encounters different
resources and develops a different diet. However, comparing diets by clustering
individuals from separate simulations, results in two main clusters along simula-
tion lines (Fig. 2 c). This illustrates that groups from each simulation form their
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Fig. 2. Dendrograms and data matrices for 100 resources eaten in the 3rd season by
20 individuals in a patchy environment: (a) grouping and (b) solitary individuals and
(c) dendrogram showing clustering of 40 individuals from two simulations (black bar
indicates one simulation) according to diet. For clustering we use Manhattan distances
and single linkage, except for (c) where we use average linkage. Grouping clearly results
in homogenized diet development, and groups in different simulations clearly develop
their own diets.

own unique diet despite encountering the same number and quality of resources.
This implies that grouping in space can shape the context for individual learn-
ing, ensuring what is learned is similar to what would be learned under social
learning. Thus even without social learning group-based diets emerge.

5.3 Learning Rates, Individual Variation, and Group Cohesion

In previous simulations individuals were identical and our main interest was in
environmental differences. Now we study within-group differences in learning
propensity (neophobic vs neophilic). Our primary result is that differences in
learning cause differences in diet, reducing foraging group cohesion. In turn, diet
differentiation in enhanced. How this occurs depends on the environment.

In homogeneous environments neophobia results in better quality diets (re-
sults not shown). Neophilic individuals mix more resources while learning and
develop less distinguished preferences due to interference during preference up-
dating. This reduces their selectivity during foraging. Being more selective, neo-
phobic individuals move on sooner, thus finding more preferred and better re-
sources and depleting these before neophilic individuals arrive. Neophobia there-
fore appears advantageous.

Higher movement rates in neophobic individuals brings them to the group pe-
riphery. Under present parameter settings this spatial organization does not lead
to group fragmentation, but it could under less stringent grouping tendencies.
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Fig. 3. Dendrograms of 20 neophilic (black bar) and 20 neophobic individuals in a
patchy environment clustered on diets (over 3rd season), preferences (at end of 3rd
season) and spatial positions (over 3rd season). We use average linkage and Manhattan
distances, except for spatial positions where Euclidean squared distances are used.
Neophilic individuals are more clustered in all cases.

In patchy environments neophilic individuals develop more homogeneous di-
ets than neophobic individuals. This occurs because neophilia increases the rate
of knowledge acquisition and the likelihood of sharing knowledge with group
members. As a consequence, neophilic individuals more often stop together at
patches. In contrast, neophobic individuals try to move on and end up on the
group periphery. This stretches out the foraging group and increases the likeli-
hood of group fragmentation. Fig. 3 illustrates these effects in a foraging group
without fragmentation. Neophilic individuals are clearly more similar in diet
and resource preferences than neophobic individuals. They are also more cohe-
sive in space, as indicated by the shorter distances between neophilic individuals
after clustering on spatial positions. Underlying these results are intricate in-
terrelations between learning, foraging and the spatial organization of a group.
This spatial organization shapes learning and foraging opportunities, yet is at
the same time a product of differences in learning and foraging interests. This
feedback reinforces within-group differences.

In both environments, individual differences lead to group stretching causing
stress on group cohesion. In homogeneous environments this occurs because neo-
phobic individuals are more selective foragers. In patchy environments neophobic
individuals move to the group periphery because they don’t share foraging in-
terests. Whether group fragmentation actually occurs depends on the interplay
between the environment and the strength of grouping tendencies. We further
tested the effects of individual differences on group cohesion by running simu-
lations with individuals initialized with different diets in a patchy environment.
Results show that groups fragment clearly along dietary lines (Fig. 4).

6 Discussion

The results we present are preliminary and reflect only baseline experiments, yet
they clearly demonstrate interesting inter-relations between learning, foraging
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Fig. 4. Snap shots of simulation with 2 diets (black and white individuals have differ-
ent diets). From left to right: initialization together, splitting due to different feeding
interests and eventual feeding on different patches

and an environment with many different resources. In our simulations, resource
distributions have a large impact on how diets develop mainly as a consequence of
learning opportunities per location and a structuring of the environment through
depletion. Depletion leads to a reduction and bias of learning opportunities, but
the way this occurs depends on the environment.

Given that competition for resources exists in a foraging group, minimal diet
overlap seems a good strategy. As seen above, such diets develop automatically in
a homogeneous environment. However, this stands in contrast to the group-level
diets that we see in most grouping animals; nevertheless it forms an interesting
baseline with which to compare diet development.

In contrast, patches allow grouping in space to assert a social influence on
individual learning, resulting in group-level diets. This could be the simplest
way to inherit foraging information. However, group fragmentation occurs more
easily in a patchy environment and since sub-groups can develop different diets,
this leads to diet diversification. Moreover, individual variation within groups
stimulates group fragmentation. This is seen for individuals with different diets,
but also for individuals with different learning propensities.

Social learning is mostly considered in terms of diet improvement. However,
we have seen that individual learning in patchy environments leads to homog-
enization of diets in a way expected for social learning (see Fig. 2). Moreover,
individual variation in learning rates endangers group integrity. Therefore, we
suggest an alternative role for social learning, namely that it could be important
in reducing individual differences in order to maintain a group’s spatial cohesion.

We conclude that insights into the intricacies arising between learning, forag-
ing and environmental conditions are important for understanding learning, diet
formation and group cohesion. These intricacies cannot be studied by ethological
observation in the wild, foraging experiments, nor by using minimalistic models,
however they are demonstrated in the baseline simulations of this artificial world
model.
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Abstract. Cellular Automata are discrete dynamical systems in which many
simple components act together locally to produce complex patterns on a global
scale, which may exhibit “self-organising” behaviour. Owing to the ability to
model local interactions and spatial heterogeneity, cellular automata have been
applied to very broad fields. This paper presents the application of cellular
automata to modelling (i) a confined ecosystem, (ii) prey-predator population
dynamics, where evolution rules are defined entirely by geometric relations,
and (iii) open aquatic ecosystems where external forcings are accounted for in
the definition of cell state transitions. The results indicate that cellular automata
could be a valuable paradigm in ecological and ecohydraulics modelling.

1   Introduction

Cellular automata (CA) constitute a mathematical system in which many simple
components act together to produce complicated patterns of behaviour. CA models
define interactions between species at a local level. Complex interactions emerge on a
global scale through the evolution of relatively simple local rules. Such global
behaviour may be very difficult – perhaps even impossible – to describe by a set of
deterministic equations due to complicated temporal and spatial relationships. The
‘self-organising’ property of CA implies that a randomly distributed population can
generate ordered structures through a process of irreversible evolution (Chen, 2004).

Cellular automata have been applied in very broad fields, such as lattice gas
hydrodynamics, urban dynamics and forest fire spreading. Owing to the ability to deal
with local interactions and spatial heterogeneity, cellular automata may provide a
viable approach in ecological modelling. This paper presents the capabilities of
cellular automata for modelling ecological and ecohydraulics systems through several
case studies. Applications include macrophyte vegetation dynamics (Chen, et al.,
2002), population dynamics (Chen and Mynett, 2003) and harmful algal bloom
prediction (Chen and Mynett, 2004). The model results indicate that CA could be a
valuable alternative for differential equations in ecological / ecohydraulics modelling.

2   Cellular Automata for Modelling Prey Predator Dynamics

Modelling population dynamics is of increasing interest in ecological research. These
kinds of ecological models are used either for qualitative estimates about species
extinction or for more quantitative estimates of spreading and interaction of multiple
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species under various environmental conditions. They also provide decision support
to natural resources management like sustainable harvesting strategies in fishery
industries. Population dynamics, however, is not very easy to describe mathematically
due to the high complexity of the spatial and temporal relationships. Conventional
population dynamics models are mostly aggregated, lumping species into biomass and
formulating the dynamics by means of ordinary or partial differential equations. One
of the simplest paradigms is provided by the predator-prey equations of Lotka-
Volterra (LV). However, these models may fail to produce realistic results when
individual properties and local interactions play a significant role in determining the
relationships between populations and between species and its surroundings.

An alternative approach is to apply individual-based modelling techniques or
spatially explicit modelling paradigms. In this paper, a cellular automata based prey-
predator model (EcoCA) is developed and compared with the Lotka-Volterra model.

2.1   Development of EcoCA

EcoCA is a stochastic cellular automata based computer simulation model that was
developed to approximate a simple prey-predator system (Chen, 2004). It is a two-
dimensional CA model which has up to three possible cell states: empty, prey and
predator. The boundary conditions are fixed in such a way that the neighbourhoods
are completed with cells taking the state of empty. The state of each cell is exclusive;
namely that at each time step only one of the three states can exist in one cell. The
evolutions for each cell (i, j) are based on cell current state Si j

t
, , the number of its

neighbouring cells occupied by prey, N p y
t , and the number of its neighbouring cells

that are occupied by predator, N pd
t , as given by

,( , , )t t t
i j py pdp f S N N= (1)

where f are evolution rules defining the transition probability p that a cell will become
either prey or predator dominated or empty at the next time step. These evolution
rules take into account reproduction, mortality, predation, loneliness and
overcrowdedness. Snapshots of a random initial condition and the spatial pattern at t =
600 of a demonstrated run are presented in Fig 1.

Fig. 1. Snapshots of initial condition (t = 0) and population dynamics (t = 600)
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Several runs of this system with various starting conditions all lead to very similar
patterns and results as exemplified by the plot of the population dynamics and phase
dynamics (Fig 2).

Fig. 2. Population dynamics of prey and predator (left), and phase trajectory (right)

Table 1. Statistical descriptors of EcoCA model output

Mean Standard deviation Skewness
Prey 389 72.2 0.11

Predator 106 18.4 0.11

2.2   Quantification of Model Results

The model is tested to be trend-free, and it also passes the F-test that the variance is
constant as well as the t-test that the mean is constant, by using split-record tests. This
means that the system is stationary and the simple statistical descriptors given in
Table 1 can describe the outputs from the CA model.

Using this way to quantify and visualise the performance of the CA model, it
becomes possible to compare the CA model results with real and measured data. As a
starting point it was decided to produce a test data set based upon the classical
spatially homogeneous LV prey-predator model. This simple deterministic model
provides a continuous description of a two-species competition system and may be
described in terms of the following ordinary differential equation system:

2dG
aG bG GH

dt
α= − − (2)

dH
cH GH

dt
β= − + (3)

where G represents the population of prey, H represents the population of predators, a
is the intrinsic growth rate of prey, b is the carrying capacity limit, c is the mortality
rate of predator, α is the functional response of prey on predator, and β is the
functional response of predators to prey. Each and every organism in the prey
population (G) and in the predator population (H) is considered only in relation to the
total quantity of its functional type. The effect of the predators upon the prey
population is only measured by the ‘functional response’ term GH.
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These equations are highly non-linear. A 4th order Runge-Kutta method was
applied to solve these equations numerically, using a time step of 0.2 days. In order to
examine whether the CA model output was at all representative for the population
dynamics described by the LV equations, the LV model was first calibrated to minimise
the mean square error between the CA model output and the LV model output. The
population dynamics and phase trajectory of the LV model is given in Fig 3.

Fig. 3. Population dynamics of prey and predator (left), and phase trajectory (right)

The LV model obviously displays a more uniform and regular periodicity. This is
of course a result of the purely deterministic nature of the governing equations, such
that the period of oscillation is largely determined by the parameters of the model and
the amplitude is determined solely by the initial conditions. Although severe
reservations can be expressed about the realism of the LV model for modelling
natural systems, the resulting stable limit cycle is an observable property of real
populations (May, 1976). Nevertheless, in the absence of real data, the results for the
LV model do provide us with a set of data that can be used to perform a quantitative
comparison with the CA model. Using the methodologies described above we can
quantify the magnitudes of the trend and the periodic components. Once more, the
time series was tested for the absence of trend and the invariability of the mean and
variance. Having satisfied these tests, the statistical properties of the LV time series
were then calculated. These properties are summarised in Table 2.

Table 2. Statistical descriptors of LV model output

Mean Standard deviation Skewness
Prey 389 55 0

Predator 112 14 0

Comparing the values of the statistical descriptors in Table 2 with those in Table
1, it is seen that the means of the two populations are very similar in both cases. The
variance of the CA model, however, is significantly larger than the LV model and, of
course, the LV model results are completely uniform and thus have a skewness of
zero. The differences in the CA model can be explained by the stochastic component
in the CA model, which is entirely absent in the LV model.Based on the results of this
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analysis, it seems fair to say that the mean field results of the CA model quite closely
match the population dynamics represented by the classical LV model output.

3   Cellular Automata for Modelling Macrophyte Dynamics

Clearly, the dynamics of Conway’s “Game of Life” and the EcoCA model introduced
in section 2 is still purely dependent on geometric relations between neighbouring
cells, and does not account for physical or biological processes. Therefore, the
approach followed here is to extend the conventional cellular automata paradigm by
incorporating external forcing.  The CA model dynamics are thus not solely governed
by the geometric relations of the particular stencil that was chosen, but also by
external factors (Chen, et al., 2002a), as illustrated in Fig 4. The first case study
involves a CA based model developed to simulate the competition and succession of
two macrophyte species in the eutrophic Lake Veluwe, the Netherlands.

Fig. 4. Diagram of CA model coupling with other models

3.1   Description of Study Area

Lake Veluwe is an artificial isolated part of the larger Lake IJssel in the centre of the
Netherlands. The total water surface is around 3300 ha, with an averaged depth of
1.4m. It was formed by the construction of dams in the Southeast part of Lake IJssel
in 1952 (Fig 5). According to long-term documentation, the submerged vegetation of
the lake has experienced a great change after its formation due to the change in
nutrient loading. Before 1968, the water in the lake was clear, with diverse
macrophyte vegetation. Due to discharge of wastewater from some small cities, the
lake was eutrophicated, and blue-green algae became dominant. Some restoration
measures were taken in late 1970s, which resulted in the increase of P. pectinatus.
The increase of P. pectinatus provided the precondition for the return of C. aspera.
After 1990, C. aspera colonised steadily and gradually replaced the dominance of P.
pectinatus.

From an ecological point of view, it seemed that P. pectinatus would outcompete
C. aspera in this lake system. However, C. aspera outcompeted P. pectinatus and
replaced it gradually in Lake Veluwe. Analysis of long-term observations indicated a
self-reinforcing ability of C. aspera during eutrophication. C. aspera returned at a
lower phosphorus level (0.1 mg/l) than the level at the time of their disappearance (0.3

External Forcing

Overall behavior

   

Macro

CA
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mg/l), a phenomenon known as hysteresis, therefore phosphorus is not a key factor in
this case. It is supposed that the competition of dissolved inorganic carbon -1

3HCO
and competition of light are the two main factors of the succession. However, the
replacement process remained unclear, and triggered the demand for model
simulation. In view of the environmental heterogeneity and the local interactions, this
research selected a CA approach to simulate the competition of light and -1

3HCO  in

order to explain the essential features of the replacement process.

Fig. 5. The study area Lake Veluwe

3.2   Model Development

In this CA model, deterministic evolution rules obtained through laboratory and field
experiments are applied. The model is designed to contain two partly interacting
parallel submodels, one for P. pectinatus and the other for C. aspera. The processes
considered in each submodel include shading, attenuation, -1

3HCO  competition,

photosynthesis, respiration, morality and spreading. A conceptual framework of the
model can be found in Chen, et al., (2002). General aspects of the model include: (1)
germination of  P. pectinatus and C. aspera from propagules; (2) initialisation with
exponential growth rate; (3) growing and spreading; (4) production of propagules.
The deterministic evolution rules used in this CA model are based on laboratory
experiments and are calibrated against field observations. The algorithms involved are
presented in some detail in Chen et al. (2002).

3.3   Results and Discussion

The simulations of the model are presented in two ways: by visualisation of the
growing and spreading patterns of the two species in the lake, and by time series of
biomass density averaged over sampled cells. Two graphs (Fig 6) show the changes of
biomass density of P. pectinatus and C. aspera in each cell and the colonisation
process resp. As shown in Fig 6, the colonisation is from the Northeast to the
Southwest, and it is faster in longitudinal direction than in transverse direction.
Besides, the colonisation of C. aspera is faster than that of P. pectinatus. Several

Veluwe
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C. aspera P. pectinatus C. aspera P. pectinatus

simulation scenarios were carried out to test the governing factors. The results showed
that the light intensity and -1

3HCO  are two major factors to the competitive growths

of C. aspera and P. pectinatus in Lake Veluwe. Thus, shading and competition of
-1
3HCO  become two important processes. The scarcity of -1

3HCO  has a great

negative effect on the growth of P. pectinatus, while it has a indirect positive effect on
the growth of C. aspera, which is advantageous to the replacement of P. pectinatus by
C. aspera. These results are compatible with the field observations of Marcel (1999),
who explored an individual based model to study the effects of changing
environmental conditions on the dynamics between C. aspera and P. pectinatus.  It
can be concluded that a CA model with deterministic local interaction rules proved to
be a good modelling paradigm where other methods had failed so far.

Fig. 6.  Germination of both species (P. pectinatus germinates earlier than C. aspera) at the left,
and colonisation pattern by the end of the second year (P. pectinatus spreads slower than C.
aspera) at the right

4   Fuzzy Cellular Automata for Modelling Harmful Algal Blooms

The EcoCA and the macrophyte models use either stochastic rules or deterministic
rules. However, there are many systems, in particular ecosystems such as harmful
algal blooms, where the detailed mechanisms and their statistical behaviour remain
unclear. For that reason, a fuzzy logic technique is introduced into the cellular
automata paradigm for rule formulation, denoted as Fuzzy Cellular Automata.

4.1   Description of the Study Area

The Dutch coast receives outflow from the rivers Rhine and Meuse and is one of the
most productive fishing areas in the world. In the past 20-50 years, the increase in
nutrient discharged by the rivers has led to eutrophication of the coastal zones. Spring
algal blooms occur frequently in Dutch coastal waters. The blooms, defined as
chlorophyll a concentration ≥ 30 μg/l, are usually non-toxic, but they may be harmful
because the dead algae can lead to anoxia and result in massive mussel mortality.

Algal blooming is a multidisciplinary and complex problem where
hydrodynamic, chemical and biological processes take place simultaneously. The
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blooms usually occur very locally and show strong patchy dynamics. Some of the
processes such as the hydrodynamics can be simulated numerically in detail, while a
lot of biological mechanisms remain unclear. Besides, water quality and biological
data are usually sparse and uncertain for detailed analysis.

Therefore, in this research an integrated numerical and fuzzy cellular automata
model was developed to predict phytoplankton biomass and hence algal blooming in
the Dutch coastal waters. The numerical Delft3D-WAQ (water quality) module
simulates the flow and transport conditions. The fuzzy logic module was transferred
from the one that was developed on the basis of Noordwijk 10 data (Chen and Mynett,
2004a) and was used to predict algal biomass on the basis of the computed abiotic
factors. In order to take into account the spatial heterogeneity and local behaviour and
to capture patchiness dynamics, a cellular automata paradigm was implemented in the
developed model where the local evolution rules f are defined by fuzzy logic.

The study focuses on the near shore area of the Dutch coast (Fig 7). The water
depth is between 0 and 30 m, and water temperature varies from 5 to 22 ºC, and the
irradiance is between 132~1700 Whm-2day-1. The concentrations of inorganic
nitrogen and phosphorus are between 0.007~1.246 mg/l and 0~0.073 mg/l
respectively. The biomass concentration (in chlorophyll a) is from 0.1 ~ 90.2 μg/l.
The discharge from the River Rhine at the Maassluis station (including tidal effects) is
between -2744~4649 m3/s, with a mean of 1382 m3/s. The water is usually well mixed
except for temporary weak stratification caused by salinity.

       

Fig. 7. Study area of Dutch coast of the North Sea and computational grid (right)

4.2   Model Development

A curvilinear grid is used for the computations with Delft3-WAQ (Fig 7), totalling
1157 computational cells in the studied area. Following the computational approach
as outlined in Chen (2004), the nitrogen, phosphorus and the transport are calculated
first. Since the studied area is usually well-mixed with only temporary and weak
stratifications, the mean water column irradiance is used.
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The fuzzy logic model was introduced to predict algal biomass on the basis of the
calculated nutrient concentrations. The membership functions of Chla and dissolved
inorganic nitrogen are shown in Fig 8. The other variables include Julian date, water
temperature and concentration of dissolved inorganic phosphorus. There are in total
72 inference rules in the rule base that come both from ecologists’ experience and
from the data learning process. The simulation time step for nutrients is 1 hour and
that for algal biomass is 7 days, therefore a time aggregation is made before initiating
the fuzzy cellular automata module. The cellular automata module is directly
implemented on the topological connectivity of the curvilinear grid. The Moore
neighbourhood configuration is applied in the CA model and the local evolution rules
constructed by fuzzy logic techniques follow the general formula:

 1 * 1
, , ,( , , )t t t t

i j i j i j NS f S S S+ += (4)

where 1
,
t
i jS + is the state of cell (i, j) at time step t+1, * 1

,
t
i jS + is the state of the cell (i, j) at

time step t+1 which is preliminarily predicted by the fuzzy logic model, and
t
NS are the states of the eight neighbouring cells at time step t, while f represents

the local fuzzy evolution rules.
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Fig. 8. Membership functions of model variables and output (left: TIN; right: Chla)

4.3   Results and Discussion

The model results for dissolved inorganic nitrogen, inorganic phosphorus and
chlorophyll a concentrations in 1995 are given at the left of Fig 9 while the figure at
the right shows a satellite image at the peak-bloom period.
    The modelled peak value of chlorophyll a at station Noorwijk 10 is 48 μg/l which
appeared on 30th April. By examining the observations of 1995, it is found that the
algal bloom initiated by the end of April and the first peak at station Noorwijk 10
appeared on May 3rd with a chlorophyll a concentration of 58.2 μg/l. The modelled
bloom timing and intensity from the fuzzy cellular automata module are seen to be
somewhat close to the observations. In the spatial domain, the algal biomass is higher
in the estuaries than in the coastal waters since it affected by the residual flow from
the River Rhine. For comparison, the satellite image of algal bloom at the beginning
of May 2003 along Dutch coast is shown in Fig 9 (right). It is difficult to
quantitatively compare the modelled algae concentrations with the satellite image



Cellular Automata in Ecological and Ecohydraulics Modelling        511

Fig. 9. Concentrations of modelled algal biomass (left) and remote sensing image (right) at
peak-bloom period.

observations. However, the modelled spatial patterns are shown to be comparable
with the observation. It is particularly important to point out that the application of the
cellular automata paradigm has enhanced the capability of capturing patchy dynamics
which can be observed from Fig 9. The case study demonstrated that this way of
integrated modelling seems a promising approach indeed.

5   Discussions

It becomes apparent from the research that in ecological modelling, cellular automata
exhibit good flexibility in realising local interactions and spatial heterogeneity. In
order to model practical aquatic ecosystems, it is imperative to extend the purely
geometrically-determined rules to include external factors. The selection of cell size
and time step is determined by the governing physical and biological processes. Based
on these ideas, the CA model successfully simulated the competitive growth and
succession of two underwater macrophytes in a eutrophic lake, where previous efforts
using PDE models failed and had to be replaced by an individual based model.

However, in aquatic ecosystems, there are usually many mechanisms remaining
unclear and their statistical behaviours are difficult, if not impossible, to be defined
due to limited data. Neither deterministic nor stochastic description alone is enough
under such conditions. The study presented in this paper demonstrated that, although
still at the initial stage, the potential to integrate different paradigms (CA and PDEs)
and different techniques (fuzzy logic and numerical simulation) in ecosystem
modelling. Their strength lies in the fact that (1) some processes can be simulated in
detail numerically; (2) some irregular and sparse data, and the empirical knowledge
from experts can be encapsulated by fuzzy logic; (3) the spatial heterogeneity, local
interactions and emergence of patchiness are captured through cellular automata.
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Abstract. In this work we study the collective behavior in a model
of a simplified homogeneous society. Each agent is modeled as a binary
“perceptron”, receiving neighbors’ opinions as inputs and outputting one
of two possible opinions, according to the conformist attitude and to
the external pressure of mass media. For a neighborhood size greater
than three, the system shows a very complex phase diagram, including a
disordered phase and chaotic behavior. We present analytic calculations,
mean fields approximation and numerical simulations for different values
of the parameters.

1 Introduction

In recent years there has been a great interest in the applications of physical
approaches to a quantitative description of social and economic processes [1,
2,3,4,5,6,7,8,9,10,11,12]. The development of the interdisciplinary field of the
“science of complexity” has lead to the insight that complex dynamic processes
may also result from simple interactions, and even social structure formation
could be well described within a mathematical approach.

In this paper we are interested in modeling the human society in order to
understand the process of opinion formation applied to political elections. We
know well that an extremely simplified model can not be able to catch all the
possible behaviors of people in the society. Nevertheless we believe that the first
step of modeling social phenomena should be a very simple model of the single
person, in order to see whether the interaction among such simple individuals
is already able to produce some non-trivial, complex behavior. When the simple
model is well understood, one can add more ingredients and see what effects are
generated by these new ingredients.

Many different approaches have been taken by scientists in this matter. The
simplest choice is to consider a uniform society, where all the persons are con-
sidered equal and have the same influence on all the others. The second choice

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 513–522, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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is to consider a society divided into two groups, a group of normal people and a
group of leaders (see Ref. [13]).

Another possibility is to consider all the individuals different from one an-
other. This can be modeled using a version of the Kauffman model, where every
individual has different (randomly generated) features and interacts randomly
with a certain number of other individuals. Despite its simplicity, this model is
able to exhibit very complex behaviors, including chaos, which can be ascribed
either to the presence of disorder and asymmetric coupling, or to frustrations.

In this paper we start exploring the behavior of a model of an uniform society.
By uniform we mean that everybody is exactly like the others, except for the
expressed opinion (that may vary with time). All other parameters are exactly
the same.

We use a simple neural network model to approximate the process of opinion
formation taking place in a society. With this approximation, the individual
is represented by an automaton that receives some external inputs, elaborates
them using a certain function, and elaborates a response.

As a first step, we study the behavior of the simplest, one-dimensional neural
network, composed by binary perceptrons. Such a model has been successfully
applied to anticipate personal preferences on products (see Ref. [14]). The inputs
for each perceptron are given by the opinions expressed by other persons in a
local community, whose size is R.

The parameters of the model are the influence of the mass-media (H), the
weight J assigned to the the local community (that can be thought as the result of
education), and the conformist threshold Q. This last parameter models the em-
pirical fact that even a strong mass-media campaign or a strong anti-conformist
attitude cannot modify an opinion if it is supported by a strong majority in the
local community. If the local majority is outside the thresholded intervals, the
evolution rule is that of a Monte-Carlo simulation of an equilibrium system with
heat-bath dynamics.

The system may be trapped into one of the two absorbing states (uniform
opinion), or exhibit several kinds of irregular behavior. Technically, it is an ex-
tension of a probabilistic cellular automata with a very rich phase diagram [15],
whose mean-field approximation was described in Ref. [16]. A detailed investi-
gation of its behavior will be illustrated elsewhere [17].

This model can also be seen as a Cellular Neural Network [18,19,20], since
it is made up of simple non-linear processors which are locally connected.

In Sec. 2 we present this probabilistic cellular automata model and present
the main results. In Sec. 3 we extend the concept of Lyapunov exponents to
probabilistic cellular automata and present the results obtained for our model.
Finally, in Sec. 4, we summarize our work and draw some conclusions.

2 The Model

Let xt
i be the opinion assumed by individual i at time t. As usual in spin models,

only two different opinions, -1 and 1, are possible. The system is composed



Chaos in a Simple Cellular Automaton Model of a Uniform Society 515

by L individuals arranged on a one-dimensional lattice with periodic boundary
conditions. Time is considered discrete (corresponding, for instance, to election
events). The state of the whole system at time t is given by xt = (xt

0, . . . , x
t
L−1)

with xt
i ∈ {−1, 1}.

The individual opinion is formed according to a local community “pressure”
and a global influence. In order to avoid a tie, the local community is made up
of R = 2r + 1 individuals, including the opinion of the individual himself at
previous time. The average opinion of the local community around site (person)
i at time t is denoted by m = mt

i =
∑r

j=−r x
t
i+j .

Let J be a parameter controlling the influence of the local field in the opinion
formation process and H be the external social pressure. One could think of H as
the television influence, and J as the educational effects. The “field” H pushes
toward one opinion or the other, and people educated toward conformist will
have J > 0, while non-conformists will have J < 0.

The hypothesis of alignment with an overwhelming local majority is rep-
resented by the parameter Q, indicating the critical size of local majority. If
m < 2Q−R, then xt+1

i = −1, and if m > R− 2Q, then xt+1
i = 1.

For simpler numerical implementation and plotting, the opinions (−1,1) are
replaced by (0,1). Let us denote by S the sum of opinions in the local community
using the new coding. The “magnetization” can by expressed as m = 2S − R,
and the probability PS = P (1|S) of expressing opinion 1 given S neighbors with
opinion 1 is:

PS =

⎧⎪⎪⎨⎪⎪⎩
0 if S < Q;

1
1 + exp(−2(H + J(2S −R)))

if Q ≤ S ≤ R−Q;

1 if S > R−Q.

(1)

For Q = 0 the model reduces to an Ising spin system. For all Q > 0 we
have two absorbing homogeneous states, x = 0 and x = 1, corresponding to
an infinite plaquette coupling in the statistical mechanical sense. With these
assumptions, the model reduces to a one-dimensional, one-component, totalistic
cellular automaton with two absorbing states.

The order parameter is the fraction c of people sharing opinion 11. It is
zero or one in the two absorbing states, and assumes other values in the active
phase. The model is symmetric since the two absorbing states have the same
importance.

The quantities H and J range from −∞ to ∞. For easy plotting, we use
the parameters j = [1 + exp(−2J)]−1 and h = [1 + exp(−2H)]−1 as control
parameters, mapping the real axis (−∞,∞) to the interval [0, 1].

The fraction c of ones in a configuration and the concentration of clusters ρ
are defined by

c =
1
L

∑
i

Si and ρ =
1
L

∑
i

|Si − Si+1|.
1 The usual order parameter for magnetic system is the magnetization m = 2c − 1.
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In the mean-field approximation, the order parameters c and ρ are related by
ρ = 2c(1− c). Both the uniform zero-state and one-state correspond to ρ→ 0 in
the thermodynamic limit.

Fig. 1. Typical patterns (256 × 256 pixels) for R11Q1 and H = 0, starting from
a disordered initial condition with ρ0 = 0.5. (A) [top left, j = 0.056250]: “chaotic”
phase. One can observe rare “triangles” with “base” larger that R, corresponding to the
unstable absorbing states, and other metastable patterns, corresponding to additional
absorbing states for J → −∞. (B) [top right, j = 0.421875]: active phase, the only
absorbing states are 0 and 1. (C) [bottom left, j = 0.478125]: disordered phase. (D)
[bottom right, j = 0.562500]: quiescent phase. In this phase the only stable states
are the absorbing ones. The boundaries separating the phases move randomly until
coalescence.
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Fig. 2. Behavior of ρ for H = 0. R3Q1 (long dashed), R11Q1 (solid), R41Q1 (dashed)
and R81Q1 (dotted). Letters correspond to patterns in Fig 1.

Typical patterns for H = 0 are shown in Fig. 1. Roughly speaking, for ferro-
magnetic (J > 0) coupling, the only stable asymptotic states are the absorbing
ones. The system quickly coalesce into large patches of zeroes and ones (Fig. 1-D),
whose borders perform a sort of random motion until they annihilate pairwise.
For J < 0 the stable phase is represented by an active state, with a mixture of
zeroes and ones. For J →∞ the automaton become deterministic, of “chaotic”
type (for R=3 it is Wolfram’s rule 150).

As illustrated in Fig. 2, when R is greater than 3, the quantity ρ is no more
a monotonic function of j, and a new, less disordered phase appears inside the
active one for small values of j. This phase is characterized by a large number of
metastable states, that become truly absorbing only in the limit J → −∞. For
reasons explained in the following, we shall denote the new phase by the term
irregular, and the remaining portion of the active phase disordered. By further
increasing R, both transitions become sharper, and the size of the disordered
phase shrinks, as shown in Fig. 2. By enlarging the transition region one sees
that for H = 0 (Fig. 3) the transitions are composed by two sharp bends,
which are not finite-size or time effects. As shown in Fig. 1-C, in this range
of parameters the probability of observing a local absorbing configurations (i.e.
patches of zeroes or ones) is vanishing. All others local configurations have finite
probability of originating zeroes or ones in the next time step. The observed
transitions are essentially equivalent to those of an equilibrium system, that
in one dimension and for short-range interactions cannot exhibit a true phase
transition. The bends thus become real salient points only in the limit R→∞.

The origin of the order-disorder (II) and disorder-irregular (I) phase transi-
tion is due to the loss of stability of the fixed point c∗ �= 0, 1 given by the mean
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Fig. 3. Comparisons between numerical (thin line) and mean-field (thick dotted line)
results for R81Q1 and H = 0 (h = 0.5). The estimated critical values are j∗

I � 0.493827
and j∗

II � 0.51384.

field approximation (in the limit of large R)

c′ =

⎧⎪⎪⎨⎪⎪⎩
0 if c < Q̃,
1 if c > 1− Q̃,

1
1 + exp(−2(H + J̃(2c− 1))

otherwise.
(2)

where J̃ = JR and Q̃ = Q/R. More details can be found in [17].
For H = 0, the mean field approximation (Fig. 4) gives essentially three

possible scenarios: a stable value of c intermediate between 0 and 1, or a final
absorbing state either due to ferromagnetic (J > 0) or strongly antiferromag-
netic (J < 0) coupling. In a field-theoretic interpretation, the first scenario is
reflected by the disordered pattern of Fig. 1-c, the second by the randomly-
moving absorbing patches of Fig. 1-d, and the third one by Fig. 1-a. In this
latter case, the locally absorbing patches are disposed in a checkboard-like pat-
tern, and are essentially unstable by boundary perturbations. This essentially
corresponds to the dynamics of a Deterministic Cellular Automata (DCA) of
chaotic type, i.e. a system which is insensitive of infinitesimal perturbations but
reacts in an unpredictable way to finite perturbations.

3 Chaos and Lyapunov Exponent in Cellular Automata

State variables in cellular automata are discrete, and thus the usual chaoticity
analysis classifies them as stable systems. The occurrence of disordered patterns
and their propagation in stable dynamical systems can be classified into two
main groups: transient chaos and stable chaos.
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Fig. 4. Mean field map Eq. (2) in the neighborhood of transition I (solid) and II
(dashed).

Transient chaos is an irregular behavior of finite lifetime characterized by the
coexistence in the phase space of stable attractors and chaotic non attracting sets
– namely chaotic saddles or repellers [21]. After a transient irregular behavior,
the system generally collapses abruptly onto a non-chaotic attractor. Cellular
automata do not display this kind of behavior, which however may be present
in systems having a discrete dynamics as a limiting case [22].

Stable chaos constitutes a different kind of transient irregular behavior [23,
24] which cannot be ascribed to the presence of chaotic saddles and therefore to
divergence of nearby trajectories. Moreover, the lifetime of this transient regime
may scale exponentially with the system size (supertransients [23,24]), and the
final stable attractor is practically never reached for large enough systems. One is
thus allowed to assume that such transients may be of substantial experimental
interest and become the only physically relevant states in the thermodynamic
limit.

The emergence of this “chaoticity” in DCA dynamics, is effectively illustrated
by the damage spreading analysis [25,26], which measures the sensitivity to ini-
tial conditions and for this reason is considered as the natural extension of the
Lyapunov technique to discrete systems. In this method, indeed, one monitors
the behavior of the distance between two replicas of the system evolving from
slightly different initial conditions. The dynamics is considered unstable and the
DCA is said chaotic, whenever a small initial difference between replicas spreads
through the whole system. On the contrary, if the initial difference eventually
freezes or disappears, the DCA is considered non chaotic.

Due to the limited number of states of the automata however, damage spread-
ing does not account for the maximal “production of uncertainty”, since the two
replicas may synchronize locally just by chance (self-annihilation of the dam-
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Fig. 5. Contour plot of the maximum Lyapunov λ exponents for different values of
neighborhood size R and conformist parameter j. The solid line represent the boundary
between the λ ≥ 0 phase and the λ = −∞ one.

age). Moreover, there are different definitions of damage spreading for the same
rule [27].

To better understand the nature of the active phase, and up to what extent
it can be denoted chaotic, we extend the finite-distance Lyapunov exponent
definition [28] to probabilistic cellular automata. A similar approach has been
used in Ref. [29], calculating the Lyapunov exponents of a Kauffman random
boolean network in the annealed approximation. As shown in this latter paper,
this computation gives the value of the (classic) Lyapunov exponent obtained
by the analysis of time-series data using the Wolf algorithm.

Given a Boolean function f(x, y, . . . ), we define the Boolean derivative
∂f/∂x, as

∂f

∂x
=

{
1 if f(|x− 1|, y, . . . ) �= f(x, y, . . . ),
0 otherwise,

which represents a measure of sensitivity of a function with respect to its argu-
ments. The evolution rule of a probabilistic cellular automaton may be thought
as a Boolean function that depends also by one or more random arguments. In
our case

f(x1, x2 . . . ; r) = f(S; r) = [r < PS ],

where S = x1 + x2, . . . , PS is defined by Eq. (1) and [statement] is the truth
function, which gives 1 if the statement is true and 0 otherwise. In this case the
derivative is taken with respect to xi by keeping r constant.

For a cellular automaton rule, we can thus build the Jacobian Jij =
∂xt+1

i /∂xt
j . This Jacobian depends generally on the point in phase-space (the
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configurations) belonging to a given trajectory. In the case of a probabilistic
automaton, the trajectory also depends on the choice of the random numbers r.

Finally, the maximum Lyapunov exponent λ is computed in the usual way by
measuring the expansion rate of a “tangent” vector v(t), whose time evolution
is given by

v(t+ 1) = Jv(t).

As explained in Ref. [28], a component vi(t) of this tangent vector may be
thought as the maximum number of different paths following which any ini-
tial (t = 0) damage may reach the site i at time t, without self-annihilation.
When all components of v become zero (λ = −∞), no information about the
initial configuration may “percolate” to t = ∞, and the asymptotic configura-
tion is determined only by the random numbers used. This maximum Lyapunov
exponent is also related to the synchronization properties of automata [30].

A preliminary numerical computation of λ for our model is reported in Fig. 5.
It can be noticed that the boundary jc(R) of λ ≥ 0 is not monotonic with R,
reaching a maximum value for R � 11. By comparisons with Fig. 2, one can see
that the chaotic phase is included in the irregular one.

4 Conclusions

We have investigated a probabilistic cellular automaton model of an uniform so-
ciety, with forcing local majority. The phase diagram of the model is extremely
rich, showing a quiescent phase and several, active phases, with different dynam-
ical behaviors. We have analyzed the properties and boundaries of these phases
using direct numerical simulations, mean-field approximations and extending the
notion of finite-distance Lyapunov exponent to probabilistic cellular automata.

References

1. H. Haken, Synergetics. An Introduction, Springer-Verlag, Heidelberg, New York,
1983; Advanced Synergetics, Springer-Verlag, Heidelberg, New York, 1983.

2. Weidlich, W.; Haag, G., Concepts and Methods of a Quantitative Sociology: The
Dynamics of Interacting Populations, Berlin: Springer (1983).

3. Dendrinos, D. S.; Sonis, M., Chaos and Socio-spatial Dynamics, Berlin: Springer
(1990).

4. Weidlich, W., Physics and Social Science - The Approach of Synergetics, Physics
Reports 204, 1-163 (1991).

5. Vallacher, R.; Nowak, A. (eds.), Dynamical Systems in Social Psychology, New
York: Academic Press (1994).

6. G. A. Cowan, D. Pines, D. Meltzer (eds.), Complexity. Metaphors, Models, and
Reality, Addison-Wesley, Santa Fe, 1994.

7. Gilbert, N.; Doran, J. (eds.), Simulating societies: The computer simulation of
social processes, London: University College (1994).

8. Helbing, D., Quantitative Sociodynamics. Stochastic Methods and Models of Social
Interaction Processes, Dordrecht: Kluwer Academic (1995).



522 F. Bagnoli, F. Franci, and R. Rechtman

9. Hegselmann, R. H.; Mueller, U.; Troitzsch, K. G. (eds.), Modeling and simulation
in the social sciences from the philosophy of science point of view, Dordrecht:
Kluwer (1996).

10. Mantegna, R.N. & Stanley, H.E. An introduction to econophysics. Correlations
and complexity in finance. Cambridge University Press (2000).

11. D. Stauffer, D. Sornette, Physica A 271 (1999) 496.
12. H.W. Lorenz, Nonlinear Dynamical Equations and Chaotic Economy, Springer,

Berlin, New York, 1993.
13. Holyst, J.A., Kacperski, K, Schweitzer, F.: Physica A 285 (2000) 199
14. F. Bagnoli, A. Berrones and F. Franci, Physica A 332 (2004) 509–518
15. F. Bagnoli, N. Boccara and R. Rechtman, Phys. Rev. E 63, 46116 (2001).
16. F. Bagnoli, F. Franci and R. Rechtman, in Cellular Automata, S. Bandini, B.

Chopard and M. Tomassini (editors), (Springer-Verlag, Berlin 2002) p. 249.
17. F. Bagnoli, F. Franci and R. Rechtman, in preparation.
18. Chua, L.O., Yang, L. (1988) Cellular Neural Networks: Theory. IEEE Trans. Circ.

Syst. CAS-35 1257-1272.
19. Chua, L.O., Roska, T. (1993) The CNN Paradigm. IEEE Trans. Circ. Syst. CAS-

I-40 147-156.
20. Harrer, H., Nossek, J.A. (1992) Discrete-time Cellular Neural Networks. Int. J. of

Circ. Th. Appl. 20 453-467.
21. T. Tel, Proceedings of the 19th IUPAP International Conference on Statistical

Physics, edited by Hao Bai-lin (World Scientific Publishing: Singapore 1996)
22. F. Bagnoli and R. Rechtman, Phys. Rev. E 59, R1307 (1999); F. Bagnoli and

F. Cecconi, Phys. Lett. A 260, 9-17 (2001) and references therein.
23. J.P. Crutchfield and K. Kaneko, Phys. Rev. Lett. 60, 2715 (1988), K. Kaneko,

Phys. Lett. 149A, 105 (1990).
24. A. Politi, R. Livi, G.-L. Oppo, and R. Kapral, Europhys. Lett. 22, 571 (1993).
25. P. Grassberger, J. Stat. Phys. 79, 13 (1995).
26. F. Bagnoli, J. Stat. Phys. 79, 151 (1996).
27. H. Hinrichsen, J. S. Weitz and E. Domany J. Stat. Phys. 88, 617-636 (1997).
28. F. Bagnoli, R. Rechtman and S. Ruffo, Phys. Lett. A 172, 34 (1992).
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Abstract. The SLEUTH urban growth model [1] is a cellular automata model
that has been widely applied throughout the geographic literature to examine
the historic settlement patterns of cities and to forecast their future growth.  In
this research, the ability of the model to replicate historical patterns of land use
is examined by calibrating the model to fit historical data with 5, 10, and 15
different land use classes.  The model demonstrates it robustness in being able
to correctly replicate 72-93% of the land use transitions over an eight-year time
period, in both space and time.

1 Introduction

The logic and mechanisms of cellular automata (CA) allow linking the local to the
global, not just through simulation and model forecasting, but also in the sense that
global patterns and forms can be illustrated through local processes [2]. While there is
a difficulty in simulating large systems at the micro-scale, understanding the proc-
esses and evolution of form at the smallest level allows for a better understanding and
modeling of process taking place on the next hierarchical scale. The idea of cellular
automata-like geographic models, simulating change at the local scale can be traced
to Tobler [3], but a more formal outline of CA models and their possible use in
simulating urban systems was made by Couclelis [4]. The use of CA for urban sys-
tems was slow to catch on, taking nearly a decade before there was a broad body of
literature. Adaptation, experimentation, and application of these models to urban
systems has been quite prolific in more recent years.  One of the lures of these models
is as a metaphor for urban growth and change [4], [5], but the models have the ability
to at least attempt to simulate real-world systems, if not accurately mirror them [2],
[7], [8], due to several advantageous properties of CA.

There are certain properties of two-dimensional CA that make them especially ad-
vantageous to use in the modeling of geographic systems. The most obvious is that
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CA models are spatial in the same manner that an urban or any other geographic
system is. This treatment of space in an absolute manner is an advantage over other
urban and regional models (spatial interaction, gravity, econometric and location-
allocation) where the treatment of space is relative. The spatial aspect of CA is a
natural link to geographic and remotely sensed data; much of which is used as input
for these models. The raster structure of GIS and remotely sensed data sources is the
same lattice structure as that present in CA models, making them ideal sources for
regular grid data.

The process of simultaneous computation in CA allows for modelers to view urban
systems growing over time in increments instead of just the beginning and end points.
This is not to say that CA model a system at a continual temporal scale, just that the
increments between time periods can be set to such a small temporal period that the
result is a model that appears to be continuous in time. The flexibility in temporal
dynamics that a CA model provides allows the simulation of events that occur at
various timeframes; from pedestrian behavior to the growth of cities. CA act within a
localized neighborhood, creating micro-scale dynamics; but when the overall micro-
scale behavior of the system is taken collectively, there emerges macro-scale pattern.
These dynamics are typical of complex systems where the local elements are allowed
to interact, creating the macro-scale perspective.

The lattice structure and link to geographic and remotely sensed data makes CA
models highly visual – giving modelers and model users the ability to visualize the
results of model forecasts. This is especially helpful when models are being simulated
for multiple scenarios and analysis is done within the results. Incorporating the tem-
poral dynamics of CA with visualization, CA models allow users to view the dynamic
growth process as it takes place within the model. With such advantages, the capa-
bilities of CA for modeling urban systems are powerful. CA models easily incorpo-
rate common forms of geographic data, enables processes to take place at multiple
scales, and produce outputs that are highly visual, increasing the understanding and
appeal.

The SLEUTH urban growth model [1] has capitalized on these advantages to be
successfully applied to a wide variety of geographic areas [9], [10], [11]. Yet the
accuracy of the model in evaluating different quantities of land use classes has not
been rigorously evaluated.  The goal of this research is to examine the ability of the
SLEUTH model to replicate the spatio-temporal patterns of land use change over an
eight year period with the same dataset classified into 5, 10, and 15 land use classes.
The purpose is to test the sensitivity of SLEUTH as a typical CA model to land cover
class aggregation.

2 The SLEUTH Model

The SLEUTH model has the ability to model urban/non-urban dynamics as well as
urban-land use dynamics, although the latter has not been widely used; presumably
due to the limitations of gathering consistently classified land use data. The dual abil-
ity has led to the development of two subcomponents within the framework of the
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model, one that models urban/non-urban growth, the urban growth model (UGM) [1]
and the other that models land use change dynamics (Deltatron). Regardless of
whether each of these components is used, the model has the same calibration routine.
The input of land use data during calibration activates the Deltatron part of SLEUTH.

SLEUTH is a moniker for the data required to calibrate and forecast this urban
growth model.  The model requires topographic data in the form of Slope and Hill-
shade maps, although the hillshade is used only for visualization purposes, and does
not play a role in determining model outputs.  Land use with consistent classification
for two time periods are needed to implement the Deltatron submodel, they are not
necessary to simulate urban growth, but are recommended.  An Exclusion layer is
used to place constraints on urban growth. Through the Exclusion layer, a user can
specify where urban growth is allowed to occur, or where it is prohibited.  This layer
can also be a weighted layer so that ‘resistances’ against growth can be put in place in
an attempt to slow or alter the rate of urbanization.  Urban extent data is critical and
necessary for this model. Four different temporal layers are needed, showing the
extent of urban areas at different points in time. These maps serve as the control
points, against which the model is calibrated, and a goodness of fit is determined.
The last layer required for using SLEUTH is Transportation.  The creation of these
input maps is typically done within a geographic information system (GIS), and then
they are converted to GIF format files which are the actual data used in the model.

For this model, the transition rules between time periods are uniform across space,
and are applied in a nested set of loops. The outermost of the loops executes each
growth period, while an inner loop executes growth rules for a single year. Transition
rules and initial conditions of urban areas and land use at the start time are integral to
the model because of how the calibration process adapts the model to the local envi-
ronment. Clarke et al. [1] describe the initial condition set as the ‘seed’ layer, from
which growth and change occur one cell at a time, each cell acting independently of
the others, until patterns emerge during growth and the ‘organism’ learns more about
its environment. The transition rules that are implemented involve taking a cell at
random and investigating the spatial properties of that cell’s neighborhood, and then
urbanizing the cell, depending on probabilities influenced by other local characteris-
tics [1]. Five coefficients (with values 0 to 100) control the behavior of the system,
and are predetermined by the user at the onset of every model run. These parameters
are:
1. Diffusion – Determines the overall dispersiveness nature of the outward distribu-

tion.
2. Breed Coefficient – The likelihood that a newly generated detached settlement will

start on its own growth cycle.
3. Spread Coefficient – Controls how much contagion diffusion radiates from exist-

ing settlements.
4. Slope Resistance Factor – Influences the likelihood of development on steep

slopes.
5. Road Gravity Factor – An attraction factor that draws new settlements towards and

along roads.
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These parameters drive the four transition rules which simulate spontaneous (of
suitable slope and distance from existing centers), diffusive (new growth centers),
organic (infill and edge growth), and road influenced (a function of road gravity and
density) growth.  By running the model in calibration mode, a set of control parame-
ters is refined in the sequential 'brute-force' calibration phases: coarse, fine and final
calibrations [9].

2.1 Deltatron Dynamics Within SLEUTH

Three types of land use transitions are assumed to take place in the Deltatron model.
First are state changes where land makes a transition from one use to another (e.g.
Forest to Agriculture). The Deltatron assumes that urbanization is the driver of
change within the system, and that once a cell has become urbanized, it is not possible
for it to transform to another state.  Neighborhood transitions are also assumed where
if one cell is transformed into another land use class, that similar surrounding cells
have a higher probability of changing to that land use class as well. The last transition
that is assumed to take place is the discrete location change, where a particular cell,
while influenced by neighborhood change, changes land use on an individual level.
This may be from water to wetlands or vice versa. Thus land use changes in the
model are assumed to have spatio-temporal autocorrelation.  This violates the “classi-
cal” CA assumptions because changes have a “memory” beyond one time cycle,
albeit localized.

Three types of change influence transitions.  The first is a simple Markov transition
matrix that calculates the annual probability of change between all pairs of land uses.
The matrix is calculated by differencing the two input land use datasets and is nor-
malized by the number of years between the control years. Topography is also as-
sumed to influence land use change, with slope being a factor in determining where
land use classes may occur within the landscape. Urbanization will occupy the flattest
land available, while areas with steep slopes are better fit for other classes such as
forests and natural vegetation. The driver of change is urbanization. As the amount of
urbanization increases, so too does the model's attempts at land use changes, with
urban land cover consuming land that is currently in use by other land uses.
Clarke’s [12] paper provides the initial outline of the Deltatron model and its primary
assumptions:
1 That land transitions be considered to take place on a uniform spacing grid.
2 That transition is between and among a finite set of states, where the number of

states is small
3 That the transition matrix accurately estimates land use state transition probabili-

ties from observed counts.
4 That an external model be used to change the state of the dominant or driving

class.
5 That there should exist considerable spatial autocorrelation in land transitions.
6 That there exists temporal correlation between land transitions.
7 That specific land transitions are influenced by context.
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8 That land transitions happen to some degree at random, i.e. independent from the
driving force.

Deltatrons themselves are defined as bringers of change within land use change
space; they are the successful culmination of forces of change within the system and
have their own life cycles.  Deltatrons are born out of land use change between time
periods. In proceeding years the likelihood of similar conversion is still high due to
the assumption of spatial autocorrelation between land use transitions, and the Del-
tatron has the ability to affect and promote similar transitions in its neighborhood. Yet
when a new land use class has been established, the probability of an immediate tran-
sition to another land use class is low. When this is the case, a Deltatron acts as a
placeholder or memory and prevents subsequent transition of the land class for the
duration of its lifetime. How many cycles, or years, a Deltatron lives may be able to
be used as a modifiable parameter to fine-tune the model per application. Due to their
sensitivity to local influences, and ability to modify behavior over time, Deltatrons
are critical to the spatio-temporal autocorrelation of the land transitions. This process
of Deltatron land use change is initiated within the model through two distinct phases.
The first is the creation of change within the landscape, and the second is spreading
the change throughout it.  The result has been described as the dropping of a pebble in
pool of water and then the diffusion of ripples throughout the remainder of the pool.

2.2   Creation of Landscape Change

The creation of landscape change is driven by the number of cells that were newly
urbanized in the UGM.  The change cycles are initiated by choosing a cell at random
and then testing if it is suitable for change. There are four conditions that are enforced
which prevent some cells from changing: (1). the cell contains no data. (2).  the cell is
already urban. (3) the cell is in some land use class that has been determined by the
user to be incapable of change, water for example. (4). a Deltatron is already present
at that location.  When a suitable (not meeting the four conditions) cell is found, then
two land use classes are randomly chosen, and the class that has the average slope
value closest to the selected cell is selected, allowing topography and land cover to
both play a role in the transition process.  The probability of transitioning between the
initial class and the randomly chosen class is calculated, and if a randomly drawn
number is greater than the probability of change, then the cell does not change states,
and the next random cell is selected. On the other hand, if the randomly drawn num-
ber is less that the probability of transition between the two classes, the transition
takes place and is encouraged to randomly spread to its neighbors, creating a cluster.
At the end of this first phase of growth, several clusters of land use transitions have
been made, and a deltaspace is created, tracking the locations of changes in space and
time, from which Deltatrons are 'born,' and their ages monitored. This process is
summarized in Figure 1.
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Fig. 1. Summarization of the first phase of the Deltatron model, creation of land use change.

2.3  Proliferation of Landscape Change

In the second phase of the Deltatron model, existing Deltatrons attempt to initiate
change on available land within their local neighborhood.  The rules for initiating this
change are quite simple (Figure 2). If a suitable cell is neighbored by two or three
Deltatrons that were created in a previous time step, then an attempt is made to create
a transition within that cell. The requirement of two or three neighbors is randomly
enforced.  If a cell is selected for transition, then the neighboring Deltatrons are que-
ried to determine the land use change that is being proliferated. As is done in the
creation of land use change, the probability of land use transition is tested, and a ran-
dom draw is made to determine if the cell maintains its current state or it is trans-
formed, creating a new Deltatron. Once the process of proliferating change is com-
pleted, the deltaspace is updated, and the Deltatrons are either aged or killed.
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Fig. 2. Summarization of the second phase of the Deltatron model, proliferation of land use
change.

The calibration process is done in three stages: coarse, fine, and final. The coarse
calibration begins with parsing the parameter space into five areas and using the val-
ues of 1, 25, 50, 75, and 100 for each of the five parameters. This gives 3,125 differ-
ent parameter sets that are tested to determine which range of parameters the one
parameter set that best describes the data is located within. Results from the coarse
calibration are examined to determine the goodness of fit for each of the parameter
sets based on a set of spatial metrics.  Narrowing of the parameter set can be based on
a variety of different goodness of fit measures and there is not one sole metric that has
been shown to be the most effective. For this research a metric that was the product of
four individual metrics was used. The four individual metrics looked at the models
ability to model the urban area in each of the input dataset, replicate the spatial shape
of the input datasets, and replicate the patterns of land use in space and time.

3 Land Use Data

Land use data for San Joaquin County (California, USA), from 1988 and 1996 was
downloaded from the California Department of Water Resources webpage. Data were
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converted from polygons to raster (100m resolution) in a GIS. The data originally
consisted of 20 classes that were reclassified to 5, 10, and 15 land use classes as
shown in Table 1.  Urban extent data were obtained for 1988, 1992, 1994, and 1996
as described in [13].

Table 1. Reclassification scheme of the land use data from San Joaquin County (California,
USA) into data sets aggregated into 5, 10, and 15 land use classes

Land Use Class Reclassified
Code

5
Code

10
Code

15

Citrus and Subtropical
Fruit, Nut, & Vege-

tables
1 1 1

Deciduous Fruits & Nuts
Fruit, Nut, & Vege-

tables
1 1 2

Field Crops Field Crops 1 2 3
Grain  and Hay Field Crops 1 2 4

Idle Field Crops 1 2 5
Pasture Pasture 1 3 6

Rice Field Crops 1 2 7

Truck, Nursery, and Berry
Fruit, Nut, & Vege-

tables
1 1 8

Vineyards Vineyards 1 4 9
Barren and Wasteland Barren 2 5 10
Riparian  Vegetation Riparian 3 6 11

Native Vegetation Native  Vegetation 3 7 12
Water  Surfaces Water 4 8 13

Semi Agricultural Feedlots 1 9 14
Urban Urban 5 10 15

Commercial Urban 5 10 15
Industrial Urban 5 10 15
Landscape Urban 5 10 15
Residential Urban 5 10 15

Vacant Urban 5 10 15

4 Calibration Results

Results from the calibration show that SLEUTH was able to accurately replicate 93%
of the land use changes for the dataset with five land use classes, and 77% and 72%
for the dataset with ten and fifteen land use classes (Table 1).

SLEUTH was exceptionally good at modeling the total number of urban pixels in
the last year of input data as indicated by the compare statistic. It also performed well
in replicating the overall urbanization of the input time-series as shown in the popu-
lation statistic, which is a least squares regression score (r2) for modeled urbanization
compared to actual urbanization for the time series. The Lee-Sallee metric [14] was
used to evaluate the ability of the model to spatially match historical data; that is, how
good was the model at replicating the number of urban pixels and their location in
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space. The model was able to accurately replicate 74% of these patterns. Not surpris-
ingly, the model’s performance with regard to these three statistics was very similar
since they all used the same urban extent data over the same time period. The most
stringent measure of ability of the model to accurately reproduce land use patterns
was measured by the F-match statistic.

The F-match statistic measured the proportion of goodness of fit across land use
classes[14]. SLEUTH was able to accurately replicate 93% of the land use changes
for the dataset with five land use classes, and 77% and 72% for the dataset with ten
and fifteen land use classes.

Table 2. Results from calibrating the SLEUTH urban growth model to replicate land use
change patterns of datasets with 5, 10, and 15 land use classes between 1988 and 1996.  Four
spatial statistics (all scaled 0 to 1, with 1 being perfect replication of data) were used as measu-
re of the models ability to replicate the input data.  Details on these statistics are described in
[14]

Goodness of Fit Measures
Land

Use Classes
Compare Population Lee-Sallee F-Match Composite

5 1 0.83331 0.74278 0.92973 0.575471
10 0.99152 0.83802 0.74427 0.76968 0.475989
15 0.99429 0.83768 0.74267 0.72439 0.448084

5 Conclusions

This research has shown the robust ability of the SLEUTH urban growth and land use
change model to replicate land use patterns in both space and time. While the model
was better able to replicate the evolution of land use patterns with less detailed data, it
was to be expected since the Deltatron submodel has a stochastic component that
decreases the probability of picking the correct land use transition as more classes are
added. In its current format the model is only capable of handling land use transitions
between two time periods. With the increasing availability of multi-temporal spatial
data, it may be possible to alter the Deltatron model to handle land use data for multi-
ple time periods.  If possible, it will be interesting to reevaluate the robustness of the
model in handling multiple classes of land use data.

While previous use of this model has focused on the implementation and applica-
tion of this model to specific case studies [10], [11], this research is the first to evalu-
ate the ability of the land use model to replicate numerous land use patterns.  This has
been largely due to two reasons, one that is strikingly concerning. First, the public
availability of multi-temporal land use data is not widespread, and there is a signifi-
cant time lag between when imagery (the basis of most classifications) is taken, and
when it is classified by land use and released.  The other reason that this has not been
done is the general attitude in the geographic modeling community that if a model
works and gives credible results, then it should be accepted without further poking
and prodding. While the results of this research show the robustness of the model for
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simulating a variety of different land use classes, it is somewhat disturbing that other
researchers [10], [11] have not tested the sensitivity of the model’s performance to the
number of land use classes.  Hopefully this research will encourage other modelers to
make strides in their work to further test the mechanics and sensitivity of their mod-
els.
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Abstract. Random boolean networks (RBN) have been proposed more than
thirty years ago as models of genetic regulatory networks. Recent studies on the
perturbation in gene expression levels induced by the knock-out (i.e. silencing)
of single genes have shown that simple RBN models give rise to a distribution
of the size of the perturbations which is very similar in different model network
realizations, and is also very similar to the one actually found in experimental
data concerning a unicellular organism (S.cerevisiae). In this paper we present
further results, based upon the same set of experiments, concerning the
correlation between different perturbations. We compare actual data from S.
cerevisiae with the results of simulations concerning RBN models with more
than 6000 nodes, and comment on the usefulness and limitations of RBN
models.

1 Introduction

The wealth of data nowadays available in molecular biology calls for new methods
and ideas to make sense out of them. One approach which seems very promising is
the ensemble approach to the study of genetic networks, pioneered several years ago
by one of us [1],[2]. According to this line of research the interest is focussed on the
typical properties of networks which are supposed to capture some characteristics of
real biological systems, instead of upon the study of specific cases.

Random boolean networks (RBN) have been proposed as a model of genetic
regulatory networks, precisely with the aim of devising a model which should be
manageable enough to draw conclusions about its generic behaviours, which should
be compared with experimental data. Many excellent presentations of the model exist
[2], [3], and we will very briefly outline it below (section 2).

Models are useful if they guide our intuition and if they can be compared with
some actual data. Comparison has been considered between i) the scaling of the
number of attractors and of typical attractor length with the total number N of nodes,
on the modelling side, and ii) the scaling of the number of different cell types and
typical cell cycle length with the total DNA content in biological organisms [2].
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Although this comparison has been criticized [3], it has remained for some years
the only experimental test of the model.

Three of us [4], [5] have recently shown that the availability of DNA microarray
data allows further testing of the model, by analyzing a set of experiments in S.
Cerevisiae [6]. In each experiment a single gene is silenced, and the expression levels
of the other genes are compared to those of the wild type, i.e. the cell without knock-
out. These experiments can be simulated in silico. In the spirit of the ensemble
approach, we have investigated the statistical properties of these nets, introducing the
notions of avalanches and susceptibilites (see section 3). Studying networks with two
input connections per node (the simplest possible choice leading to non trivial
behaviour), it was found that, provided that non-canalyzing functions are excluded,
the distributions of avalanches and susceptibilities turn out to be very similar in
different network realizations (different connection topology, different boolean
functions on a single node). This should be contrasted to most dynamical properties
(attractor number and length) which show a high variance. Moreover, the distribution
of avalanches and susceptibilities are very similar to those actually found in
experimental data, thus suggesting that these might actually be suitable candidate as
generic properties, not severely affected by the details of a model or of a specific
network. We have therefore decided to investigate further the properties of these
perturbations, by looking at correlations between the expression patterns of different
genes and between expression profiles of different knock-out experiments. Also in
this case a comparison between experimental and simulated data has been performed.

In section 2 a very brief discussion of RBN is given, while in section 3 we review
the experimental procedure. In section 4 the major results concerning the simulation
of avalanches and susceptibilities are summarized. Useful measures of similarity
between gene expression patterns and between knock-out experiment profiles are
defined in section 5, where the major results for real and simulated networks are also
presented. These results are analyzed in section 6, where comments and indications
for further work are also given.

2   Random Boolean Networks

Let us consider a network composed of N genes, or nodes, which can take either the
value 0 (inactive) or 1 (active). Let xi(t) ∈{0,1} be the activation value of node i at
time t, and let X(t)=[x1(t), x2(t) … xN(t)] be the vector of activation values of all the
genes.

In a classical RBN each node has the same number of incoming connections kin,
and its kin input nodes are chosen at random with uniform probability among the
remaining N-1 nodes. The output (i.e. the new value of a node) corresponding to each
set of values of the input nodes is determined by a boolean function, which is
associated to that node, and which is also chosen at random, according to some
probability distribution [2]; the simplest choice is that of a uniform distribution among
all the possible boolean functions of kin arguments. However, a careful analysis of
some known real biological control circuits has shown that there is a strong bias in
favour of the so-called canalyzing functions [9]. A boolean function is said to be
canalyzing if at least one value of one of its input nodes uniquely determines its
output, no matter what the other input values are. Both the topology and the boolean
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function associated to each gene do not change in time. The network dynamics is
discrete and synchronous.

In order to analyze the properties of an ensemble of random boolean networks,
different networks are synyhesized and their dynamical properties are examined. The
ensembles differ mainly in the choice of the number of nodes N, the input
connectivity per node k, and the choice of the set of allowed boolean functions. While
individual realizations may differ markedly from the average properties of a given
class of networks, one of the major results is the discovery of the existence of two
different dynamical regimes, an ordered and a disordered one, divided by a “critical
zone”.Several observations, summarized in [2], [10], indicate that biological cells tend
to be found in the ordered region. The scaling properties of the average number of
attractors and average cycle length with the number of nodes N, in the ordered regime
near the edge of chaos, have been compared to actual data concerning the
dependence, upon the total DNA content, of the number of different cell types (which
should correspond to the number of attractors) and of the duration of the cell cycle
(which should correspond to the typical length of the attractor cycle). The agreement
appears satisfactory for data which span several orders of magnitude, over different
organisms belonging to different phyla.

3   Gene Knock-Out Experiments

Useful data from cDNA microarray measurements of gene expression profiles of
Saccharomyces  cerevisiae subject to many different perturbations are available [6].
We will briefly summarize here some features of the experiments, referring the
interested reader to the original references for further details.

In a typical knock-out experiment, one compares the expression levels of all the
genes in cells with a knocked-out gene, with those in normal ("wild type") cells. In
this way, all the experimental data can be cast in matrix form Eij, i=1 … 6312, j=1…
227.  Eij is the ratio of the expression of gene i in experiment j to the expression of
gene i in the wild type cell.

Microarray data are noisy, therefore, in order to make precise statements about the
number of genes perturbed in a given experiment, it is required that a threshold be
defined, such that the difference is regarded as "meaningful" if the ratio is greater than
the threshold θ (or smaller than 1/θ) and neglected otherwise. Here we limit our
analysis to the case of a threshold equal to 4, which is the most stringent value among
those examined in [11]. See also [5]  for further discussions on this choice.

Let Y be the boolean matrix which can be obtained by E by posing yij=1 if Eij>θ, or
Eij <1/θ; yij=0 otherwise (yij =1 means that the modification of the expression level of
gene i in experiment j is accepted as "meaningful"). In order to describe the global
features of these experiments, two important aggregate variables are then the
following. An avalanche is the size of the perturbation induced by a particular

experiment (in experiment j, Aj = Σi yij) while the susceptibility of gene n, Sn, is equal

to the number of experiments where that gene has been significantly affected (Sn= Σj

ynj). The reader is referred to [5] for data concerning the actual distribution of
avalanches and susceptibilities.
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4   The Simulation of Gene Knock-Out: Avalanches and
Susceptibilities

In order to take into account the dynamical features of gene regulatory networks,
dynamical networks with a high number of genes (6300, close to the number of genes
of Saccharomyces Cerevisiae analyzed in [6]) were computer-generated and several
simulations were performed, aimed at reproducing the experimental conditions.

For reasons outlined above the study concentrated upon networks with input
connectivity kin =2, which lie in the ordered phase, and particular attention was paid to
networks where the non-canalyzing functions are not allowed. For a description of the
way how the knock-out has been simulated is referred to [4], [5]. The main results can
be summarized as follows
• the distributions of avalanches and susceptibilities are very similar in different

networks. This property does not hold in the case where all the boolean functions
(including those which are not canalyzing) are allowed. This robust behaviour is in
sharp contrast with most properties of these networks (eg number and length of
attractors) which vary largely in different networks

• the average distribution of avalanches in synthetic networks is definitely close to
the one observed in actual experiments, except for the smallest avalanches, i.e.
those of size 1 which are overestimated in synthetic networks.

• the average distribution of susceptibilities in synthetic networks is even closer
(than that of avalanches) to the one observed in the experiments.
These results are indeed surprising, even more so if one realizes that there are no

adjustable parameters here (there is indeed one parameter in the data preparation,  i.e.
the threshold; for a discussion see [5]).Let us also note a point which will be
important in the discussion of the next section: the avalanches are rather small, as they
involve at most a few tens of genes out of 6300. There are only two “anomalous
avalanches” observed in the experiments which involve about 200 different genes.
The susceptibilities are even smaller, so a gene is modified in just a few experiments.

Table 1. Some features of the real and synthetic data distributions. The latter is the average of
the corresponding values of the different synthetic networks

Mean aval. Max aval. Mean susc. Max susc. Unaffected
nodes

S.Cervisiae 12.9 219 0.46 33 4964
Synthetic 12.5 266 0.45 9.6 4766

5   Distances

Note that the good results obtained, for the distribution of avalanches and
susceptibilities, with the simplest possible RBN model (i.e. the one with k=2) are
rather surprising, therefore it is important to perform further and more stringent
statistical analyses of the response of gene expression levels to the knock-out of single
genes, in order to compare the behaviour of model and real networks.
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Let us recal that Eij is defined as the ratio between the expression level of gene i in
experiment j and the expression level of the same gene in the wild type. In the
following we will use, as it is standard practice in DNA microarray studies, the (base
10) logarithm of this ratio for real networks

x’ij = log10 Eij

(1)

In the S.cerevisiae data, due to the properties of the measuring device, x’ij ∈[–2,2].
Log-ratio values which might correspond to larger values are “saturated” and they are
given the values ±2. In synthetic networks the zero level must of course be excluded:
we therefore modify Eij in synthetic networks, by substituing 0.01 to 0, or to any
number smaller than 0.01 (Eij in synthetic networks is the average of the level of gene
i in experiment j, taken over the attractor cycle with the largest basin of attraction). By
using 0.01 as the smallest possible activation level in synthetic networks, since 1 is
the maximum, we have the same range for Eij  (i.e. [-2,2]) both for real and synthetic
networks. Therefore, in syntehtic networks

x’ij = log10 E*ij

(2)

where E*ij is the value of Eij renormalized as described above.
As a control, a set of random values was generated according to a gaussian

distribution, with the constraints that the average is zero and that the number of data
points which lie beyond the [-2,2] interval matches the number of data which are
“saturated” in the actual data, and this distribution was compared to the actual
distibution of experimental log-ratios: the two distributions are clearly different, thus
ruling out the possibility that the distribution of the actual data is the result only of
white noise affecting the measurement procedure.For reasons mentioned in section 4,
a threshold θ has been applied to the real data (and not to the synthetic ones).
Therefore we will consider in the following, for biological data, the values xij defined
as xij=x’ij, if |x’ij|>logθ, xij=0 otherwise (logθ≅0.6). For synthetic networks xij=x’ij.The
(non-binarized, see below) distance between experiment j and experiment k , DE

jk, and
the distance between gene p and gene q, DG

pq, are defined as follows
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where N is the number of genes and M the number of experiments which are retained
for analysis, after removing from any subsequent analysis all those genes and
experiments where all the values have become 0. In our case the surviving data for the
biological system concern 1357 genes and 213 experiments. A similar pre-processing
is applied also to the different synthetic networks.

Note also that in some cases the value of the log ratio is not given, because the
quality of the spot on the microarray is poor. In this case the value is “not available”.
In these cases the distances have been renormalized by i) calculating D with the
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previous formulae, using only the available data (suppose that these are L) and ii)
renormalizing the calculated distances by multiplying the previous value times √(N/L)
(for experiments) or √(M/L) (for genes).

The (non-binarized) distances between experiments are shown in fig. 1 for real and
synthetic networks, while those concerning genes are shown in fig. 2. In these figures
(as well as in figs 2 below) the comparison is between biological data on one side, and
the mean of synthetic data (taken over 10 different network realizations) on the other
side. A histogram is computed for both real and simulated data; in the figures, the
number corresponding to the number of pairs which fall in a given interval are plotted
in correspondence to the midpoint of the interval. Note that a bin equal to 2 has been
used for distances between experiments (figs. 1 and 2 on the left), while in the case of
distances between genes, since there were fewer points, a smaller bin equal to 1 has
been used (figs. 1 and 2 on the right).

Fig. 1. On the left distances DE between pairs of experiments (bin=2) and distances DG between
pairs of genes (bin=1) on the right.

The quantities considered so far represent a natural measure of the distances
between genes and of the distances between experiments. For the sake of definiteness
let us focus on the former: if two genes are uncorrelated, their squared distance will
be the sum of M entirely random terms; if they are positively correlated, they will
tend to be simultaneously overexpressed, or underexpressed, in a number of tests, thus
providing a small contribution to the overall distance. On the contrary, if they are
negatively correlated, the contribution to the distance will be high.
A different question might also be asked, which is in the spirit of the previous studies
on avalanches: we may be interested in knowing whether two genes tend to “change
together”, no matter whether they are positively or negatively correlated. In this case
it is appropriate to use the variables y, defined in section 4, instead of the x’s used
above. These variable are binary, and they convey only the information concerning
the fact that a gene has changed its expression level in a given experiment, without
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distinguishing whether it has increased or decreased. The (binarized) distances BE

jk

and BG

pq are defined as
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Note here that the term under square root is equal to the number of genes which
take different values in two experiments, in the case of BE, and is equal to the number
of experiments where a gene takes different values, in the case of BG.

The distances BE and BG are shown in fig. 2

Fig. 2. On the left binarized distances BE between pairs of experiments (bin=2) and binarized
distances BG between pairs of genes (bin=1) on the right

6 Conclusions and Suggestions for Further Work

As it can be seen, there are some important similarities between the distributions of
biological and simulated data; there are also some visible differences, which require
comments and further analysis.

As far as fig. 1 (right) is concerned, the agreement between actual and simulated
distances between experiments DE appears satisfactory, excluding the first bin where
there are many more points in the real case. This might be explained as follows: in
many cases, avalanches in synthetic networks involve just a single gene, i.e. the one
which has been knocked out, which is very often a constant one (non oscillating genes
are by far the most frequent ones). In this case the ratio jumps from 1 to 0.01, and the
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log ratio change is 2. Now compare the experiment with just such a single change
with another one of the same kind, where the only gene which has changed is of
course another one. The squared distance between the two experiments would be
22+22=8, and the corresponding distance would be 2√2, which is larger than the upper
limit of the first bin. Of course, if more genes are involved the distances are even
greater. That’s why the number of small distances (i.e those in the first bin) between
experiments in synthetic networks is smaller than that in real networks.

Looking at fig. 1 (right) the difference between real and simulated data appears to
be  greater, but this is largely a visual effect, due to the fact that in this case a bin
equal to one has been used (otherwise the number of points would have been
extremely low), so that there are now two points which are almost zero in the
synthetic case. But the reason for the difference is exactly the same given above, i.e.
that, excluding rare cases which involve oscillating genes, synthetic networks cannot
display distances smaller than 2√2.

Let us now consider the “binarized” distances B. In fig. 2 (left) the most striking
difference is that the first bin of the synthetic data is much more crowded than that of
the experimental data. This might be tentatively explained as follows. Let us first
consider the case where two experiments refer to two avalanches of dimension one,
where only the knocked-out gene has modified its value (just as we did in the
discussion of figs. 1). Let us suppose that gene has been modified in experiment 1,
and that gene g has been modified in experiment 2. There are four possibilities: the
value of gene h in experiment 2 is the same as the new value of h in experiment 1 (i.e.
0, in this case), and the value of gene g in experiment 1 is the same as the new value
of g in experiment 2: in this case the distance between the two perturbed states would
be 0. The two genes might otherwise have different values in both perturbed states,
thus providing a distance of √2, or there might be one gene with the same value and
another with a different value (this can be achieved in two different ways). If all the
combinations have the same probability, then the expected value for the distance is

85.0
4

2
2

4

1
12 ≅+>=< d

(5)

Due to the way  distances are computed in the binarized case, this value now falls
into the first bin. A similar analysis shows that also cases where an experiment
corresponding to an avalanche of size 2 is compared with one of size 1, the distance is
higher likely to fall in the first bin, and the same analysis can be applied to the case
where two avalanches of size two are compared. That’s why the first bin in the
binarized case tends to be pretty crowded in the synthetic case.

By looking at the data on avalanche size, one can see that the frequency of small
avalanches (of size 1) is definitely higher in the synthetic cases than in the
experimental one, so this effect is much more pronounced in synthetic data rather than
in biological data. Another way to phrase this remark is that in the simulations only
networks with k=2 were used, which is certainly not a biologically plausible
assumption. This is likely to lead to a larger number of small avalanches than in the
biological case, where higher connectivities might appear, and this might be
responsible for the difference in binarized data.

Note also that the curve of biological data shows a (relatively small) peak at fairly
high distance values, i.e. 15, corresponding to a number of positions where two
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experiments differ of more than 200. These are due to the two anomalous avalanches
which have been noticed in the previous study on avalanches and susceptibilities; it is
interesting to observe that, while there is no such  peak in average simulated data, this
peak appears in a number of individual simulations of synthetic networks (and is
washed away by the averaging procedure).

Finally, in fig. 2 (right) the major differences between the two cases appears to be
i) that the height of the peak at the second point is larger in simulated networks and
that ii) the tails of the distribution of experimental data are longer than those of
synthetic data. The former difference can be explained by considering that a given
gene is likely to be in the same state in most knock-out experiments; when that gene
is knocked-out, it changes value: if we compare two experiments, each of them
involving one gene only, the difference will be √2 in the synthetic case, while in real
data the difference can be different. Since in this case a bin = 1 has been used, the
overcrowding effect of synthetic networks is observed in the second bin. As far as the
observation of longer tails in biological data is concerned, this is related to the fact
that S. Cerevisiae data have some gene with a much higher susceptibility than those of
synthetic networks (see Table 1); these highly susceptible genes, in the binarized case,
present high distances from the other more common genes.

By considering the results of section 5, together with the above comments, one is
therefore led to the conclusion that the distributions of distances between experiments
and genes present important common features in S. Cerevisiae and in random boolean
models. The major differences seem to be related to the facts that
• simulated networks present a much higher fraction of small avalanches of size 1

(roughly 30% of the total) than those which are found in real data (15%)
• the maximum value of the susceptibility is smaller in synthetic than in real

networks.
It can be conjectured that the difference between the number of small avalanches in

the two cases is related to the fact that the number of incoming connections, k, is held
fixed to the value 2 in the simulations. This is certainly not a biologically plausible
assumption, since it is well known that there are some genes whose expression can be
influenced by a higher number of other genes. It would be therefore interesting to
explore the behaviours of networks with higher connectivities, although in this case
the computational load associated to the simulation of a network with 6000 nodes
would be much greater.

Moreover, the presence of unusually highly susceptible genes in biological
networks suggests the opportunity to test models where the constraint that all the
genes have the same number of input is removed. It would be interesting to analyze
the behaviour of random boolean models with exponential or scale-free
connectivities.
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Abstract. T cells are key components of the immune system, recognizing the
presence of foreign antigens by coming in direct contact with specialized
antigen-presenting cells (APCs) and scanning the array of surface molecules
presented by the APC. During the first 60 seconds of contact, thousands of
molecules on both cell surfaces interact. Based on these interactions the T cell
makes a first crucial decision to either sustain contact, eventually leading to
activation, or to disengage and move on.  This paper presents a Cellular
Automata model to study how a T cell integrates a varied array of positive and
negative signals into its first activation decision. Our simulations use available
biological data and support the notion that complex behaviors, such as the
signal processing function of a cell, can emerge from the varied local
interactions of many cellular receptors.

1   Introduction

T cells play a central role in orchestrating the adaptive immune response. They are
able to distinguish infected or cancer cells from normal cells.  To do so, T cells detect
abnormal antigens presented on the surface of antigen-presenting cells (APC).
During recognition, a T cell comes in contact with an APC and within 60 seconds
makes a crucial first decision to either sustain the interaction, potentially leading to
activation, or to disengage and resume its patrol. Over this brief period, thousands of
homogeneous T cell receptors (TCRs) on the T cell surface interact with thousands of
heterogeneous peptide-MHC (pMHC) complexes on the APC surface with a wide
range of interaction affinities (binding strength). The T cell quickly integrates this
vast array of signals into a first activation decision, which ultimately determines the
efficacy of the immune response.
   Antigen recognition requires the binding of the T cell receptor to a pMHC complex
[1]. This leads to a series of signaling events collectively known as TCR triggering
[2]. Despite being the object of intense study, many of the molecular events
underlying T cell signaling remain unknown. Some of the early events immediately
following engagement with pMHC (notably, phosphorylation of the TCR-CD3
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complex) have been well established. Beyond these, it is believed that pMHC
engagement leads to functional changes in the TCR that in turn affect the activation
signal. However, what these changes are remains the subject of speculation. Several
models have been proposed based on various, at times contradictory, experimental
observations. One of these models proposes that upon pMHC engagement, activated
TCRs begin to cluster with one another [3], [4] as a means of concentrating and
enhancing the activation signal in preparation for the formation of a well-observed
bulls eye pattern known as the immunological synapse [5]. Our model uses this “TCR
microclustering” hypothesis.

Table 1.  Categories of peptides

Peptide species Half-life Functionality

Strong Agonist >10 sec Promote full TCR activation (level 2), and
by extension microclustering and T cell
activation

Weak Agonist 2-10 sec Can have the same effects as strong
agonists,
but only in higher concentrations.

Null 0-1 sec Do not promote TCR activation by
themselves (level 0), but enhance activation
in presence of agonists

Antagonist 1-2 sec Result in partial TCR activation (level 1)
and disrupt clustering and T cell activation

    Diversity in the T cell response is due to the peptides in the pMHC complex. Table
1 summarizes the different peptide classes and their known functional effect on T cell
response. The half-life of interaction is the time the TCR and pMHC remain together,
which in turn determines the amount of signaling (as this depends on recruitment and
movement of molecules). In our model, when a TCR has interacted with a pMHC it is
‘activated’ to levels 0-2, thus modeling the different degrees of TCR phosphorylation.

2   Model

We model microclustering of activated TCRs during the first 60s of T cell-APC
contact.  Molecules move by Brownian motion on a square grid representing the T-
APC contact surface and may interact when they collide. Interactions are defined by
biologically informed local rules and given a stochastic component. The grid is
populated with thousands of molecules, corresponding to a 20% realistic occupancy
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rate. Despite the low occupancy rate, microclusters can form under the right
conditions resulting from an ordered sequence of signal exchanges. Microclustering
occurs via a multi-stage process, as illustrated in Figure 1.

Fig. 1. Different stages for a TCR molecule

Stage 1: Collision of TCR with pMHC. A TCR and pMHC (both moving by Brownian
motion) collide. Collisions occur when two particles meet at adjacent locations on the
grid.

Stage 2: Activation of TCR by pMHC. The TCR and pMHC stay together for a period
of time equal to the half-life, t1/2, of interaction (determined by the peptide in the
pMHC complex –see Table 1) and move together as a unit by Brownian motion.
During this time the TCR gets activated to levels 0-2 (level 0=low activation, level
1=medium activation, level 2=high activation). The activation level reached by the
TCR depends on t1/2 and a stochastic component. The longer the pair stays together,
the higher the likelihood of the TCR achieving a higher activation level by the end of
their interaction. Agonists typically lead to level 2, antagonists to level 1 and nulls to
level 0 (Table 2).
   In order to capture the stochastic nature of TCR signaling [6], every time a TCR-
pMHC encounter occurs we use a probability distribution to set the time required to
reach the different activation levels. Hence, a half-life of >5 seconds will most likely
result in level 2 (full) activation of the TCR, but not always.

Stage 3: Clustering with other TCRs. A TCR may initiate a cluster when it collides
with another free TCR, or join an existing cluster when it collides with it. The rules
for clustering are as follows. We define six pairwise cluster association probabilities
(CAPs), Pij, where i,j=0,1,2 correspond to different activation levels and Pij = Pji. The
CAPs define the pairwise probability of association between two TCRs at their
corresponding activation levels. For example, P02 is the probability of association
between a level 0 TCR and a level 2 TCR. In our model P22 will be the highest
probability as it involves two agonist-activated TCRs, and P11 the lowest, as it
involves two antagonist-activated TCRs. The six CAPs in order of increasing
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probability (i.e. likelihood of association) are: P11, P10, P12, P00, P02, P22. We choose the
CAP values partly by matching experimental data and, once set, their values are
stored in a lookup table for use by the simulation.
   In the case where the activated TCR collides with another free TCR, the two will
join together to form a cluster if the Pij is higher than a threshold. The threshold is a
random number, to account for stochastic effects.  If the activated TCR collides with
an existing cluster, we look at the Pij of the TCR with every other TCR in the cluster
and generate a random threshold for every pair. The TCR joins the cluster if any one
of the Pij exceeds its threshold.

Table 2. TCR activation levels

TCR Activation
Level

Conferred by (highest
probability)

Effect on Clustering

0 – low activation Null peptide Neutral stability

1 – partial
activation

Antagonist peptide Instability

2 – full activation Agonist peptide High stability

Stage 4: Possible Dissociation from Cluster. We want to model instability inside a
microcluster due to thermal vibrations and the presence of antagonists. We define six
pairwise cluster dissociation probabilities (CDPs), Pij, , where  P22 is the lowest (two
agonist-activated TCRs want to stay together), and P11 is the highest (two antagonist-
activated TCRs want to dissociate). The six CDPs in order of increasing (dissociation)
probability are: P22 , P20,  P00, P12 , P10,  P11. We choose the CDP values partly by matching
experimental data and, once set, their values are stored in a lookup table for use by the
simulation.
   At every time step and for every TCR in the cluster we look up its pairwise
dissociation probability Pij with all the other TCRs and generate a random threshold
for each pair. A TCR will dissociate from the cluster if any of its Pij exceeds its
threshold and it is not physically blocked from falling away by other TCRs.

3   Results

We simulated early T cell recognition under different peptide inputs. We show results
corresponding to the tests of Tables 3 and 4. To start the simulation, the APC grid is
seeded with a given peptide mix, molecules are allowed to move and interact, and
microcluster formation is tracked. We judge the outcome of recognition (or signal
strength received by the T cell) by measuring the number of TCRs involved in stable
microclusters at 60 seconds. Stable microclusters are defined as lasting >2 seconds
with at least 6 TCRs at the end of each simulation.  Thus, transient microclusters that
may form during the simulation based on random collisions would not be scored.
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Fig. 2. Microcluster evolution (A-E) on contact interface for 100% agonists on APC surface
(first test on Table 3).  Agonist peptides promote TCR activation and, thus, microcluster
formation.

   As the results have a stochastic nature, several runs were performed for each peptide
repertoire and the results averaged. The initial simulations were performed on a 700 x
700 grid (representing the full 50 μm2 contact surface).  As scaling downward did not
qualitatively affect the results, we performed most simulations on a 300 x 300 grid
(approximately 1/5 the contact area) to reduce run times, and the results reported
below are based on this reduced area. The TCR and pMHC populations on a 300 x
300 grid are approximately 1800 molecules each (~2% occupancy), and the total
population for all molecule types is 18,000 molecules  (~20% occupancy).
   We estimate a minimal activation threshold to be 50-80 TCRs (out of 1800 TCRs)
involved in stable microclusters at 60 seconds.  These values are based on simulations
resulting in stable clustering and are thus far not experimentally measurable, but
consistent with previous results [5].
   The simulator also includes an animation component to visualize the dynamics and
evolution of microclusters during the interaction period.  Figures 2 and 3 show serial
snapshots of the animations and graphs of the cluster statistics for the first and third
tests in Table 3 below. To facilitate clarity in visualization, these animations
correspond to a reduced 100 x 100 grid size (all other results below correspond to a
300 x 300 grid).

As a shortform, we use N to denote null peptides, An for antagonists, WA for weak
agonists, and SA for strong agonists. For example, 90N:10SA denotes a peptide
mixture consisting of 90% Null and 10% Strong Agonist. Unless a distinction is
explicitly made between strong and weak agonists, we use the term agonist to imply
strong agonist.
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Fig. 3. Microcluster evolution (A-E) for 10% agonists and 90% antagonists (third test on Table
3).  The high ratio of antagonists prevents the formation of stable (long-lived) microclusters.

3.1   Effect of Agonist and Antagonist Peptides on T Cell Activation

We seeded the APC with the four simple peptide mixtures for which experimental
results were available (Sumen C. and Davis M.M., unpublished data). We assume that
immune synapse (IS) formation implies, by extension, microcluster formation and we
use the data to partially validate our model behavior and estimate parameters.  As
shown in Table 3, the 100% agonists (t1/2 > 10 sec) condition produced the largest
average number of TCRs involved in stable microclusters (904 on average, out of a
total of 1800 TCRs), followed by 10% agonist-90% null, or 10A:90N (512 on
average). These data are consistent with biological observations since these two
conditions produced IS formation in in vitro experiments.

Table 3.  Effect of agonist and antagonist peptides on T cell activation. Percentages refer to
relative concentrations of each peptide class in the overall pMHC population. The total pMHC
population represents 2% of the total population of APC surface molecules. Simulation data
represent the total # of TCRs involved in stable (>2 seconds) microclusters at the end of 60
seconds.  Data show the mean ± SD of 8 independent simulations of each condition

% Agonist %
Antagonist

% Null IS observed? #TCR in microclusters

100 0 0 Yes 904 ± 66
10 0 90 Yes 512 ± 29
10 90 0 No 0 ± 0
1 0 99 No 64 ± 22
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Table 4.  Effect of weak vs. strong agonists on T cell activation.  Different ratios of null, weak
agonist, and strong agonist peptides were selected to further validate the model and constrain
model parameters based on a relative activation potency ratio of 100:1 strong:weak agonists
[8]. Percentages refer to relative concentrations of each peptide class in the overall pMHC
population.  The total pMHC population represents 2% of the total population of APC surface
molecules.  Simulation data represent the total # of TCRs involved in stable (>2 seconds)
microclusters at the end of 60 seconds.  Data show the mean ± SD of 8 independent simulations
of each condition

% Weak Agonist % Null % Strong Agonist #TCR in
microclusters

0 99 1 64 ± 26
90 10 0 2 ± 5
100 0 0 72 ± 51

As expected, the other two conditions which did not lead to IS formation on lipid
bilayer experiments produced far fewer stable microclusters in our model.  99% Null-
1% Agonist led to only 64 average TCRs involved in stable microclusters, while 90%
Antagonist-10% Agonist led to no stable microclusters, replicating the biological
effect of antagonist peptides in our model.

3.2   Differential Activation Potential of Weak Versus Strong Agonist

We also tested the differential activation potency of weak versus strong agonists.  It
has been widely observed that significantly higher amounts of weak agonist peptides
(2  t1/2  < 10 seconds) are needed to bring a T cell to activation than strong agonists
(t1/2  10 seconds) [7].  The relative differences in activation potency between weak
and strong agonists vary widely in the literature.  A reasonable consensus is a 100:1
ratio between strong:weak agonists in activation potency, although some reports
suggest an even larger difference.  We selected three representative mixtures of weak
and strong agonist peptides to recreate this relative potency ratio (Table 4) –
99N:1SA, 10N:90WA, and 100WA.
   As above, the 99N:1SA mixture is itself non-activating but within the subthreshold
range (average 64). The 10N:90WA mixture produced <10 TCRs in stable
microclusters.  Importantly, a modest further increase of WA to 100WA led to a
substantial increase in TCRs in stable microclusters (Table 4). This replicates the
100:1 relative activation potency ratio between weak and strong agonists.

4   Conclusions and Future Work

In this study we employ a cellular automata model to simulate TCR-pMHC
interactions in early T cell recognition, focusing on the first 60 seconds when the first
activation decision is made. In the context of microcluster formation, this approach
allows us to observe the emergent group dynamics resulting from mixing large and
diverse peptide populations. The model cannot reflect all the complex molecular
events behind T-APC surface dynamics.  However, the model is functionally accurate
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in being able to fit a number of experimental data, it integrates accepted hypotheses of
T cell activation and its assumptions are biologically sound. The in silico experiments
we perform provide the ability to ‘mix and monitor’ different populations of
thousands of pMHCs and to observe their potential effect on T cell activation,
something currently impractical in vitro.
   Our model supports the notion that a T cell recognizes a continuous mosaic of
peptides rather than individual peptides in isolation, suggesting that T cell recognition
is based on the ‘whole picture’ presented by the target cell.
   As future work, we will incorporate the effects of other surface molecules (co-
receptor and co-stimulatory such as CD4, CD28) and seed with more complex peptide
mixtures to investigate these processes in greater detail.
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Abstract. Spermatozoa propel themselves in fluids through a rhyth-
mically beating flagellum. Though it is known that the motor protein
“dynein” is at the base of such movements, it is unclear how the behav-
iors of individual elements add up to the coordinated movement of the
flagellum. Being single-cell entities, spermatozoa lack nerve systems, so
an explanation for their movements ought to be found in a mechanism on
molecular scales. This paper aims to clarify part of a possible mechanism
in terms of asynchronous cellular automata. The question answered is:
“Given a 1-dimensional cellular automaton with von Neumann neighbor-
hood of which each cell—being updated at random times—cycles through
three states; how can waves, i.e., patterns of cells in certain states, be
formed that on average move in one direction?”

1 Introduction

The mechanisms underlying the motion of living organisms have long fasci-
nated researchers, from the level of muscles to sperm cells and some protozoa,
which propel themselves along by rhythmically beating their tail-like flagella
or their hair-like cilia. Cells in organisms produce motion by employing pro-
tein motors (see [1] for an introduction and [11,27] for overviews), which are
chemo-mechanical enzymes that generate force and movement along protein fil-
aments (actin filaments and microtubules), using energy from the hydrolysis of
adenosinetriphosphate (ATP). Protein motors interact with protein filaments
through a head region (motor domain). Coupled with ATP hydrolysis, the head
carries out a crossbridge cycle, in which it successively attaches to the filament,
conducts a power stroke through which the head moves the filament along, and
detaches from the filament (see Fig. 1(a)), and so on.

The rhythmic beating of flagella may be the result of waves of force-
generating dynein molecules, of which the active regions of dynein molecules

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 571–580, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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(a) (b)

Fig. 1. (a) Crossbridge cycle of a motor protein like dynein. The protein consists of
a tail (vertical lever) with a head (shaded ellips). In state A the head, attached to the
opposing filament, is about to conduct its power stroke (prepower stroke). Due to the
power stroke the head moves the filament to the left, after which it is about to detach
(state B; postpower stroke). The cycle is completed when the head detaches and moves
back to the right (state C). (b) Bending of flagellum caused by coordinated attachment
and detachment of dynein heads according to their crossbridge cycles. Dynein molecules
are located on one filament and they attach to certain sites on the opposing filament.
The bars perpendicular to the top and bottom filaments are indicator bars, not dynein
molecules, to show displacement

gradually shift in phase as a function over space, resembling coordinated up /
down swings of supporters’ arms during soccer games. Called metachronal waves,
such waves are thought to underly the concerted bending of a flagellum [23], like
in Fig. 1(b).

Metachronal waves may result from a flagellum being composed of elements
with self-oscillatory properties [17,18]. Though observations [25] suggest that a
single dynein molecule (or at most a few molecules) is capable of oscillations,
thereby undergoing the crossbridge cycle around a certain frequency, it is still
unknown [6] how multiple dynein molecules are regulated to produce coordinated
oscillation. A global mechanism for regulation, like a clock expressed in the
form of chemical signals [26], may be a candidate, though it lacks experimental
evidence. Alternatively, hydrodynamical couplings [8,28,7] may play a role, or
mechanical couplings between individual dynein arms, like tensions [16], the
curvature of a flagellum [3,4,9,10], bending [21,24], and the coupling of motor
activity to flagellar deformations on local scales [5,6]. Even in the absence of
flagellar bending, though, oscillations have been observed in experiments [14,15,
29], be it at higher-than-usual frequencies. This calls for models that inherently
exhibit such oscillations due to some subtle local interactions, like the model
in [19], in which motors, cycling through three states, have excitable properties
with threshold phenomena. This model is restricted to low amplitude motion
[8], which is not the case for real flagella. The choice for three states in the
model makes sense, though, since it is the minimum required to encode a wave
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propagating in a certain direction, if the underlying elements have a randomized
nature: two states are insufficient, unless certain assumptions are made, like the
coupling of motors at remote intervals through a periodic energy landscape [13].

This paper aims to shed more light on mechanisms underlying metachronal
waves, using an asynchronous 1-dimensional cellular automaton in which each
cell assumes one of three states that cyclically changes at random times. There
are up to 27 transition rules underlying such cyclic behaviour. These rules can
be classified according to their effects on waves, like creating a new wave front,
removing a wave front, biasing a wave to the right, etc. By assigning a weight
to each rule relating to the time it takes to update a cell by the rule, the system
can be biased such that waves tend to move to the right. Simulations are shown
that confirm the effectiveness of this construction.

Asynchronous cellular automata are defined in Section 2 and used to model
the crossbridge cycle of protein motors; a simple example is given of a wave
moving to the right on the cellular automaton. Section 3 then shows how to turn
around waves moving in the wrong direction. Generalizing these results, we show
how to create waves out of random patterns by categorizing rules according to
the effect they have on waves and weighting them to bias waves to the right. We
finish with conclusions and a discussion.

2 Wave Propagation on Asynchronous Cellular Automata

A cellular automaton consists of identical finite automata arranged as cells in a
regular d-dimensional array (in this paper d = 1) [20]. Each cell is in a state from
a finite state set, which in this paper is {A,B,C}. Cell states are updated in
accordance with transition rules, which map each cell’s state and the neighboring
cells’ states to the cell’s next state.

Synchronous cellular automata, the most commonly used, require all cells to
undergo state transitions simultaneously at every time step. If state transitions
occur in accordance with some other updating scheme, for example randomly
and independently of each other [2,12,22], the resulting model is an asynchronous
cellular automaton. We use an asynchronous updating scheme in which at each
time step cells are ordered randomly, selected one by one in that order with a
certain probability, and each selected cell is updated according to a transition
rule of which the left hand side matches the states of the cell and its neighbors.
A cell’s state will remain unchanged if no matches can be made to transition
rules, even if that cell was selected.

How can cellular automata help in modeling flagellar beating? In the cross-
bridge cycle in Fig. 1(a) we distinguish three states:

A the head is attached, but has not yet done the power stroke (prepower stroke),
B the head is attached, and has done the power stroke (postpower stroke),
C the head is detached and returns to the pre-power stroke position.

A motor cycles through the three states according to the following rules.

1 : A −→ B 2 : B −→ C 3 : C −→ A
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The actions of individual motors may depend on those of nearby motors,
resulting in cooperative behavior. We model interactions between nearby motors
through a 1-dimensional asynchronous cellular automaton in which each cell is
able to read the states of the cells directly left and right of it (von Neumann
neighborhood). First, we show how to propagate a wave to the right. Such a
wave consists of three parts: the front of the wave, encoded by a region of one
or more cells in state A, the center part, encoded by a region of cells in state B,
and the tail, encoded by a region of cells in state C. A typical wave sequence,
read from left to right, is ...AACCCCCBBAAA.... This wave propagates to the
right accordance to the following transition rules:

4 : BAA −→ B 5 : CBB −→ C 6 : ACC −→ A

When the left hand side of a transition rule matches a pattern in the cellular
automaton, the transition may be executed—may, but not necessarily so due
to the asynchronous mode of timing. If executed, the transition results in the
pattern’s center symbol being replaced by the symbol in the right hand side of
the transition rule. Note that the rules change the cell states in accordance with
the cycle A → B → C → A like with rules 1, 2, and 3. Such rules are called
ABC-cycle preserving. The waves in the asynchronous cellular automaton with
states ...CCBBBAACBACCC... then develop for example as follows:

...CCBBBAACBACCC...
(5)→ ...CCCBBAACBACCC...

(5)→
...CCCCBAACBACCC...

(4)→ ...CCCCBBACBACCC...
(6)→

...CCCCBBACBAACC...
(4)→ ...CCCCBBACBBACC...

(5)→
...CCCCBBACCBACC...

(6)→ ...CCCCBBAACBACC...

and so on, whereby a label above an arrow indicates the rule applied to the string
left of the arrow, and the substring to which the rule is applied is underlined.

3 Turning Waves Around and Creating Waves

The waves in the previous section only propagate to the right. Waves in which the
pattern of A-, B-, and C-states is reversed, however, such as ...AAABBCCCC...
will be unaffected by the above three rules, and will stay static, thus being
obstacles to any right-going waves. As our goal is to obtain waves moving in one
direction, whatever the initial state of the asynchronous cellular automaton is,
we add rules to turn left-going waves around:

7 : CAA −→ B 8 : ABC −→ C 9 : BBC −→ C

Again, the rules are ABC-cycle preserving. Rules 4 to 9, acting on for example
a left-going wave (...CCAABBCC...) may give rise to a sequence like:

...CCAABBCC...
(7)→ ...CCBABBCC...

(9)→
...CCBABCCC...

(8)→ ...CCBACCCC...
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Table 1. ABC-cycle preserving transition rules and their effects. The left-most column
contains the rule labels, the second column the rules, and the third column their effects.
An arrow to the right (→) resp. left (←) in the third colum indicates that the rule
effectuates the movement of a wave to the right resp. left; an arrow to the left with
a hooked tail (←↩) indicates the change of a pattern typical of a right-going wave to
a pattern typical of a left-going wave; an arrow to the right with a hooked tail (↪→)
indicates the opposite; an upward arrow (↑) indicates the creation of a new wave front,
effectively increasing the number of waves by one; a downward arrow (↓) indicates
the deletion of a wave front, decreasing the number of waves by one; and a circle (◦)
indicates that the rule is neutral, i.e., that it does not change the number or direction
of waves. The fourth column contains a weight related to the speed by which the
corresponding transition takes place: roughly spoken, a rule with weight w will be
executed w times faster than a rule with weight 1 (see text for details). The particular
weight values in the table bias wave propagation towards the right

A1 AAA −→ B ↑ 9 B1 ABA −→ C ◦ 6 C1 ACA −→ A ↓ 1
A2 AAB −→ B ← 2 B2 ABB −→ C ↪→ 4 C2 ACB −→ A ←↩ 1
A3 AAC −→ B ←↩ 3 B3 ABC −→ C ↪→ 5 C3 ACC −→ A → 1
A4 BAA −→ B → 7 B4 BBA −→ C ←↩ 1 C4 BCA −→ A ↪→ 1
A5 BAB −→ B ↓ 1 B5 BBB −→ C ↑ 1 C5 BCB −→ A ◦ 1
A6 BAC −→ B ←↩ 1 B6 BBC −→ C ← 1 C6 BCC −→ A ↪→ 1
A7 CAA −→ B ↪→ 3 B7 CBA −→ C ←↩ 2 C7 CCA −→ A ← 1
A8 CAB −→ B ↪→ 1 B8 CBB −→ C → 1 C8 CCB −→ A ←↩ 1
A9 CAC −→ B ◦ 1 B9 CBC −→ C ↓ 1 C9 CCC −→ A ↑ 1

after which the wave propagates to the right. Another example of a left-going
wave turning right is:

...CCABBBCC...
(9)→ ...CCABBCCC...

(9)→ ...CCABCCCC...
(8)→

...CCACCCCC...
(6)→ ...CCAACCCC...

(7)→ ...CCBACCCC...

Rules 7, 8, and 9 work correctly when applied to properly shaped waves, but
they fail for arbitrary patterns of states. To make properly shaped waves out of
arbitrary patterns, we investigate the effect of transition rules on patterns. Rules
4, 5, and 6 all have the effect of moving a right-going wave further to the right,
as already seen. Rule 9, on the other hand, moves part of a wave—a BC wave
front—to the left. Rules 7 and 8 have still another effect: they change patterns
typical of left-going waves into patterns typical of right-going waves.

To create a set of rules that produces right-going waves out of arbitrary
patterns, we list up the effect of each possible ABC-cycle preserving rule with
three symbols from the alphabet {A,B,C} in its left hand side (see Table 1).
Apart from rules like the above that effectuate or change movement to the left
or the right, there are also rules that change the number of waves. For example,
an AAA pattern is changed by rule A1 in Table 1 to ABA, thereby introducing
the patterns AB and BA, which are typical of left-going and right-going waves,
respectively. So, new wave fronts are created. Depending on how the surrounding
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cells develop, this may (or may not) result in a new wave, to the left or right.
Rule A5 does the opposite: the pattern BAB, which might have developed in a
wave, is made homogeneous by replacing the center A by a B, thus decreasing
the (potential) number of waves by one. Rule A9 is neutral. It changes CAC into
CBC, keeping the number of wave fronts and directions of waves unchanged.

Will the rules in Table 1 produce right-going waves? In itself they won’t,
because rules with a certain effect are balanced against rules that do the opposite.
This is where the weights right of the rules in Table 1 come into the story: these
weights, denoting a speed measure by which the corresponding transitions take
place, bias waves to the right. This bias is made stronger by increasing weights
of rules favoring right-going waves, and decreasing weights of opposite rules.

There appears to be a weak mechanical interaction between nearby dynein
motors when the periods of time they are attached to the opposing filament over-
lap. Accordingly, motors conducting their power strokes roughly simultaneously
may do so at increased speeds; this is reflected in our model by weights in Ta-
ble 1 with increased values. For example, the large weight (9) of rule A1 encodes
that three motors next to each other conduct their power stroke with increased
speed. Rule A4 implies increased speed as well for the same reason, except that
now only two motors next to each other are present, which is the reason for the
somewhat decreased weight of 7. In this case the third motor is in state B, i.e.,
its head is being detached, and this detachment is supposed to hardly slow down
the action in one direction. Rule A2, on the other hand, also has two A’s and
one B in its left hand side, but in the reverse order: it has a lower weight (2),
expressing that the third motor being detached slows down the action more in
the opposite direction (this difference may be due to the mechanical difference
between dragging and pushing). Similarly, two adjacent A’s and one C speed
the action up a little. We have (somewhat heuristically) attached weights to the
other rules.

In our simulations weights of rules are implemented by an integer counter
attached to each cell, counting down from 10 to 1. When a rule is selected for
update by the asynchronous updating scheme, the weight belonging to the rule is
subtracted from the concerning counter. If the counter stays positive, no update
takes place, but if it becomes non-positive, it is increased by 10 and the update
takes place according to the rule. Fig. 2 shows the evolution over time from an
initial pattern in the asynchronous cellular automaton. Waves have a clear bias
to the right: downhill streaks as seen from left to right are much longer than
uphill streaks.

To show in a more quantitive way that waves are biased to the right, we
introduce a function U : Q×Q→ {−1, 0, 1} defined by

U(x, y) =

⎧⎨⎩
1 if (x, y) ∈ {(B,A), (C,B), (A,C)}
−1 if (x, y) ∈ {(A,B), (B,C), (C,A)}
0 if x = y

This function generates the value 1 for local patterns typical of right-going waves,
like BA, CB, or AC, the value −1 for patterns typical for left-going waves, and
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Fig. 2. Development over time of a pattern in
an asynchronous cellular automaton with pe-
riodic boundary condition. The 1-dimensional
cellular space is plotted horizontally (80 cells),
and time vertically from top to bottom (100
time steps). One time step corresponds to the
update with probability p = 0.5 of the 80 cells
selected in a random order, which is on average
40 randomly selected but distinct cells. Dark
cells have state A, gray cells state B, and white
cells state C. Waves tend to the right, as indi-
cated by the streaks going downhill from left to
right. Downhill streaks last longer than uphill
streaks, which break up almost immediately
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Fig. 3. Development over time of
the function U in an asynchronous
cellular automaton with a periodic
boundary condition and 80 cells,
that is initialized to a random pat-
tern. U is plotted horizontally and
time is plotted vertically from top
to bottom over 1000 time steps,
whereby each time step is defined in
the same way as in Fig. 2. The func-
tion is positive most of the time, in-
dicating a bias of waves to go to the
right

0 otherwise. We then compute the function

U(t) =
1
n

n−1∑
i=0

U(Si(t), Si+1(t)) ,

where the n cells in the cellular automaton are numbered 0 to n− 1 mod n, and
Si(t) is the state of cell i at time step t. The values of U lie in the interval [−1, 1],
positive values indicating waves going right on average, and negative values waves
going left. For an asynchronous cellular automaton of 80 cells a typical graph of
U over 1000 generations looks like in Fig. 3. The graph exceeds zero except for
a few peaks, so there is a clear bias to the right. Stronger or weaker biases are
obtained by adjusting weights appropriately. The weight settings that result in
realistic waves need to be derived from experimental data not yet available.
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4 Conclusions and Discussion

We used a 1-dimensional asynchronous cellular automaton to model metachronal
waves of dynein molecules that serve as molecular motors in rhythmically beat-
ing flagella. To represent such waves on the cellular automaton, we assumed
three states for the cellular automaton: each cell cycles through these states,
presumably resembling the dynein crossbridge cycle. Assuming a neighborhood
in which each cell has one left neighbor and one right neighbor (von Neumann
neighborhood), we classified the 27 possible transition rules according to the ef-
fect they have on wave-like patterns, like moving a wave to the right, reversing
its direction, creating or deleting a wave, etc. By assigning a weight to each rule
that represents the speed by which the corresponding transition is carried out,
it is possible to bias waves in a certain direction, as simulation results confirm.

Though this paper shows the possibility of waves emerging in asynchronous
cellular automata in which there are asymmetric local interactions between cells,
it is too premature to draw definite conclusions with regard to flagella: our model
is too coarse for that, and above all, we still lack the experimental data to back
up our simulations. Nevertheless, some conclusions may be drawn. The wave
lengths observed in our simulations are of the order of a few, say three to ten,
cells. This is much less than the wave lengths in beating flagella, which are about
a few hundred elements. A flagellum, however, is far more complicated than a
simple 1-dimensional array of dynein molecules: it consists of nine microtubule
doublets, cilindrically organized at the periphery of a flagellum such that each
doublet is connected by dynein arms and flexible passive connections called nexin
to two neighboring doublets, and this assembly is kept in place by spokes from
the doublets to a central filament. It is possible that this arrangement results
in mechanical interactions between dynein that extend much farther than the
nearest neighbor dynein, thus resulting in larger wave lengths. Some evidence for
an inherent shorter wave length in the absence of long-range interactions may
be in [14,15,29], in which, as mentioned in the introduction, higher frequency
oscillations were experimentally observed when bending of flagella was inhibited.

We have implicitly assumed that flagella have polarity, i.e., that all the dynein
heads conduct their power strokes in the same direction. This seems a plausible
assumption in the light of the findings in [30] that dynein arms on the peripheral
microtubule doublets generate a force that moves an adjacent doublet away from
the sperm head and not in the other direction.
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Abstract. There is considerable interest in the simulation of systems where hu-
mans move around, for example for traffic or pedestrian simulations. Multiple
models for pedestrian simulations exist: cell based models are easy to understand,
fast, but consume a lot of memory once the scenario becomes larger; models based
on continuous space, which are more economical with memory usage, however,
use significantly more CPU cycles.
In our project “Planning withVirtualAlpine Landscapes andAutonomousAgents”,
we simulate an area of 150 square kilometers, with more than thousand agents for
one week. Every agent is able to move freely, adapt to the environment and make
decisions during run time. This decisions are based on perception and communi-
cation with other agents.
This implies a simulation model that is fast and still fits into main memory of a
typical workstation. We combined the advantages of both approaches into a hybrid
model. This model exploits some of the special properties of the area.
This paper introduces this hybrid system, and presents performance results mea-
sured in a real-world example.

1 Introduction

The project “Planning with Virtual Alpine Landscapes and Autonomous Agents” [1]
uses a multi-agent simulation to model the activities of tourists (primarily hikers). The
goal is to have these agents populate a virtual world, where they are able to evaluate
different development scenarios. Such scenarios include the question of re-forestation
of meadows, or the summer use of chair lifts and the like. Left to themselves, many
areas in the Swiss Alps would be covered by dense forest; it seems, however, that most
hikers would prefer a more variable landscape. Many people, in particular families with
children or people with health limitations, like mechanical aids to bring them nearer to
the top of mountains.

The aim of this project is to implement a multi-agent simulation of tourists hiking
in the Alps in order to investigate the achievable level of realism. At the same time, the
project is used to explore general computational implementations of mobility simula-
tions.

Such a simulation generically consists of two components: The physical mobility
simulation, which moves the hikers through the system and computes their interactions;
and the strategy generation module(s), which compute(s) strategic decisions of the agents
such as destination or route choice.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 581–590, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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Our approach is adapted from one used in traffic microsimulations. A synthetic pop-
ulation of tourists is created that reflects current (and/or projected) visitor demographics.
These tourists are given goals and expectations. These expectations are individual, mean-
ing that each agent could potentially be given different goals and expectations. Next, the
agents are given “plans”, and they are introduced into the simulation with no “knowl-
edge” of the the environment. The agents execute their plans, receiving feedback from
the environment as they move throughout the landscape. At the end of each run, the
agents’ actions are compared to their expectations. If the results of a particular plan
do not meet their expectations, on subsequent runs the agents try different alternatives,
learning both from their own direct experience, and, depending on the learning model
used, from the experiences of other agents in the system.

A “plan” can refer to an arbitrary period, such as a day or a complete vacation
period. As a first approximation, a plan is a completely specified “control program” for
the agent. It is, however, also possible to change parts of the plan during the run, or to
have incomplete plans, which are completed as the system goes.

After numerous runs, the goal is to have a system that, in the case of a status quo
scenario, reflects observed patterns in the real world. In this case, this could, for example,
be the observed distribution of hikers across the study site over time.

This paper concentrates on the mobility simulation, i.e. the simulation of the physical
system. Sec. 2 discusses the movement model that was selected for our application. An
important variable in these movement models is a vector v0

i , which gives the direction
in which the pedestrian wants to move. Obviously, this depends on the destination that
the pedestrian wants to reach. Secs. 3 and 4 discuss two different ways of how to obtain
v0

i when the destination is known but there are obstacles. Sec. 5 then shows how these
concepts can be put into use in a simulation of pedestrian behavior in the Zurich main
station. The paper is concluded by a summary.

2 Pedestrian Movement

An introduction to possible techniques for pedestrian simulation can be found in [2,
3]. For microscopic simulations, there are essentially two techniques: methods based
on coupled differential equations, and cellular automata (CA) models. In our situation,
it is important that agents can move in arbitrary directions without artifacts caused by
the modeling technique, which essentially rules out CA techniques. A generic coupled
differential equation model for pedestrian movement is the social force model [4]

mi
dvi

dt
= mi

v0
i − vi

τi
+
∑
j �=i

fij +
∑
W

fiW (1)

where mi is the mass of the pedestrian and vi its velocity. v0
i is its desired velocity;

in consequence, the first term on the RHS models exponential approach to that desired
velocity, with a time constant τi. The second term on the RHS models pedestrian inter-
action, and the third models interaction of the pedestrian with the environment.

The specific mathematical form of the interaction term does not seem to be critical for
our applications as long as it decays fast enough. Fast decay is important in order to cut
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Fig. 1. Path-oriented coordinate system for the computation of the desired velocity and the path
forces. The light arrows show the desired velocity, which drives the agent forward along the path.
The dark arrows show the path force, which pull the agent toward the middle of the path.

off the interaction at relatively short distances. This is important for efficient computing,
but it is also plausible with respect to the real world: Other pedestrians at, say, a distance
of several hundred meters will not affect a pedestrian, even if those other pedestrians are
at a very high density. We use an exponential force decay of

fij = exp
( |ri − rj |

Bp

)
ri − rj

|ri − rj | , (2)

which seems to work well in practice. fij is the force contribution of agent j to agent i; ri

is the position of agent i. Alternative more sophisticated formations are described by [4].
For the environmental forces, fiW , the same mathematical form as for the pedestrian-
pedestrian interaction is used.

Ref. [5] introduced a model that uses only sparse information which fits into com-
puter memory, runs efficiently on our scenarios, and has agents follow paths without
major artifacts. The model uses a path-oriented coordinate system (see Fig. 1) for the
computation of the desired velocity. This model also uses a so-called path-force, which
pulls the agents back on the path when he moves away from its center (e.g. due to
interaction with other agents or obstacles).

A question is what happens when there is no path. This can, for example, be the case
in cities or in buildings. The following two sections will discuss implementations of two
approaches to this problem when destinations are known. The first approach computes
v0

i as a function of the spatial location. The second approach first overlays a special
graph over the system, and then lets the pedestrian move along the edges of the graph.

3 Potential Field Model

The first approach looked at in this paper is based on a utility maximization model [6].
For this model, a potential field is generated for the simulated area, which allows the
pedestrians to find their destinations by walking toward the minimal potential.
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Fig. 2. A potential field generated for one destination in the center of the formation (left) and for
two destinations (right). A lighter color means a lower potential (close to the center, the potential
is lowest). Some example walking directions derived from this potential field are shown in blue.

Ref. [6] solves partial differential equations (PDEs) on a grid in order to obtain
the potential. The computational requirements for this computation are considerable.
It turns out that an approximation to the potential can also be generated by a much
simpler flooding algorithm which starts at the destination and goes backward. The main
difference is that the PDE solution treats off-axis distances exactly, while the flooding
algorithm uses an approximation. For example, for the knight’s movement of chess, our
algorithm would obtain a distance of 1 +

√
2 ≈ 2.41, while the exact distance would be√

22 + 12 =
√

5 ≈ 2.24. As a result, a potential field as shown in Figure 2 emerges.
Note that for each possible destination a separate potential field needs to be created.
However, this field can be used for all agents heading to that destination, regardless of
their starting position.

The implementation of the flooding algorithm should use a priority queue, similar to
a shortest path algorithm. This is about 2000 times faster than an unoptimized, recursive
implementation [7]. Still, an area of 50×50 cells needs approximately 1

10 seconds.

Before the potential of a new cell can be calculated, a visibility check has to be
performed to ensure that the cell is accessible (visible) from the neighbor cell. As the
check has to iterate over all obstacles in the simulated area, the calculation time increases
linearly with the number of obstacles (Fig. 4, right).

To deduce an agents’ desired velocity, or direction, from this potential field is not
trivial. The first idea might be to just walk in the direction of the neighbor cell with has
the lowest potential, and which is therefore closest to the destination. Using this method,
however, yields a zigzagging path, because the possible walking directions are limited
by the number of neighbor cells. One possibility to increase the number of possible
walking directions is to increase the number of cells looked at. For example, if the 16
cells which are two steps away are considered, 16 directions are possible.

An even more realistic result can be achieved if the algorithm considers more than
the neighbor cells. One can follow the minimal potential until the cell can no longer be
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ii) iii)i)

Fig. 3. Possible walking directions v0
i are limited by the number of neighbor cells looked at for a

lower potential (i and ii).A non-local search can yield in a much shorter path, but is more expensive
to compute (iii).
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Fig. 4. If we reduce the size of the ground cells (left) or increase the number of obstacles in the
scenario (right), the time to precompute the potential field rises.

reached directly from the starting cell and let the agents walk directly into this direction
(Figure 3).

A solution that determines the minimum Euclidean distance of any cell to a destina-
tion with arbitrary obstacles between them was presented in [8]. It is based on a visibility
graph and Dijkstra’s algorithm

4 Graph Model

For the ALPSIM project, we use a network of hiking paths in the Alps. This network has
a resolution of approximately 2m, which is accurate enough for path through forests or
meadows. However, inside villages or close to obstacles, a resolution of 25cm is needed
to model a realistic behavior of the pedestrians.

One possibility would be to switch to the potential field model (Sec. 3) where needed.
Since only v0

i is calculated by the potential field, all other aspects of the pedestrian
dynamics, as forces between pedestrians or from obstacles, would remain the same.

However, a more intuitive solution is to keep the existing graph, but to add more
details where needed. We were looking for a method that generates a graph around a
given set of obstacles. This path can then be merged with the global hiking path graph.
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a)

b)

c)

Fig. 5. a) The simplest solution to place nodes would be to add a node to each corner of all objects.
b) Since people tend to keep a certain distance to objects, the nodes should be placed at a distance
of 25cm to the corner of obstacles. c) It is, however, easier to place 4 or more nodes close to each
corner and remove the ones inside an object in a later step.

In a first step, one has to decide where the nodes of the new graph should be. There
should be enough nodes that an agent is able to circumvent obstacles on a naturally
looking path. However, each additional node has to be considered in route choices and
adds to path lengths. Paths, which are lists of nodes, are stored in the agents’ brains or
are transmitted over the network.

It is not that easy to find a simple yet realistic position of a node. The simplest solution
would be to add a node to each corner of all objects (see Figure 5a). However, people
tend to keep a certain distance to objects. [9] outlines that pedestrians keep an distance
of 0.25 m (inside buildings) and 0.45 m (outdoors) to walls, even more to obstacles like
fences. The paths would be too close to the objects. This would not be a problem, since
agents as well keep a distance to obstacles due to environmental forces, but it is better
to avoid the problem in the graph directly.

It was decided to use multiple nodes for each corner of an object. Each of them is
in a distance of 0.25 m to the object corner (see Figure 5c). It does not matter in which
direction the pedestrian approaches the corner, the distance to the corner is more or less
equal. In order to reduce the numbers of nodes, an algorithm is run that eliminates nodes
lying inside an object.

Based on these nodes an initial graph is constructed.At first, every node is connected
to each other node, and each such edge has an weight of the distance between the nodes.
We run a visibility check algorithm, known from computer graphics, to determine all
the edges that intersect with obstacles. These edges are deleted.

In order to find the shortest path through this network, the shortest path algorithm
by Dijkstra [10] is used.
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Fig. 6.An evacuation of Zürich Main Station using the potential field model. The pedestrians hurry
to the closest exit available. This is a capture of the first of multiple iterations, which means that
congestion at a certain exit can occur and is not avoided by the pedestrians.

5 Simulation of Zürich Main Station

As a real-world scenario for testing our models, we chose a simulation of an evacuation
of Zürich Main Station (Figure 6). We simulated an area of 700m × 200m with more
than 3000 obstacles. Agents were placed randomly within the simulated area (neither
inside buildings, nor on the tracks). We considered eight different exit locations, every
pedestrian chooses the one closest to him. Note that we did just one iteration, which
means that congestion at a certain exit can occur and is not avoided by the pedestrians.
It would be possible, however, to run multiple iterations of the scenario to enable the
agents lo learn from such a situation (see e.g. [11,12]).

Since Zürich Main Station has more than one exit, we had reflect this in our models.
For the potential field model, this is simple: starting the flooding algorithm from all exits
simultaneously is sufficient. All the different exits are stored in the same precomputed
map, since for every given point in the simulated area, there is exactly one closest exit.

For a pedestrian simulation, two measurements are important: i) how realistic the
results are, and ii) how fast the computation is.

A comparison of the presented models is shown in Table 1. The Zürich Main Station
scenario was run for 100 and 500 agents using each model.
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Fig. 7. Potential field and spanning tree for Zürich Main Station, generated for the 8 potential exits.
The potential field has to be generated each time the destination changes. This is also necessary
for the spanning tree, but here, the underlying nodes do not change.

For the potential field model, the size of the cells that store the potential field affects
the time that the pre-computation takes (Fig. 4, left). For our purpose, a cell size of
50cm×50cm was chosen.

To pre-compute the graph in the graph model takes 175 minutes for the full scenario,
containing all of the 3000 obstacles. If small obstacles like pillars or benches are removed
for the graph generation, the time can be reduced to 35 minutes (Fig. 7). Small objects
hardly influence the path of a pedestrian chooses. However, the pedestrians still do not
walk through these obstacles, since the 3rd term of the RHS of equation (1) still pushes
them away from obstacles.

For the graph model (column c) and d)), the time to simulate the first steps takes
longer than the average. This is because the agents are on an arbitrary position that is
most likely not on the graph. They have to find an node on the graph and walk into that
direction first. Since in the potential field model, the field was calculated for every cell,
the direction is available already. The potential field model needs considerable time to
load the pre-calculated cells into memory (not shown in Table 1).

6 Summary

This paper describes how a simulation system for large scale pedestrian scenarios can
be implemented. The simulation system is developed for the simulation and analysis
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Table 1. Time to simulate an evacuation of Zürich Main Station using a) potential field model with
minimal neighbor approach (cell size: 0.5m), b) potential field with minimal distances approach,
c) graph model ignoring small obstacles and d) graph model. Further the average/maximum time
and distance needed to leave the station are shown. This shows that the compared models generate
similar results.

a) b) c) d)

Pre-computation:

Time to compute the force field or the graph 386s 386s 2134s 10582s

100 walking agents:

Computing Time Total 139s 75s 290s 525s
Computing Time until end of first step <1s <1s 131s 341s
Computing Time per following steps <1s <1s <1s 1s
Walking Time 67.1s 50.9s 70.6s 74s
Max. Walking Time 239s 180s 182s 182s
Walked Distance 73m 51m 80m 77m
Maximal Walking Distance 239m 217m 227m 229m

500 walking agents:

Computing Time Total 282s 240s 1726s 4617s
Computing Time until End of First Step 2s 1s 664s 1459s
Computing Time per Step 2s 1s 12s 12s
Walking Time 60.3s 67s 69.5s 76.6s
Max. Walking Time 234s 189s 262s 271s
Walked Distance 64m 79.4m 79m 78m
Maximal Walking Distance 236m 245m 247m 233m

of tourist hikers in the Alps, but the design is considerably more general so that it
will be possible to apply the simulation system also to related areas such as pedestrian
movements in urban areas or in buildings.

Well-known cell-based models for pedestrian crowd simulations are fast, but in-
troduce artifacts. Models based on continuous space allow the agents to move in an
arbitrary direction. However, it is necessary to calculate the desired velocity vo

i of the
agents separately.

We presented two different approaches: the first uses a potential field in order to store
the pre-computed values of vo

i . The second approach is based on a graph, which edges
can be followed by the agents.

The two approaches were compared using a real-world example: the simulation of an
evacuation of Zürich Main Station. Both fundamental different models show comparable
results. However, in order to get quantitative correct predictions, considerably more work
will be necessary. Progress will be reported in future papers.
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Abstract. The paper presents first steps in a project that aims at ex-
ploring new modelling and simulation tools (e.g. the ones offered by the
Cellular Automata approach) in order to study complex systems and
phenomena concerning the economic and social contexts. The specific
problem we are presenting in this paper concerns the complex dynamics
involved in an asset price model with heterogeneous agents. The dynam-
ics of the global asset market can be studied as a result of local inter-
actions that emerges from the autonomous entities that are involved in
the market system. The proposed model allows to describe in a unified
way both global and local interactions that characterize economic agents
involved in financial market trading. Even if experimental work is still
ongoing, first performed steps have allowed us to gather some significant
results that allowed us to verify the suitability of the proposed approach.

1 Introduction

The application of the Cellular Automata (CA) approach to modelling and sim-
ulation of complex systems is diffusing in interdisciplinary researches. It is quite
hard work to try to summarize all the researches that, in different contexts, have
been experimented and shown interesting results. They, in fact, concern very het-
erogeneous disciplines like physics, chemistry, biology, social science, and so on
(see [1] and [2] for two overview papers).

A research area in which potentialities of the CA approach have been recently
recognized due to the complexity that characterizes some studied problems and
phenomena is the interaction between economic agents in financial markets [3,
4,5]. Within this area, CA potentialities have already been experimented (see
for instance [6], where a stochastic CA is proposed in order to reproduce the
volatility clustering, a known phenomenon in this context), but very few of such
examples are still presented in the literature (as observed also in [7], a recent
work about the application of CA to study the investment behaviors in stock
markets).
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In this paper, we present our first results in an interdisciplinary research that
involves computer scientists and economists. The main aim of this research is to
exploit new modelling and simulation tools in order to study complex systems
and phenomena concerning the economic and social contexts. The specific prob-
lem we are presenting in this paper concerns the complex dynamics involved in
an asset price model with heterogeneous agents. Our interest in the application
of CA to this problem is motivated by the fact that the dynamics of the global
asset market (e.g. global prevailing tendency to buy or to sell) can be studied
as a result of local interactions that emerges from the autonomous entities that
are involved in the market system.

Our reference model in this experimentation [8] belongs to a new class of eco-
nomic models that assume price dynamics as an endogenous phenomenon that
emerges from the interaction between heterogeneous market traders [9,3,4,5].
Within this class, the model we considered assumes that the global interactions
occurring between trading agents is mediated by the asset price, and in particu-
lar, it represents a first step towards the integration of global and local aspects
that are involved in this problem. In the original model only global interactions
were considered, while the here proposed modification represents, according to
CA approach, also local interactions occurring among some types of agents. This
modifications allow to take into account the heterogeneity of market investors
that can not always be assumed to posses the needed knowledge on global asset
market parameters (i.e. the expensiveness in terms of time and money to have
this knowledge is usually high). Conversely, some investors perform their actions
according to the prevailing tendency they observe in the market (i.e. the needed
information to behave in this way can be very less expensive; it can be provided,
for instance, by newspapers or specialized Internet websites).

The paper is so organized: first, we will outline the model (both its original
specification and modifications that are here being presented). We will describe
in Section 3 the cellular automaton that have been developed in order to simu-
late and analyze the dynamics of the market system that the model represents.
Section 4 reports first experimentations that have been performed on it. Con-
cluding remarks and future works concerning this interdisciplinary collaboration
will end the paper.

2 The Reference Model for Asset Market

Two types of trading agents are involved in the market of a risky asset (i.e.
fundamentalists and imitators). Agents of both types, at each epoch, offer a
transaction that can be positive (amount of proposed purchase) or negative
(amount of proposed sale). The sum of transactions that are collected and offered
by agents of both types is a first index of the prevailing tendency in the market
at a given time.

q(t) =
N∑

i=1

qi(t)
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where N is the total number of agents involved in the market and qi(t) the
amount of proposed purchase or sale for agent i at time t. In particular, when
q(t) is positive the prevailing market tendency is to buy, otherwise it is to sell.
Moreover, the absolute value of q(t) defines another global index that character-
izes the risky asset market: the intensity of the prevailing tendency at a given
time.

The price adjustment process is regulated by a market–maker that mediates
the trading and it is based on demand excess.

p(t+ 1) = p(t) + β · q(t)
Thus, the asset price in the period t+ 1 is greater than the one in period t,

when the total excess demand in period t is positive.

2.1 The Original Specification

Different trading strategies characterize the behaviors of the two types of agents.
Fundamentalists are supposed to have a reasonable knowledge of the fundamen-
tal value of the risky asset (let k indicate this value). This type of agents propose
transaction amounts (q(t + 1)) according to the difference between the funda-
mental value they perceive (k) and the current price of the risky asset (p(t)).
Thus, fundamentalists buy (or sell) assets when the asset price is below (above)
the fundamental value and according to a parameter denoting the strength of
fundamentalists demand (let a indicate the fundamental demand).

qi(t+ 1) = a · [k − p(t)]
Conversely, a second type of agents, named imitators, are assumed to be

unable to acquire autonomously information about the fundamental value of the
risky asset. This assumption is motivated by the expensiveness, both in terms
of time and cost, of information acquisition. Thus, imitators base their decision
on the prevailing tendency they observed in the market. In particular, imitators
are trading agents that buy (sell) market assets when the observed prevailing
tendency in the market is below (above) a given minimal value.

The behavior of these agents is modelled by:

qi(t) = e · f(q(t)−m)

where qi(t) is the proposed transaction amount of purchase (or sale, according
to the sign) at time t, e > 0 is a parameter denoting the strength of imitators’
demand, q(t) is the global market tendency above defined, andm is the imitators’
threshold. If m is positive, agents must perceive a stronger trend to buy, in order
to decide to buy themselves, and vice versa if it is negative.

f(·) is a function of the difference between the global market tendency and
imitators’ threshold that models the dynamics of the prevailing market tendency.
Thus, also this second type of agents behave according to their knowledge of the
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market system they are part. Properties that f(·) function must satisfy are:
f(·) : & → &, f(0) = 0, and f ′(·) > 0.

With such hypothesis the model has shown to generate planer system of
non–linear differential equations that, for some given parameters configurations,
show a rich variety of dynamical phenomena: periodic cycles, Hopf bifurcations
and chaotic attractors [8].

2.2 The Introduced Modifications

The main model modification that we have introduced concerns the behavior
of imitators. As described above, there is an essential distinction between the
behavior of the two types of agents: fundamentalists base their decision on a
global property of the market system (i.e. the asset price); on the other hand,
since imitators do not have knowledge about the price or its variation, they
act imitating other agents. Thus, we supposed a suitable and interesting model
modification to introduce the assumption that imitators act according solely
on local knowledge, for instance estimating asset price according to the local
knowledge of their neighborhood. Thus, the assumption of the original reference
model that considered the availability of global information also for imitator
agents have been removed, and we considered imitators behavior as based solely
on information about the behavior of agents that are in their neighborhood.

As sketched above we can in this way take into account in the asset market
model the presence of investors that take part to the market system, even not
being provided with knowledge on global market parameters (as happens the
reality of asset markets). This modification to the original model (that is sub-
stantial from the conceptual viewpoint) have been introduced simply defining
imitators’ behavior as:

qi(t) = e · f(qn(t)−m)

where qn(t) is the sum of qj(t) for all cells j belonging to the neighborhood of i
(i.e. it represents the tendency in its neighborhood).

In the following we will describe the CA that represents this new model
proposal.

3 The Cellular Automaton

We adopted a two–dimensional cellular automaton, whose cells are arranged
on a square grid. Every cell of the automaton contains an agent, that can be
either a fundamentalist or an imitator. We assume, at least in the basic model,
that agents cannot move or change their attitude (they cannot switch from
fundamentalist to imitator, or vice versa). Fundamentalists are not influenced
in their actions by other agents in the neighborhood but behave according to
the global market tendency. On the other hand, imitators try to capture the
trend of the market by following the example of their neighbors, regardless of
the fundamental price of the asset that they are not able to know.
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More formally, the automaton can be defined as:

A = 〈R,H,Q, f, I〉
where:

1. R = {(i, j)|1 ≤ i ≤ N, 1 ≤ j ≤M} is a two–dimensional N ×M lattice;
2. H is the neighborhood, that can be either the von Neumann or Moore neigh-

borhood;
3. Q is the finite set of cell state values;
4. f : Q×Q|H| → Q is the state transition function;
5. I : R→ Q is the initialization function.

3.1 Cell State

In particular, the set of cell state values Q is defined as:

Q = {T, q}
where T ∈ {Im,Fu} is the type of agent hosted by the cell (i.e. that can be
either Fu Fundamentalist or Im Imitator), and q describes the amount of the
asset the agent wants to sell (if negative) or buy (if positive). Thus, at any time,
the state of each cell of the automaton describes which type of agent is active
in it and the action it wants to perform (when q is equal to zero the agent is
inactive that is, it neither buys nor sells any asset).

According to the dynamics of the system whose model has been above pre-
sented, the evolution of the automaton depends on the current price of the asset
p(t), as well as the interactions among neighboring agents. After all the cells have
changed their state according to the transition function, the new asset price is
recalculated according to the new state of the CA cells.

3.2 State Transition Function

The state transition function f determines the actions of agents according to the
type of the agent hosted by the cell. More in detail, let q(i.j)(t) be the value of
q of cell state at the grid position (i, j), and T(i,j) its type.

If T(i,j) = Fu we have:

q(i,j)(t+ 1) = ef · (fundam value − p(t))

The ef parameter modulates the agents’ response according to the price dif-
ference. Within the CA, this parameter can be set as a global parameter, and
kept fixed during CA evolution, or it can be updated with the automaton (see
Section 4 about experiments). The sign of q(i,j)(t + 1) clearly depends on the
difference between the fundamental value and the current price. If a fundamen-
talist perceives that the current asset price is lower than its fundamental value,
then it tends to acquire assets (or to sell them vice versa). Moreover, a priori
there is no limit on the amount of assets fundamentalists can buy or sell.
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On the other hand, let the local trend of a cell (i, j) at time t be indicated
by:

qn
(i,j)(t) =

∑
(k,l)∈H (i,j)

q(k,l)(t)

Then, if the type of agent is imitator, we define:

q(i,j)(t+ 1) = ei · tanh(γ(qn
(i,j)(t)−m))

where the hyperbolic tangent function modulates the imitator’s answer ac-
cording to the trend of its neighborhood at time t (i.e. qn

(i,j)(t)) and the parameter
γ defines the steepness of this function (see Figure 1 where functions tanh(γx)
for different γ value are represented).

Fig. 1. The function tanh(γx), according to different values of γ.

Finally, ei is a parameter that defines the quantity of assets the agents wants
to trade according to the trend perceived (it is analogous to the parameter ef

of fundamentalists), while m is the trend threshold value. As with all the other
parameters of the automaton, both ei and m can be defined globally (according
to the agent type), locally for each cell, or can be updated at each step of the
automaton.

It can be seen that, differently from fundamentalists, the maximum quantity
of assets an imitator can trade is limited by ei, since the hyperbolic tangent
function always returns a value between -1 and 1.

3.3 Price Update

As above described, the choices of the different agents influence the evolution of
the asset price, that changes according to the overall market tendency. Thus, if
q(t) is the sum of the q(i,j) values of the single cells of the automaton at time t:

q(t) =
∑
(i,j)

q(i,j)(t)



A CA Approach to Study Complex Dynamics in Asset Markets 597

such that 1 ≤ i ≤ M and 1 ≤ j ≤ N , the price of the asset at time t + 1 (i.e.
p(t+ 1)) will be:

p(t+ 1) = p(t) + β ·Q(t)

This means that the prevailing trend is to sell, then q(t) will be negative
and the asset price will be decreased; vice versa if the trend is to buy. In the
price evolution function, β is a parameters that modulates the price variation
according to the trend.

3.4 CA Initialization

The main differences in the initialization of the automaton are in how the agent
type of each cell is chosen, and in the initial value of cell states. For the first
point, the criterion we adopted is to initialize cells’ type probabilistically. In
other words, given a pf value, a cell (i, j) will contain a fundamentalist with
probability pf , and an imitator with probability 1 − pf . Concerning the initial
q(i,j)(0) values, at the beginning all agents are inactive, that is, q(i,j)(0) = 0
∀(i, j). Also, an initial price value p(0) has to be set and we chose to let it be a
parameter to be set during experiments.

At the first step, the fundamentalists determine their new q value according
to the current price, while imitators will collect an overall qn value of 0 from the
neighbors. If m = 0, that is, no trend threshold is set, then imitators will remain
inactive at the first update, waiting for the fundamentalists’ influence to spread
across the automaton.

4 Experiments

The evolution of the automaton clearly depends, other than the distribution of
fundamentalist and imitator agents, on a number of different parameters like the
initial price, and all the other parameters we used to modulate the response of
agents and price variation.

For all the simulations we employed a small 10 × 10 grid, and we used a
Moore neighborhood with increasing radius. We also set m = 0 (thus no trend
threshold), and ei = 1. Thus, the imitators follow directly the advice coming
from neighbors, and trade a limited amount of assets (never more than one). We
also set β = .5 and γ = .5, and a Moore neighborhood of radius one.

4.1 Initial Public Offering

In a first series of experiments, we simulated an Initial Public Offering (IPO),
where the initial price of an asset is zero, while the fundamental price known by
fundamentalists was 100. Also, we chose to modulate the quantities traded by
fundamentalists according to the number of fundamentalists present in the CA,
that is, we set ef = 1/(#fund). In other words, each agent tries to acquire or
sell a given amount of assets, but its actions are limited by the behavior of all
the other agents of the same type.
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Fig. 2. Trend q(t) and price p(t) evolution with a Moore neighborhood of radius one.
After an initial oscillation, the price settles at the fundamental asset value (100).

Even from this simple simulation we can gather some significant information.
Figure 2 shows the evolution of the asset price. As we can see, the initial bid
of fundamentalists causes imitators to follow the same behavior, with a marked
increase on the asset price well beyond the fundamental value. At this point, fun-
damentalists start to sell, while imitators are still buying and, in a few iterations,
the trend (see Figure 2) becomes negative, with a decrease of the price below 100
(i.e. the fundamental asset value). We have another oscillation, but at the end
the price settles around the fundamental asset value known by fundamentalists.

It should be noted that this final equilibrium can be reached in two ways: in
the first, fundamentalists have their q value around zero, while imitators seem
to be split in two halves of buyers and sellers, that keep the price balanced.
Otherwise, if we increase the percentage of fundamentalists in the CA, while
the overall price variation remains the same (oscillating convergence to a fixed
point, i.e. the fundamental value) the equilibrium is reached also by imitators,
that are more directly influenced and, at the end, stop trading. Increasing the
percentage of fundamentalists up to 50% did not yield any significant change,
apart from shorter oscillations at the beginning of the simulation.

4.2 Neighborhood Radius

We performed a second set of experiments in order to evaluate the influence
of neighborhood radius on system dynamics. When we increased the Moore
neighborhood radius to two cells, in fact, we can observe different evolution
dynamics. The result is shown in Figure 3. The enlarged neighborhood puts
most of the imitators in direct contact with one or more fundamentalists. Thus,
the influence of the latter was perceived immediately, and not indirectly through
other imitators. Imitators immediately follow the fundamentalists’ behavior, and
thus the price keeps oscillating regularly around the fundamental value of 100.

The two scenarios that we just presented reproduce only qualitatively possi-
ble real cases. For example, real prices very seldom remain fixed, but rather are
subject to continuous fluctuations. We believe that the main cause of this phe-
nomenon is due to the fact that many parameters of the automaton remain fixed
throughout the simulation, for example, fundamentalists never change their idea
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Fig. 3. Trend q(t) and price p(t) evolution with a Moore neighborhood of radius two.
Asset price and market trend keep oscillating.

about the real price or imitators never change the response to their perception
of the neighborhood. Clearly, the model can (and will be in the future) easily
enhanced and improved to take into account further factors, like global mar-
ket trends (perhaps causing a response of imitator to local tendencies varying
in time) or different types of fundamentalists (perhaps disagreeing on the real
value of the assets), or fundamentalists changing their perceived real value of
the asset, and so on.

5 Concluding Remarks and Future Works

The paper has presented first steps on a interdisciplinary research project involv-
ing computer scientists and economists, whose aim is to explore the application
of CA approach to study asset price in the market of risky assets. The pro-
posed model describes in a unified way both global and local interactions that
characterize economic agents involved in market trading.

First of all, we have presented the introduced modifications to the reference
model of this work [8] in order to introduce local aspects. The main difference
between the new model specification and the original one concerns the possibility
for some agents (named imitators) to be influenced by the tendency of trading
agents belonging to their neighborhood.

We have thus described first experimentations that have been conducted
on the CA–based simulation system that implement the modified model. First
performed steps have allowed us to gather some significant results that positively
motivated us in continuing in this research:

– the locality of interactions effects positively the stability to the system be-
havior (the experiments we conducted incrementing the neighborhood radius
suggest this observation);

– when the system behavior described through the asset price converges, it
does it to the fundamental value (the same behavior had already been ob-
served in previous analysis performed on the reference model [8]);

– the increase of fundamentalists, contributes to system stability. This point is
a clear indication of the suitability of the proposed model (i.e. the stability
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of the trading system is strictly related to agents’ knowledge about the asset
fundamental value and its price).

The started collaboration will continue first, with other experimentations in
order to introduce into the model more aspects concerning locality. The assump-
tions on other global parameters that still characterize the CA–based model will
be eliminated and, for instance, individual fundamental values will be introduced
for each fundamentalist agent, individual agent thresholds will be considered
(e.g. a stochastic value for m could be introduced) and also parameters that
now characterize agent types (e.g. a and e parameters) could be set for each
agent.
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Abstract. A common problem for both architects and public security officials
alike is how best to safely manage large numbers of people enclosed within
confined spaces. With the prevalence of large gatherings of people, it is crucial
for those ensuring the safety of the public to be able to analyze how best to
manage large crowds. This project aims to provide a tool for modeling crowd
dynamics factoring in the presence of "leader" individuals who can influence
the behaviour of the crowd. This will allow for analysis of the effectiveness of
leader placement on crowd control within a defined environment. Mixing in
different leader types, placing some in the immediate proximity of the crowd
and others scattered around the environment, provides desirable results.

1   Introduction

Ensuring the safety of large crowds of people in constrained environments has ever been
both a concern and a challenge for specialists in a variety of fields ranging from security
teams and emergency response specialists to architects and building designers. The subject
of evacuations in unfamiliar and urgent situations is especially crucial because in some
constrained environments, people are highly panicked and uncomfortable with their sur-
roundings, and they end up moving in a suboptimal, disorganized manner that leads to
congestion and trampling. Thus some casualties are caused not only by the real threat (be it
building collapse, fire, etc.) but by the stampede that follows. On February 2nd 2004, in
Saudi Arabia, 251 people died and many more were hurt when people panicked during a
crowded religious gathering [1]. On March 25th 2000, 13 people died and 44 were injured
in Durban, South Africa, following mass panic when someone released a can of tear-gas in
a disco [2].

Previous work concerning crowd flow is often based on the social force model of Hel-
bing and Molnar [3]. For example, Kirkland and Maciejewski[4] used it in their attempts to
influence crowd dynamics with robots that acted and influenced others differently than nor-
mal agents. Braun et al. [5] modified it to allow for individual parameters and group for-
mation. Helbing, Farkas and Vicsek[6] worked with it to model behaviours specific to
escape panic situations. We have built upon the social force model to analyze situations
that are most critical: when crowd members have little to no knowledge of the optimal exit
strategy to leave their current environment, and they move around in a state of disorgan-
ized panic. Since architectural modifications to environments are costly and difficult, using
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security personnel or other key persons that can help the evacuation of the crowd is the
most practical way to enhance the security of a crowd. This is why we chose to investigate
the potential positive effects of the addition of special individuals – or “leaders” – on such
evacuation situations, and which parameters affect the success of those effects. Our ap-
proach to investigating the effect of leader agents has been the development of a crowd
modeling system built as a plug-in to an existing rendering and steering framework called
OpenSteer developed by Craig Reynolds from Sony Computer Entertainment America.

Real-world applications of this project are most obvious in the domains of emergency
planning services and security training. As real experimentation in those fields are imprac-
tical, an effective modeling system is absolutely crucial to ensure people’s safety in existing
crowded facilities. Additionally, this project's applications also include the study of archi-
tectural layouts and their associated critical densities that promote good crowd flow in both
the presence and absence of leader individuals.

2   Environment

The environment defined in this simulation is relatively simple allowing us to concentrate
primarily on the development of the behavioural aspects of the simulation. It consists of a
sequence of straight line walls that can be built up to form complex architectures as well as
a number of exit locations. In addition, definable start positions exist for both the leader
agents as well as the crowd member agents. At simulation start up time, the environment is
taken to be dangerous and the goal of the crowd member agents becomes to reach the exits.
The goal of the leader agents is to ensure that as many crowd member agents as possible
do.

3   Crowd Member Agents

In order to model the psychology of a person in an escape situation, we use a certain num-
ber of behaviours that compete in specific ways. One’s route in a crowd is not exclusively a
linear sum of competing forces, especially when one is panicking; one can hardly be si-
multaneously following a group and heading for a specific point in an opposite direction.
Neither, however, is a route just a choice among finite options: one can easily be following
a group, avoiding contact with a wall and other individuals, and looking visually for a cue.
Thus, we built upon the social force model by modeling behaviours as a complex competi-
tion among behaviours that are all modulated to a certain extent by the panic level of each
agent. The decision algorithm can be described as follows from the point of view of each
agent:

If I am currently steering toward an exit, keep doing so.
Otherwise,

If I can see a leader, steer toward him.
Otherwise,

If I can see an exit, begin to steer toward it.
Otherwise, my steering will be a combination of:
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Either flocking with a group OR wandering randomly,
and
Avoiding walls, and
Following a long-term goal if I have one.

From the algorithmic description of the model, one can see that some forces are additive
in nature, while others are mutually exclusive. For example, an agent tracking towards an
exit will avoid all other steering forces. On the other hand, an agent who is neither steering
towards an exit nor following a leader will have its steering behaviour result from a combi-
nation of different forces. Thus, the following behaviours were implemented: exit seeking,
flocking, wandering, wall avoidance, long-term goal formulation and leader follow-
ing.

4   Leader Agents

Leader agents, unlike the other agents in the simulation, possess global knowledge of their
environment. In simulation terms, this translates into leader agents knowing where the exits
are and how to get there. The leader agents take advantage of the follow-the-leader nature
of the other agents to lead them to safety. The behaviour of a leader agent is to wander
towards the nearest large mass of other agents in an attempt to collect a certain number of
followers before heading towards the exit. The desired behaviour was that once a leader
had accumulated enough followers trailing behind it, the flocking behaviour of other agents
would cause a stream or a crowd flow to form which could gradually expand, leading the
entire crowd to the exit. As opposed to simple guides or “directional fields” that would act
as an external force operating on the crowd members, the leader individuals are themselves
part of the crowd and as such are subject to the same basic physical rules as the crowd
members themselves. While the leaders have the ability to guide the crowd, they them-
selves are part of it and are subject to being forced around and having their movement
blocked just as much as the regular crowd member agents are.   

Several modifiable behavioural parameters, such as the relative movement speed of the
leaders versus the crowd members, were included for both the leader type individuals and
the regular crowd members. Being able to tweak these parameters at run time allowed for
investigation of which factors most influenced any emergent behaviour such as crowd
flow.

5   Panic and Its Causes and Effects

In addition to the presence of leader agents, another major factor that influences the flow
and general movement patterns of the crowd member agents is panic. Panic is determined
on a per-individual basis, thus each crowd member agent has its own level of panic at any
given moment in the simulation. Panic can be caused by of the following factors: crowd
density, neighbours’ panic level, collisions, seeing the exit, and random variations. Pan-
icked agents are more likely to wander than to flock effectively; they tend to forget long-
term goals; they have diminished visual ranges; and their wandering is more erratic.
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6   Experiment Methodology

In all experiments, four simulations were run with the same initial parameters. At every
simulation second, the number of agents that have successfully reached the exit is counted
and written to a file. All simulations for which numerical data is presented were obtained in
a T-shaped room in the configuration illustrated in Figure 1.

Over the course of experimentation, leader agents were observed to have different ef-
fects on the crowd based solely on their initial positions. The observation of the different
impact based on the starting point of the leaders led to their classification into three qualita-
tive classes. This classification then provided a basis for numerical analysis of different
leader configurations the results of which reaffirmed the initial decision to classify them. A
visual description of the positioning of different leader classes is shown in Figure 1. All
agents in the configuration shown in Figure 1 start in the gray starting zone and the exit is
too far away (not to mention being partially obstructed) for them to see it. The leader clas-
sifications are described below.

Fig. 1. Default Test Environment And Leader Class Positioning

Embedded Leaders
This class of leader begins the simulation situated in the center of the crowd. These
leader agents then serve to guide the core elements of the crowd essentially steering
the bulk of the individuals in the desired direction.

Peripheral Leaders
This leader type was placed around the immediate edges of the crowd, essentially
forming a border around the crowd starting point. These leaders were then able to
influence the crowd as a whole, although not as directly as the embedded leaders.

Distant Leaders
This leader type was placed at some distance from the original crowd starting position.
Initially designed to catch the stragglers, they too are able to direct the bulk of the crowd
although less efficiently than those leaders that start in closer proximity to it.
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Fig. 2. Experiments Made With Leaders Of A Single Class

Embedded leaders are positioned near the middle of the mass of agents; peripheral lead-
ers are along the border of the zone and distant leaders are positioned in corners to pick up
any stragglers. Note that the coloured dots in Figure 1 are intended to be representative of
the general starting areas for each leader type and are not designed to show the actual num-
ber and position of each leader type for every experiment. The first set of experiments we
ran involved attempting to simulate the impacts of employing only one class of leader
agents. We ran four simulations in each case and collected the evacuation statistics of the
crowd. In this set of simulations, we used a crowd of 50 individuals and 4 leaders of each
class (one class at a time).

The second set of experiments involved studying the varying effects of combining dif-
ferent leader classes. In this experiment, we started off with no leaders, then added embed-
ded, then peripheral and finally distant as well to study the impact of adding in additional
leaders of different classes. The crowd in this simulation contained 48 individuals and an
ever expanding number of leaders as more of different types were added.

Additionally, we tested the impact of using only a fixed number of leaders and arranging
them in different configurations to study the optimal placement strategy given only a fixed
number of leader agents. Lastly, we varied the relative speed of the leader individuals
versus the crowd individuals in order to identify the optimum ratio to promote crowd flow
formation.

7   Results

Experiment 1: Employing Only One Class of Leader

The results, shown in Figure 2, obtained demonstrate several points. The first and
foremost is that of the three classes of leaders, by themselves peripheral leaders are
the most efficient at saving the largest number of people quickly. After 30 seconds, it
is the peripheral leaders who have saved the bulk of the crowd. This is expected as
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the embedded leaders will have a reduced impact on the individuals at the fringes of
the crowd and will risk losing those who for whatever reason do not follow along
with the core of the crowd. Peripheral leaders are clearly much more capable of pre-
venting this kind of drifting away. The distant leaders are also less efficient at saving
the crowd quickly as they must first reach the bulk of the crowd before being able to
direct it which results in many more stragglers getting away during that initial inter-
val.

The behaviour of the embedded leaders is also interesting for a couple of reasons. First is
the initial hump of people who are saved almost right away (after ten seconds) that occurs
even before the peripheral leaders manage to start saving people. This hump is explained
by the fact that embedded leaders will begin to drive the core of the crowd towards the exit
immediately. This is in contrast to the peripheral leaders for example who must direct the
flow of the crowd from the outside resulting in slightly lower immediate returns but, as
illustrated, much greater efficiency long-term than the embedded leaders.

Another interesting point when dealing with the different leader classes is that the rate of
evacuation is approximately the same during the period over which the bulk of the evacua-
tion occurs (from 15 to 25 seconds for the embedded and peripheral leaders and from 20 to
30 seconds for the distant leaders). This is reasonable as it suggests that during the main
evacuation rush, the evacuation rate will primarily be determined by the environment and
crowd size rather than by any impact the leaders may have. Thus in this simulation the
leaders, while serving to guide the crowd towards the exit, have less influence on the crowd
when it reaches the exit.

Experiment 2: Inserting Additional Leaders of Different Classes

In this set of experimental runs, shown in Figure 3, the crowd started off from the
same position and we then successively added in more leaders of different classes.
This was done to study the varying time delays in evacuating as many people as pos-
sible as well as investigating methods to achieve a 100% evacuation rate.

Fig. 3. Experiments Made With Incremental Additions Of Leaders
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Fig. 4. Experiments Made With Different Configurations Of 4 Leaders

The red data series represents the number of agents, out of 48, that successfully reached
the exit in a simulation with no leaders over time. Note that the rate of evacuation is low
and varies a lot, as crowd flow forms but with much difficulty. The blue series represent
the number of safe agents in a simulation with two embedded leaders. The embedded
leaders clearly had a positive effect on saving the majority of the individuals in the crowd
as soon as was possible as is illustrated by the steep rise of evacuated individuals early on.
There is soon a plateau however, as the individuals that the two embedded leaders were not
able to influence have wandered off and only much later in the simulation do some (not all)
of them find their way to the exit.

The green data series illustrates what happens when an additional three peripheral lead-
ers are thrown into the situation. After the same steep rise of evacuated individuals, with
the experiment displays a much higher plateau indicating that this arrangement can save
many more crowd members. However, progress stalls after approximately 25 seconds,
showing that even with the addition of peripheral leaders, some crowd members slip
through the cracks and are not saved. This is where the distant leaders really come into
their own as illustrated by the black data series that achieves a 100% success rate is
achieved after 30 seconds. It is important to note in this experiment that the number of
people saved was also highly dependent on the fact that we were adding leaders in each set
of runs, not just moving them around. Nonetheless, it is highly illustrative of the behaviour
achieved using different classes of leaders. Furthermore, not only is the number of crowd
members saved important but achieving that 100% evacuation rate is a critical objective.
When dealing with people’s lives, even one lost is too many. Thus despite the fact that the
impact is statistically small, this experiment certainly shows the relevance of employing
distant leaders if they are available to always attempt to achieve a complete evacuation.
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Fig. 5. Experiments made with varying leader speeds

Experiment 3: Configurations with a Fixed Number of Leaders

In this experiment, we employed several different initial leader configurations under the
onus of being limited to four leaders in total. Figure 4 illustrates the evacuation results.
Although the curves appear relatively similar, useful insight can be derived from them.

First, the deciding factor in getting the crowd out quickly appears to be the combi-
nation of embedded and peripheral leaders which is quite intuitive when one consid-
ers that with the leaders closer to the crowd, they will be able to react faster to direct
it. The trial runs that fared the worst in this experiment (in yellow) are those with only
one or two leaders in the immediate vicinity of the crowd.

Another interesting feature is that contrary to the situation in Experiment 1, where only
one class of leaders was used in each scenario, here all the trial runs lead to approximately
the same results over the long term (around 40 seconds or so). This suggests that as long as
one maintains a reasonable mix of leaders, one can still maintain adequate performance
within relatively closed environments such as the one described here.

Experiment 4: Varying Leader Speed

Our final experiment attempted to determine the relationship between the velocity differ-
ence between the leaders and crowd members and the emergence of good crowd flow
leading crowd members to safety. It was discovered that there is an optimal ratio of leader
movement speed to crowd member movement speed to attain maximal crowd flow and the
peak save rate.

Varying the speed modifier of the leader from 1.6 to 4 times that of the movement rate
of the crowd members yielded the discovery that the optimal movement rate of the leader
individuals is approximately half the speed of the regular crowd members as illustrated in
Figure 5. Leader agents going faster than this outpaced the formation of crowd flow; any
slower and while crowd flow does form, the leaders can become crowded with too many
crowd members for them to be able to influence. The crowd reaches the exit much slower.
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8   Discussion

8.1  Validation of the Model

Before any additional discussion of what the results entail, an important question to answer
is whether or not the model we have presented for crowd flow simulations demonstrates a
reasonable representation of real-life crowd flow. This validation is very difficult to do in a
quantitative fashion for obvious reasons; we must then fall back on a qualitative approach.
For example, we can isolate identifiable behavioural components demonstrated by the
crowd members and compare them to the existing consensus on crowd behaviour as well
as to real-life photos of crowd flow. One example of the kind of crowd flow phenomenon
witnessed is the act of “corner hugging”, or the tendency of crowd members to slow down
and hug corners as they are turning them. This effect is described by G. Keith Still in his
PhD thesis “Crowd Dynamics” [9]:

“In confined spaces crowd dynamics is a function of the local ge-
ometry and this effect can dominate the crowd flow and behaviour es-
pecially during emergency egress.”

Fig. 6. Effect of Corners on Real and Simulated Crowd Flow. Photo from
www.crowddynamics.com

Indeed, the corner effect illustrated in the photograph in Figure 6 can be readily made
out in our simulation. This effect is most notable because it was not something that was
directly programmed in to the simulation; it is an emergent behaviour resulting from the
tendency of the agents to follow the shortest path to their destination. Important to note is
that this corner hugging effect slows down the progress of the crowd considerably and his
in fact highly undesirable.

Another property that emerged from our system is the spontaneous appearance of sus-
tained crowd flow. While we did introduce flocking in the simulation as a means of repli-
cating the basic following behaviour people do, we were able to consistently witness situa-
tions where a flow endured long after leaders had departed toward the exits. This happens
to be a very efficient solution to the evacuation of large numbers of people. Additionally,
the wall avoidance/following behaviour preventing the agents from ramming directly into
walls also contributes to the realism of the simulation. It was most interesting to note the
number of factors affecting the emergence of crowd flow. Both the initial placement of the
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leaders and their relative velocities proved to be most important in determining the forma-
tion of optimal crowd flow.

9   Conclusions

The modeling system developed herein has been shown to provide a reasonable approxi-
mation of actual crowd flow dynamics and has shown the validity of including leader
agents in a crowd control situation, specifically with reference to evacuation situations.

With the aid of the developed modeling system, our experiments have shown that add-
ing leaders with global knowledge of the environment into a crowded area of individuals
who are less familiar with their surroundings and are trying to get out can greatly improve
the evacuation rate. Realistic emergent phenomena such as corner hugging and sustained
crowd flow were also observed in our simulations. Another result of the simulations run
with our modeling system is the effect of architectural layout on the results of the simula-
tion, whether under the influence of leaders or not. Sharp corners and bottlenecks are both
detrimental to crowd flow and should be avoided in the design of public areas. One inter-
esting avenue for future investigation would be to develop leaders capable of alleviating
problems related to such architectural flaws perhaps by standing at a sharp corner and
preventing the crowd members from hugging it and compressing as they tend to do now.
Given the infeasibility of replacing all existing buildings and installations that possess these
sub-optimal architectural characteristics, this observation again supports finding means of
alleviating crowd flow problems, of which leader individuals are a prime example.

Furthermore, some useful insights have been gained into optimal layout strategies of
leader agents attempting to direct a crowd in an evacuation situation. With the objective
always being to ensure evacuation of all crowd members, it has been observed that a mix
of leader classes is most desirable. Embedded or peripheral leaders can result in some
people slipping through the net, and employing only distant leaders will mean that they will
not be able to influence the crowd as rapidly. The optimal approach is to attempt to cover
all the bases by employing leader agents of each class. Leaders going about half the speed
of other agents lead to the most efficient evacuations, but one suspects variety could be
helpful too.

The analysis of the impact of leader individuals remains an interesting and relatively un-
explored branch of the study of crowd dynamics. There certainly remains much to be done
to continue to develop methodologies and systems to ensure optimal placement and be-
haviours of leader individuals within crowd control situations. It is our hope that this work
will be continued and might one day prove of use to those people responsible for ensuring
the safety of people who gather together.
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Abstract. A wide family of LFSR-based sequence generators, the
so-called Clock-Controlled Shrinking Generators (CCSGs), has been
analyzed and identified with a subset of linear cellular automata. In this
way, sequence generators conceived and designed as complex nonlinear
models can be written in terms of simple linear models. An easy
algorithm to compute the pair of one-dimensional linear hybrid cellular
automata that generate the CCSG output sequences has been derived.
A cryptanalytic approach based on the phaseshift of cellular automata
output sequences is sketched too. From the obtained results, we can
create linear cellular automata-based models to analyze/cryptanalyze
the class of clock-controlled generators.

Keywords: Cellular automata, clock-controlled generators, linear mod-
elling, cryptography.

1 Introduction

Cellular Automata (CA) are discrete dynamic systems characterized by a simple
structure but a complex behavior, see [6], [9], [11] and [13]. They are built up
by individual elements, called cells, related among them in many varied ways.
CA have been used in application areas so different as physical system simu-
lation, biological process such as self-reproduction or test pattern generation.
Their simple, modular, and cascadable structure makes them very attractive for
VLSI implementations. CA can be characterized by several parameters which
determine their behavior e.g. the number of states per cell, the function Φ (the
so-called rule) under which the cellular automaton evolves to the next state, the
number of neighbor cells which are included in Φ, the number of preceding states
included in Φ, the dimension, and the geometric structure.

On the other hand, Linear Feedback Shift Registers (LFSRs) [7] are elec-
tronic devices currently used in the generation of pseudorandom sequences. The
inherent simplicity of LFSRs, their ease of implementation, and the good statis-
tical properties of their output sequences turn them into natural building blocks
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for the design of pseudorandom sequence generators. See [10] for a comprehen-
sive survey on LFSR-based construction of pseudorandom generators and related
analysis tools.

CA and LFSRs are special forms of a more general mathematical structure:
finite state machines. In recent years, one-dimensional CA have been proposed as
an alternative to LFSRs ([1], [3], [9] and [12]) in applications such as cryptogra-
phy, error correcting codes, and digital signature. In this sense, CA are studied in
order to obtain the best rules producing sequences with the properties required
in LFSR applications. The results of this study point toward the equivalence
between the sequences generated by a subset of CA and those obtained from
LFSR-based models.

In this paper, it is shown that a wide class of LFSR-based nonlinear gen-
erators, the so-called Clock-Controlled Shrinking Generators (CCSGs) [8], can
be described in terms of linear CA configurations. In this way, these automata
unify in a simple structure the above mentioned class of sequence generators.
Thus, finite nonlinear models are converted into finite linear models, as well as,
all the theoretical background on CA found in the literature can be applied to
the analysis and/or cryptanalysis of such generators.

2 Basic Structures

In the following subsections, we introduce the general characteristics of the basic
structures we are dealing with: one-dimensional cellular automata, the shrinking
generator and the class of clock-controlled shrinking generators. Throughout the
work, only binary LFSRs and CA will be considered.

2.1 One-Dimensional Cellular Automata

One-dimensional cellular automata can be described as n-cell registers [6], whose
contents are updated at the same time according to a particular rule: a k -variable
function denoted by Φ. If the function Φ is a linear function so is the cellular
automaton. When k input variables are considered, then there are 2k different
binary neighbor configurations. Therefore, for cellular automata with binary
contents there can be up to 22k

different mappings to the next state. Moreover,
if k = 2r+1, then the next state xt+1

i of the cell xt
i depends on the current state

of k neighbor cells xt+1
i = Φ(xt

i−r, . . . , x
t
i, . . . , x

t
i+r) (i = 1, ..., n).

CA are called uniform when all cells evolve under the same rule while CA
are called hybrid when different cells evolve under different rules. At the ends of
the array, two different boundary conditions are possible: null automata when
cells with permanent null content are supposed adjacent to the extreme cells or
periodic automata when extreme cells are supposed adjacent. In this paper, all
the considered automata will be one-dimensional null hybrid CA with k = 3 and
linear rules 90 and 150. These rules are described as follows:
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Rule 90
xt+1

i = xt
i−1 + xt

i+1
111 110 101 100 011 010 001 000
0 1 0 1 1 0 1 0

01011010 (binary) = 90 (decimal)

Rule 150
xt+1

i = xt
i−1 + xt

i + xt
i+1

111 110 101 100 011 010 001 000
1 0 0 1 0 1 1 0

10010110 (binary) = 150 (decimal)

Remark that the names rule 90 and rule 150 derive from the decimal values of
their next-state functions. For an one-dimensional null hybrid cellular automa-

Table 1. An one-dimensional null hybrid linear cellular automaton of 10 cells with
rule 90 and rule 150 starting at a given initial state

90 150 150 150 90 90 150 150 150 90

0 0 0 1 1 1 0 1 1 0
0 0 1 0 0 1 0 0 0 1
0 1 1 1 1 0 1 0 1 0
1 0 1 1 1 0 1 0 1 1
0 0 0 1 1 0 1 0 0 1
0 0 1 0 1 0 1 1 1 0
0 1 1 0 0 0 0 1 0 1
...

...
...

...
...

...
...

...
...

...

ton of n = 10 cells, configuration rules ( 90, 150, 150, 150, 90, 90, 150, 150, 150, 90 )
and initial state (0, 0, 0, 1, 1, 1, 0, 1, 1, 0), Table 1 illustrates the formation of its
output sequences (in vertical). Within this CA class, it is easy to determine the
number of different sequences generated by a particular automaton, the distinct
periods and linear complexities [10] of such sequences as well as the number of
different sequences associated with each period and linear complexity.

2.2 The Shrinking Generator

The shrinking generator is a binary sequence generator [5] composed of two
LFSRs : a control register, called R1, that decimates the sequence produced
by the other register, called R2, see Fig. 1. We denote by Lj (j = 1, 2) their
corresponding lengths and by Pj(x) (j = 1, 2) their corresponding characteristic
polynomials [7].

The sequence produced by the LFSR R1, that is {ai}, controls the bits of
the sequence produced by R2, that is {bi}, which are included in the output
sequence {cj} (the shrunken sequence), according to the following rule P :

1. If ai = 1 =⇒ cj = bi
2. If ai = 0 =⇒ bi is discarded.
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Fig. 1. General scheme of the shrinking generator

A simple example illustrates the behavior of this structure.
Example 1: Let us consider the following LFSRs:

1. R1 of length L1 = 3, characteristic polynomial P1(x) = 1+x2+x3 and initial
state IS1 = (1, 0, 0). The sequence generated by R1 is {1, 0, 0, 1, 1, 1, 0} with
period T1 = 2L1 − 1 = 7.

2. R2 of length L2 = 4, characteristic polynomial P2(x) = 1+x+x4 and initial
state IS2 = (1, 0, 0, 0). The sequence generated by R2 is {1, 0, 0, 0, 1, 0, 0, 1, 1,
0, 1, 0, 1, 1, 1} with period T2 = 2L2 − 1 = 15.

The output sequence {cj} is given by:

– {ai} → 1 0 0 1 1 1 0 1 0 0 1 1 1 0 1 0 0 1 1 1 0 1 .....
– {bi} → 1 0 0 0 1 0 0 1 1 0 1 0 1 1 1 1 0 0 0 1 0 0 .....
– {cj} → 1 0 1 0 1 1 0 1 1 0 0 1 0 .....

According to rule P , the underlined bits 0 or 1 in {bi} are discarded. In brief,
the sequence produced by the shrinking generator is an irregular decimation of
the sequence generated by R2 governed by the bits of R1.

It can be proved [5] that the period of the shrunken sequence is:

T = (2L2 − 1)2(L1−1) (1)

and its linear complexity [10], notated LC, satisfies the following inequality:

L2 2(L1−2) < LC ≤ L2 2(L1−1). (2)

A simple calculation, based on the fact that every state of R2 coincides once
with every state of R1, allows one to compute the number of 1’s in the shrunken
sequence. Such a number is constant and equal to:

No. 1′s = 2(L2−1)2(L1−1). (3)

Comparing (1) with (3), it can be deduced that the shrunken sequence is a quasi-
balanced sequence.In addition, the output sequence has some nice distributional
statistics too [5]. Therefore, this scheme is suitable for practical implementation
of stream cipher cryptosystems and pattern generators.
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2.3 The Clock-Controlled Shrinking Generators

The Clock-Controlled Shrinking Generators constitute a wide class of clock-
controlled sequence generators [8] with applications in cryptography, error cor-
recting codes, and digital signature. An CCSG is a sequence generator composed
of two LFSRs notated R1 and R2. The parameters of both registers are defined
as those of subsection 2.2. At any time t, R1 (the control register) is clocked
normally while the second register R2 is clocked a number of times given by an
integer decimation function notated Xt. In fact, if A0(t), A1(t), . . . , AL1−1(t)
are the cell contents of R1 at time t, then Xt is defined as

Xt = 1 + 20Ai0(t) + 21Ai1(t) + . . .+ 2w−1Aiw−1(t) (4)

where i0, i1, . . . , iw−1 ∈ {0, 1, . . . , L1 − 1} and 0 < w ≤ L1 − 1.
In this way, the output sequence of a CCSG is obtained from a double dec-

imation. First, {bi} the output sequence of R2 is decimated by means of Xt

giving rise to the sequence {b′i}. Then, the same decimation rule P , defined in
subsection 2.2, is applied to the sequence {b′i}. Remark that if Xt ≡ 1 (no cells
are selected in R1), then the proposed generator is just the shrinking generator.
Let us see a simple example of CCSG.

Example 2: For the same LFSRs defined in the previous example and the
function Xt = 1 + 20A0(t) with w = 1, the decimated sequence {b′i} is given by:

– {bi} → 1 0 0 0 1 0 0 1 1 0 1 0 1 1 1 1 0 0 0 1 0 0 1 1 0 1 0 1 1 1 1 .....
– Xt → 2 1 1 2 2 2 1 2 1 1 2 2 2 1 2 1 1 2 2 .....
– {b′i} → 1 0 0 1 0 1 1 0 1 1 1 0 1 0 1 0 1 0 1 1 .....

According to the decimation function Xt, the underlined bits 0 or 1 in {bi}
are discarded in order to produce the sequence {b′i}. Then the output sequence
{cj} of the CCSG output sequence is given by:

– {ai} → 1 0 0 1 1 1 0 1 0 0 1 1 1 0 1 0 0 1 1 1 0 1 .....
– {b′i} → 1 0 0 1 0 1 1 0 1 1 1 0 1 0 1 0 1 0 1 1 .....
– {cj} → 1 1 0 1 0 1 0 1 1 0 1 1 .....

According to rule P , the underlined bits 0 or 1 in {b′i} are discarded. In brief,
the sequence produced by an CCSG is an irregular double decimation of the
sequence generated by R2 governed by the function Xt and the bits of R1. This
construction allows one to generate a large family of different sequences by using
the same LFSR initial states and characteristic polynomials but modifying the
decimation function. Period, linear complexity and statistical properties of the
generated sequences by CCSGs have been established in [8].

3 CA-Based Linear Models for the Shrinking Generator

In this section, an algorithm to determine the pair of one-dimensional linear CA
corresponding to a given shrinking generator is presented. Such an algorithm is
based on the following facts:
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Fact 1: The characteristic polynomial of the shrunken sequence [5] is of the
form P (x)N , where P (x) is a L2-degree primitive polynomial and N is an
integer satisfying the inequality 2(L1−2) < N ≤ 2(L1−1).

Fact 2: P (x) depends exclusively on the characteristic polynomial of the reg-
ister R2 and on the length L1 of the register R1. Moreover, P (x) is the
characteristic polynomial of cyclotomic coset 2L1 − 1, see [7].

Fact 3: Rule 90 (150) at the end of the array in null automata is equivalent to
two consecutive rules 150 (90) with mirror image sequences.

According to the previous facts, the following algorithm is introduced:

Input: A shrinking generator characterized by two LFSRs, R1 and R2, with
their corresponding lengths, L1 and L2, and the characteristic polynomial P2(x)
of the register R2.

Step 1: From L1 and P2(x), compute the polynomial P (x). In fact, P (x) is the
characteristic polynomial of the cyclotomic coset E, where

E = 20 + 21 + . . .+ 2L1−1 . (5)

Thus,
P (x) = (x+ αE)(x+ α2E) . . . (x+ α2L2−1E) (6)

α being a primitive root in GF (2L2) as well as a root of P2(x).
Step 2: From P (x), apply the Cattell and Muzio synthesis algorithm [4] to

determine the two linear CA (with rules 90 and 150) whose characteristic
polynomial is P (x). Such CA are written as binary strings with the following
codification: 0 = rule 90 and 1 = rule 150.

Step 3: For each one of the previous binary strings representing the CA, we
proceed:
3.1 Complement its least significant bit. The resulting binary string is no-

tated S.
3.2 Compute the mirror image of S, notated S∗, and concatenate both

strings
Sc = S ∗ S∗ .

3.3 Apply steps 3.1 and 3.2 to Sc recursively L1 − 1 times.

Output: Two binary strings of length n = L2 2L1−1 codifying the CA
corresponding to the given shrinking generator.

Remark 1. The characteristic polynomial of the register R1 is not needed. Thus
all the shrinking generators with the same R2 but different registers R1 (all
of them with the same length L1) can be modelled by the same pair of one-
dimensional linear CA.

Remark 2. It can be noticed that the computation of the CA is proportional
to L1 instead of 2L1 . Consequently, the algorithm can be applied to shrinking
generators in, for instance, a range of cryptographic interest (e.g. L1, L2 ≈ 64).
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In order to clarify the previous steps a simple numerical example is presented.

Input: A shrinking generator characterized by two LFSRs R1 of length L1 =
3 and R2 of length L2 = 5 and characteristic polynomial P2(x) = 1 + x+ x2 +
x4 + x5.

Step 1: P (x) is the characteristic polynomial of the cyclotomic coset 7. Thus,

P (x) = 1 + x2 + x5 .

Step 2: From P (x) and applying the Cattell and Muzio synthesis algorithm,
two linear CA whose characteristic polynomial is P (x) can be determined.
Such CA are written in binary format as:

0 1 1 1 1
1 1 1 1 0

Step 3: Computation of the required pair of CA.
For the first automaton:

0 1 1 1 1
0 1 1 1 0 0 1 1 1 0
0 1 1 1 0 0 1 1 1 1 1 1 1 1 0 0 1 1 1 0 (final automaton)

For the second automaton:
1 1 1 1 0
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 (final automaton)

For each automaton, the procedure in Step 3 has been carried out twice as
L1 − 1 = 2.

Output: Two binary strings of length n = 20 codifying the required CA.

In this way, we have obtained a pair of linear CA able to produce, among
other sequences, the shrunken sequence corresponding to the given shrinking
generator. In addition, for each one of the previous automata there are state cy-
cles where the shrunken sequence is generated by any one of the automaton cells.
Moreover, due to the repetitive process followed in step 3 there are state cycles
where the shrunken sequence appears generated by (quasi)periodical automaton
cells.

In brief, we have obtained two simple and different linear models describing
the behavior of a nonlinear sequence generator.

4 CA-Based Linear Models for the Clock-Controlled
Shrinking Generators

In this section, an algorithm to determine the pair of one-dimensional linear CA
corresponding to a given CCSG is presented. Such an algorithm is based on the
following facts:
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Fact 4: The characteristic polynomial of the shrunken sequence [8] is of the
form P (x)N , where P (x) is a L2-degree primitive polynomial and N is an
integer satisfying the inequality 2(L1−2) < N ≤ 2(L1−1).

Fact 5: P (x) depends on the characteristic polynomial of the register R2, the
length L1 of the register R1 and the decimation function Xt. Moreover, P (x)
is the characteristic polynomial of the cyclotomic coset E, where E is the
distance between the digits of the sequence {bi} corresponding to the same
digit of the sequence {ai} when such a sequence is repeated periodically.
In fact, for the shrinking generator, this distance is constant and equal to
2L1 − 1. Now this distance is a function of Xt.

Fact 6: The distance E can be computed taking into account that the function
Xt takes values in the interval [1, 2, . . . , 2w] and the number of times that
each one of these values appears in a period is given by 2L1−w (except for
Xt = 1 that appears only 2L1−w−1 times as the initial state identically null
in an LFSR is not allowed). Hence the distance E is given by:

E = 2L1−w (
2w∑
i=1

i) − 1 = (1 + 2w) 2L1−1 − 1. (7)

From the previous facts, it can be noticed that the algorithm to determine
the CA corresponding to a given CCSG is analogous to that one developed in
section 3; just the expression of E in equation (5) must be here replaced by the
expression of E in equation (7). A simple numerical example is presented.

Input: A CCSG characterized by: Two LFSRs R1 of length L1 = 3 and R2
of length L2 = 5 and characteristic polynomial P2(x) = 1+x+x2 +x4 +x5 plus
the decimation function Xt = 1 + 20A0(t) + 21A1(t) + 22A2(t) with w = 3.

Step 1: P (x) is the characteristic polynomial of the cyclotomic coset E. Now
E ≡ 4 mod 31, that is we are dealing with the cyclotomic coset 1. Thus, the
corresponding characteristic polynomial is:

P (x) = 1 + x+ x2 + x4 + x5 .

Step 2: From P (x) and applying the Cattell and Muzio synthesis algorithm,
two linear CA whose characteristic polynomial is P (x) can be determined.
Such CA are written in binary format as:

1 0 0 0 0
0 0 0 0 1

Step 3: Computation of the required pair of CA.
For the first automaton:

1 0 0 0 0
1 0 0 0 1 1 0 0 0 1
1 0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 0 0 0 1 (final automaton)
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For the second automaton:

0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 (final automaton)

For each automaton, the procedure in Step 3 has been carried out twice as
L1 − 1 = 2.

Output: Two binary strings of length n = 20 codifying the required CA.

Remark 3. From a point of view of the CA-based linear models, the shrinking
generator or any one of the CCGS are entirely analogous. Thus, the fact of
introduce an additional decimation function does neither increase the complexity
of the generator nor improve its resistance against cryptanalytic attacks since
both kinds of generators can be linearized by the same class of CA-based models.

5 Sketch of a Cryptanalytic Approach to This Class of
Sequence Generators

Since CA-based linear models describing the behavior of CCSGs have been de-
rived, a new cryptanalytic attack that exploits the weaknesses of these models
can be also considered. The key idea of this attack is based on the study of the
repeated sequences in the automata under consideration and the relative shifts
among such sequences. The analysis is composed by several steps described as
follows:

– First, the portion of intercepted shrunken sequence is placed at the most
right (left) cell of one of the automata.

– Then, the locations of the automaton cells that generate the same sequence
have to be detected.

– Finally, the values of the relative shifts among sequences are computed.

Once the previous steps are accomplished, the original shrunken sequence
can be reconstructed by concatenating the different shifted subsequences. The
procedure can be applied systematically to both automata. In order to carry out
this reconstruction, the Bardell’s algorithm [2] to phaseshift analysis of CA is
applied. Note that we have two different CA plus an additional pair of CA corre-
sponding to the reverse version of the shrunken sequence (the pair associated to
the reciprocal polynomial of P2(x)). In each particular case, the most adequate
automaton or a combination of the successive automaton can be used.

6 Conclusions

In this work, a wide family of LFSR-based sequence generators, the so-called
Clock-Controlled Shrinking Generators, has been analyzed and identified with
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a subset of linear cellular automata. In fact, a pair of linear models describing
the behavior of the CCSGs has been derived. The algorithm to convert a given
CCSG into a CA-based linear model is very simple and can be applied to CCSGs
in a range of practical interest. The linearity of these cellular models can be
advantageously used in the analysis and/or cryptanalysis of the CCSGs. Besides
the traditional cryptanalytic attacks, an outline of a new attack that exploits
the weaknesses inherent to this class of CA has been introduced too.
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Abstract. The goal of the research is  to analyse the dynamics and the evolution
of the real estate market of a highly competitive urban centre.  An analysis has
been conducted through the definition of a Multi Agents System implemented
on a cellular automata ad  hoc.  The focus is on the study of the historical city
centre of Siena and behaviours of the agents in this area, namely the students
(six university faculties are located in the historical centre), the professional
working class (the principal actors of the city’s tertiary sector) and the tourist
industry (Siena is a well-known pole of international tourist attraction).

1   Introduction

The objective of this paper is to analyse dynamics and evolution of the real estate
market in a highly competitive urban centre, where there is a strong competition on
the demand side for alternative use of the existing buildings. The analysis has been
developed through a Multi Agents System implemented on ad hoc cellular automata.
The study focus is on the historical city centre of Siena and the behaviour of the
agents, which operate in this area, namely: students (six university faculties are
located in the historical centre), professionals (the principal actors of the city’s tertiary
sector), and tourist industry (Siena is a well-known international tourism pole). An
expansion of the city’s historical centre is impossible, as it is delimited by physical
boundaries (the ancient city wall). So, an increase of real estate supply is unfeasible.
The study assumes that the market should be studied not only with reference to the
supply side (the aggregate bid and the average price), but also, and primarily, with
reference to the effects that are determined on the market by the interactions between
specific groups of agents owing a given operational autonomy.
The analysis is based on a dynamic interpretation of the classical economic theory of
ground rent, applied to the modern urban context (Micelli 2001): the rent is a
diffusive phenomenon that transforms economic values of the real estate system,
through the interaction between pre-existing structural and functional components.
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These values are distributed according to contiguity criterions, via local incremental
variations, without great leaps. (Sachirollo, 1997).
This model is applied in the paper not for formulating a general law, but in order to
identify the qualitative and quantitative processes that are underlying the rent
diffusion in the specific urban system of Siena.
Some authors (e.g., Guariso, 1999, Sachirollo, 1997) have analysed, with remarkable
results, the housing market by means of cellular automata but without investigating
causes that trigger supply evolution and factors that determine the housing prices in a
given spatial context. In particular, those studies have used models, where the price
change is predetermined according to the market mechanism (AURES, M.O.D.E.), or
have assumed that the market evolution depends on its historical trends.
Instead, this analysis starts from the hypothesis that every urban system is intrinsically
different, in terms of its structure and of psychological and economic characteristics
of its agents (budgets, attitudes and needs, perception of distances, adaptation to
change, etc.). So the research aim is to understand the determinants of the demand
behaviour.
To this purpose, two analyses have been developed:
1. The first, in order to identify the last decade market trends and their evolutionary

trajectories, has been carried out on available statistical documentation;
2. The second, in order to identify the behaviour of each agent category, has been

carried out by means of interviews with representative samples of each category.
The results from this dual investigation have allowed establishing two sets of rules:
1. One regarding the operation of the local market;
2. The other regarding the agents’ behaviour.
The simulation of the market has been performed through a cellular multi-automata
consisting of three automata (one for each category of agents).  The transformation
rules of have been determined according to the previous couple of rule sets.
Particular attention has been paid to the market evolution. To this aim three scenarios
have been hypothesized and analysed:
1. In the first, the trend of housing demand remains constant at its current levels.
2. In the second, the city historical centre specializes into a university city.  The

university enrolment doubles in number and four new faculties are created, with
location in city buildings, taking the place of the present cultural and commercial
facilities.

In the third, the city historical centre specializes in tourism. Tourists in the area
double in number and residential houses are converted into bed and breakfasts and
vacation rental dwellings.

2   The Model

The housing market is broken down in supply and demand. Supply is constant (it is
impossible to erect new buildings).
Prices have been grouped into four macro-classes (luxury, high, average, low class)
and their historical trend over the past decade (1991-2001) has been ascertained. Each
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single building in the city centre has been classified in those macro-classes. The map
(Fig. 1) offers a representation of the present (2001) market bid.

Fig. 1. The map of current market offer (2001). To better clarify the definition of the model and
each simulation, the historical city centre has been divided into three zones (A, B, and C).

Demand has been disaggregated in three components (tourist industry1, students,
professionals2).

                                                
1 Bed&Breakfasts (B&B) have been considered as the representative activity of the whole

tourist sector.
2 The category “Professionals” include: lawyers, notaries, architects, business experts,

medicine doctors, and so on.
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Information about Bed&Breakfasts (B&B) has been obtained from the numerous
studies on tourism that public administrations and private organizations have carried
out during the last decade. The analysis of the spatial development of this activity in
the historical centre has permitted to identify the areas with the highest concentration
of B&B.  The growth trend has been determined by computing the average annual
increase ratio of this activity. The correlation with the tourism database resulted in
tracing the behaviour guidelines of this agent.
In order to recognise the changes that B&B provoke on the real estate market a
representative sample   of them has been extracted and the impact they have exerted
on prices of the contiguous buildings during their birth has been measured.

Fig. 2. Map of professionals’ movements.
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Information about students and professionals have been collected through two distinct
investigations:
• One, by means of existing documentation, aimed at quantitative data (members of

the various communities, migratory flows, enrolment into or cancellations from
various registers, etc.);

• The other in terms of a direct approach (that could be defined as “sociological”)
aimed at learning the agents’ systematic behaviour.

A student population representative sample, within each university faculty, has been
interviewed in order to identify their respective domiciles and, hence, their
localization needs  (distance from faculty, distance perception, building quality,
available income); on this base, an ad hoc coefficient was estimated to evaluate the
ability of each faculty to attract the housing supply in its neighbourhood.
Professionals have been classified according to their respective activities and
subsequently interviewed to detect their location needs and behaviours.
Professionals’ demand has revealed to be very diversified as to (i) customer frequency
(for example, business experts who continually receive brief visits have a preference
for the accessibility and proximity of a parking area; on the other hand notaries who
want prestigious offices prefer historical buildings) and (ii) space requirement
(architects need large offices, while for a medicine specialist a couple of rooms can be
enough). The survey about professionals ascertained also if these agents had changed
residence and, if so, for which reasons. So it has been possible to map professionals’
movements within the historical centre and to and from the same city of Siena
(Fig. 2).
As in the case of tourism, the correlation between behaviour information and market
database has led to establishing the role that both students and professionals play on
price changes.

3 The Simulation and Its Impact on Real Estate

The model has been run starting with the 2003 real estate scenario and progressively
modifying the initial parameters, during the iterations, in order to simulate the
changes caused five years later by the ongoing trend, an increase in student
population, and a tourism demand growth.
The first simulation has been applied to verify the market evolution, under the
conditions that the bid remains constant during the five years and there is no emerging
phenomenon.
The second simulation has been applied to verify the market evolution, under the
conditions that university students double during the five years, while emerging
phenomenon is the creation of four new university faculties. In this way it has been
possible not only to evaluate the impact of student population on the real estate
market but also to forecast the possible effects on some strategic city structures
(contemporary museums, Chamber of Commerce, and two historical residential
palaces).
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The last simulation has been applied to verify the market evolution, under the
conditions that tourism demand increases by 100%, while the emerging phenomenon
is the business of “vacation rental houses”.
The outcomes are represented at the end of each paragraph.

3.1   Scenario 1.  The Consolidation of the Historical Trend

This simulation foresees only minor developments in the housing market.  In five
model runs (each run represents one “real” year) no significant increases in housing
prices or in the number of tertiary activities can be noticed.
The 2008 scenario shows only a fairly small increase in residential housing prices,
with respect to the primary residential zones.  The increase is diffusive: it stems from
the foremost residential zones and slowly spreads to the outer areas.
The simulation predicts an increase of B&B only in the northern part of zone A,
where the building value decreases. Zone A is most suitable for professionals and
activities requiring prestigious locations. For these reasons, a progressive
specialization of this area in professional tertiary sector can be expected.
A significant increase in B&B activity in Zone B occurs in the first year, but with a
progressive, even if slow, decrease after the second year (2005).
All in all, the model foresees a global price increase of low and average residential
buildings, while the market of luxury residences becomes steadier year after year,
with only minimal variations.

3.2   Scenario 2. The City Centre Specialises into a University District

In this simulation, has been hypothesized an annual average increase of 20% in the
student population from 2003 to 2008. At the first run, a notable increase in prices of
every housing category can be recognized, moving towards Piazza del Campo. This
site assumes the role of a major attractor, a sort of merging point of the effects of
local increases.
The price increase is most evident in Zone B.  In fact, over a two-year time, average
and low prices disappear and reach the higher level.  Also Zone C undergoes a similar
change (although not as intense as Zone B), especially in areas, which are close to the
university faculties. The student component, in other words, takes on a protagonist
role in the housing market.
If such an increase should occur, it would create a situation of economic disadvantage
for the University of Siena. Highest housing prices would induce student
depopulation with a decrease in University enrolments: many students would
probably transfer to university cities with lower costs, affecting ultimately the city
economy and image.
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Fig. 3. Scenario 1: Consolidation of the historical market trend.
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Graph 1. Scenario 1. Share of land-use (Population in 2003 and 2008).

3.3   Scenario 3.  The City Centre Specialises into a Tourism District

The outcome of this scenario shows that prices increase throughout the city. In
addition, the number of vacation rental houses rises, especially in Zone B, inducing a
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Fig. 4. Scenario 2: Increase in student population.
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Graph 2. Scenario 2. Share of land-use (Population in 2003 and 2008).

consistent rise in the buildings values. Average and low prices reach those of the
higher residential classes.  B&B development does not slow down in the five years, so
that market saturation can be envisaged.  These hypotheses are confirmed by the rapid
increase of vacation rental houses.  Such phenomena foster the price increase, both at
local and global level.  The results are similar to those of the second scenario, the only
difference being that in Zone C, all prices reach a higher level.



630         F. Lapiana, G. Bianchi, and G. Rabino

Fig. 5. Scenario 3: Increase in tourist population.
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Graph 3. Scenario 3. Share of land-use (Population in 2003 and 2008).

4   Conclusion

The multi-agent analysis of interactions among actors within the real estate market
system, has confirmed to be an extremely effective way to simulate the evolutionary
dynamics of the housing market.
Direct and first-hand information from the actual market agents have allowed
discovering the rationale of their daily decisions. In this way, a systemic knowledge
of the agents’ “modus operandi” within the system has been attained. On this base it
has been possible not only to rationally simulate the evolution scenarios, but also to
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light up some market dynamics, which had remained in shadow using traditional
economic analysis.
Moreover, the simulation of the effects that an emerging or sudden phenomenon
might have in the system can be of proper help in generating appropriate strategies for
urban planning.

References

Aretze, T.A, Timmermans H.J.P., (2002).Modelling agglomeration forces in urban dynamics: a
multiagent  system approach. Architecture and Urban Planning. 7th International
Conference on Design & Decision Support Systems.

Camagni, R., (1992). Economia Urbana: principi e modelli teorici. Edz.  Nis., Milan
Cavezzali, A., Rabino, G., (2003). Sistemi multiagente e territorio: concetti, metodi e

problematiche. In: Input 2003. Papers of 3th  National Conference on Computing and Urban
Planning, Pisa.

Cecchini, A., Rinaldi, E., (1999). The multi–cellular automaton: a tool to build more
sophisticated models. A  theoretical foundation and a practical implementation.
Proceedings ESIT, Creta.

Cecchini, A., Rizzi, P., (2001).  “The reasons why cellular automata are a useful tool in the
working-kit for the new millennium urban planner in governing the territory.” CUPUM
2001 Proceedings Honolulu.

Deadman, P., (2002). Multi-Agent Systems for the Simulation of Land-Use and Land-Cover
Change: A Review. Forthcoming, Annals of the Association of American Geographers.

Gutowitz, H.A., Langton, C., (1988). ”Methods for designing Cellular Automata with
"Interesting" Behavior”. CNLS News Letter. University of Santa Fe press.

Huriot, J.M., Thissie, J.F., (2002). Economics of cities: Theoretical perspectives. Cambridge
University Press.

Koomen, E., Burman, JJG., (2002). Economic Theory and Land Prices in Land Use Modeling.
In: Papers of 5th AGILE Conference on Geographic Information Science, (Palma Balearic
Islands, Spain).

Kurz, H. D., (1999). From classical rent theory to marginal productivity theory: the works of F.
B. W. Hermann and J. H. von Thünen.  In: Routledge frontiers of political economy.
London: Routledge. p. 145-164.

Lombardo, S. , Petri, M.,  Zotta, D., (2003). Un approccio multiagente alla simulazione
dell’evoluzione delle attività urbane. Alcune sperimentazioni.   In: Input 2003. Papers of 3th
National Conference on Computing and Urban Planning, Pisa.

Sosa, R., Gero, J.S., (2002). Computational models of creative situations: Towards multi-agent
modelling of creativity and innovation in design. Key Centre of Design Computing and
Cognition. University of Sydney Press.



On the Omni-directional Emergence of Form in
Computation

J.F. Nystrom

University of Akureyri��

IS-602 Akureyri, Iceland
jamesn@unak.is

Abstract. I argue for the use of a specific type of grid and computa-
tional style for computational simulation that utilize emergence to pro-
duce results that would resemble physical phenomena. Two case studies
are presented that highlight the advantages of a grid organization that
utilizes tetrahedra and octahedra. Future work in this area is described
and this overall computational vision is examined.

1 Introduction

The idea of emergence has a long history in computer science, going back at least
to Von Neumann (see, for example, [1]), and reaching a crescendo of sorts in the
early 1990’s[2]. I assume emergence (e.g., “... emergence occurs when low-level
rules generate high-level features”[3]) is one important mechanism for compu-
tational simulation, and suggest now that geometrical arrangement is another.
The idea that geometrical arrangement is important is of course an idea going
back at least to Plato, and has been used more recently to explain the structure
of both atomic crystals and DNA.

Herein I make extensive use of the Isotropic Vector Matrix (IVM) grid. Fig-
ure 1 shows a small IVM grid containing 55 vertices. I adopt R. Buckminster
Fuller’s[4] use of the term omni-directional when referring to operators that uti-
lize this specific geometrical arrangement of vertices.

I present two case studies highlighting the importance of the geometrical
arrangement of vertices in computational simulation. Both case studies utilize
the IVM arrangement of vertices. Section II gives an overview of the IVMCEM
method[5,6] – a fully discrete computational electromagnetic time-domain solver.
Section III gives an overview of a statistical mechanical calculation that utilizes
a subset of the IVM arrangement of vertices to produce an exact renormaliza-
tion group calculation[7] on a two-dimensional tetrahedral fractal. Section IV
returns to the topic of emergence in computational simulation, extending the
arguments presented in [8] and updating the computational cosmography (CC)
vision. Therein, we find that the CC gestalt looks ahead and advocates the use of
form and structure in computational simulations. The Discussion reiterates the
importance of geometrical arrangement and extols the virtue of using emergence
for computational simulation that purports to model physical phenomena.
�� Formally at Texas A&M University - Corpus Christi.
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Fig. 1. A small IVM grid of 55 vertices.

2 An Omni-directional Curl Operator

In this section I describe the vector equilibrium (VE) cell and the IVMCEM
method. The basic methodology is presented, and I provide comments on IVM
grid building and the propagation of electromagnetic solutions within an IVM
grid. I also compare the IVMCEM method to a cellular automata (CA). (Note
that the IVM grid utilizes the same arrangement of vertices as that found in a
face-centered cubic lattice.)

2.1 Methodology Overview

The basic cell of the IVM grid is the VE (which is also known as a cuboctahedron).
Figure 2 shows the VE cell and the IVM basis vectors: e1 - e6. To build an IVM
grid, start with a VE and then make the exterior vertices of the VE the center
of a new VE cell. We can continue to add new VEs to the outer shell to create
very large IVM grids. On inspection, one can see that the VE cell is composed
of eight tetrahedra and six one-half octahedra. The twelve exterior vertices of
the VE cell form four inter-penetrating hexagonal planes.

The spatial methodology I employ decomposes a vector field into six compo-
nents at every node within an associated IVM grid, and provides an algorithm
whereby the vector calculus curl is obtained. I now refer to this curl algorithm
as the omni-directional curl operator. In [5,6] it is shown how to calculate the
omni-directional curl operator and how to employ the operator for the spatial
operations of the IVMCEM method.

In the IVMCEM method, all vector fields are expressed in terms of the basis
vectors e1 - e6. For example, a vector field S is written thusly:

S = S1e1 + S2e2 + S3e3 + S4e4 + S5e5 + S6e6 .

Now, for the four internal hexagonal planes of the VE cell, let a′, b′, c′, and
d′ be plane variables (each evaluated as contour integrals around one of the
four hexagonal planes of the VE). The omni-directional curl operator then gives
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e4
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Fig. 2. VE and the IVM basis vectors e1 - e6.

S = ∇×T as[5]:

S1 = (c′ + d′)/4 , S2 = (b′ − d′)/4 , (1)
S3 = (a′ + b′)/4 , S4 = (a′ + d′)/4 ,

S5 = (a′ − c′)/4 , S6 = (−b′ − c′)/4 ,

where it is understood that the plane variables are functions of the vector field
T. For example, the plane variable a′ is calculated thusly[5]:

a′ =
√

3√
2 dA

[
∮

T · dl]a .

From (1), we see that each vector component of S depends on the contour inte-
grals around two separate hexagonal planes. Figure 3 shows the two hexagonal
planes that are used to calculate the S3 component of the curl (∇×T).

2.2 Electromagnetic Propagation Using the IVMCEM

The IVMCEM method is a fully-discrete time-domain computational electro-
magnetic solver which utilizes a Runge-Kutta fourth-order integrator to advance

e3

Fig. 3. The a and b planes interact to beget the S3 component of S.
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Fig. 4. E-field of TEM wave as traveling tetrahedron.

the electromagnetic solution in time. For initial testing of the IVMCEM method,
I model the propagation of a transverse electromagnetic solution discretely in
the time domain. I use the Maxwell equations written in terms of the electric
field E and the magnetic flux density B (shown here in SI units for free space
propagation):

∂E
∂t

= c2∇×B ,
∂B
∂t

= −∇×E .

For what follows, I seed an IVM grid with the following solution[6]:

E = az sin(k y) , and B = ax
sin(k y)

c
,

where k = 2πf/c is the wavenumber, f is the frequency, and c is the speed of
propagation. Further, I model the frequency at 8 points per wavelength. Figure 4
shows a plot of the E-field after it has traveled two wavelengths in a simulation of
the wave propagating within an IVM grid[9]. The resulting E-field is z-directed;
however Fig. 4 shows the vector components equally valued for three of the six
IVM basis vector components. By construction, the E-field in this simulation is
a traveling tetrahedron, oscillating positive and negative

2.3 IVMCEM as Cellular Automata

A CA is a calculation with solution variables located at vertices, and associated
rules which advance the solution in time. Typically the rules for a CA base
the future value of a solution on the current value and other values in a local
neighborhood. With this being the case, we see that the IVMCEM is a CA.
The solution, representing the E-field and B-field, is comprised of 12 real-valued
quantities located at each vertex of the IVM. The rules for advancing the solution
in time are local rules based on current values and values in a local neighborhood.

3 The Tetrahedral Fractal

The tetrahedral fractal in Fig. 5 is a two-dimensional fractal. The vertices of the
fractal can be oriented as to coincide with a subset of the vertices of an IVM. In
the remainder of this section I briefly describe an exact two-dimensional Real-
Space Renormalization Group (RSRG) calculation[7] that uses this geometry.
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Fig. 5. The two-dimensional tetrahedral fractal.

This RSRG calculation is an Ising model calculation with binary spin vari-
ables placed at the vertices of the fractal. The orientation of spin variables,
s1 − s10, is shown in Fig. 6. The spin couplings are shown in Table 1. The
Hamiltonian for the base tetrahedron, with spins s1− s4 only, is given as[7]:

− βH = 2 k0 +m (s1s2s3s4) (2)
+ k (s1s2 + s1s3 + s1s4 + s2s3 + s2s4 + s3s4)
+ h (1/2) (s1 + s2 + s3 + s4)
+ p (s1s2s3 + s1s2s4 + s1s3s4 + s2s3s4) .

A Hamiltonian for the complete fractal (Fig. 6) is given in [7]. The partition
functions for the base tetrahedron and the complete fractal are functions of the
(respective) Hamiltonians.

Let ZN be the partition function, and fs = (1/N) lnZN be the free energy
per spin. The magnetization, ∂fs/∂h, is shown in Fig. 7. Magnetism is the most
studied example of critical behavior. Here we say that long-range order emerges
from local interactions. Thus, magnetism is viewed as an emergent phenomena.

The RSRG calculation is an equilibrium calculation, independent of time,
thus we are not concerned with the spin variables in time, but rather the renor-
malization of the spin couplings. During the calculation of the partition functions
we trace over all possible spin configurations, in essence providing a transform
from spin space to rule space. The RSRG can thus be viewed as a computation
in the rule space of the tetrahedral gasket.

S1

S2

S3S4

S5

S6

S7

S8

S9S10

Fig. 6. Spin variables for the tetrahedral fractal.
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Fig. 7. Magnetization of the tetrahedral gasket.

4 Towards a Computational Cosmography

Cosmography is “the science that deals with the constitution of the whole order
of nature” (according to Webster’s New Collegiate Dictionary). CC is a compu-
tational vision which utilizes emergence and the geometrical system described in
Fuller’s synergetic geometry to produce simulations whose higher-level behaviors
resemble physical phenomena, and whose lower-level interactions are intended
to help us understand this Universe better. The remainder of this section will
discuss further the IVM geometry and give an overview of the CC.

4.1 Geometrical Basics

I start now with the tetrahedron. If we connect the (neighboring) midpoints of
the edges of the tetrahedron, we outline an octahedron (embedded inside the
tetrahedron). (This relationship between the tetrahedron and octahedron is the
basis for the tetrahedral fractal (§3).) If we connect the midpoints of the edges
of the octahedron, we outline a VE (embedded inside the octahedron). This
process which takes us from tetrahedron to vector equilibrium is shown in Fig.
8. Another relationship between tetrahedron and the VE is found in the fact

Table 1. Interaction couplings for the tetrahedral fractal.

Coupling Explanation

k0 A zero-spin coupling
h A single-spin (field) coupling
k A two-spin (nearest neighbor) coupling
p A three-spin (triangular) coupling
m A four-spin (tetrahedral) coupling
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Fig. 8. Finding the vector equilibrium inside the tetrahedron. (Courtesy of R.W. Gray.)

that the IVM basis vectors (of the VE), shown in Fig. 2, are just the six vectors
(or edges) of the tetrahedron.

Analysis of the tetrahedron and octahedron finds that there are two geo-
metrical modules, the A-module and B-module, each with 1/24th the volume of
a tetrahedron, that can be used to build up many of the common geometrical
forms. It was found that any space-filling polyhedron must in fact have a ratio of
2 A-modules for every 1 B-module. Figure 9 shows A-modules and a B-module
as defined inside a tetrahedron and octahedron, respectively. Two A-modules
and one B-module combine to form the minimum space-filler, the so-called mite.

Potentially, these geometric modules could act as the atoms for a geometry;
thus answering a query offered in [10]:

. . . the physics of this century has shown us that matter has constituents
and the three-dimensional objects we perceive as solids in fact have a
discrete underlying structure. The continuum description of matter is
an approximation which succeeds brilliantly in the macroscopic regime,
but fails hopelessly at the atomic scale. It is therefore natural to ask if
the same is true for geometry. Does geometry also have constituents at
the Planck scale? What are its atoms? Its elementary excitations? Is the
spacetime continuum only a ‘coarse-grained’ approximation? If so, what
is the nature of the underlying quantum geometry.

In a CC computation1, polyhedra aggregates will act as the big bits[11] upon
which some of the low-level rules of the simulation act. The big bits will flow,
deform, and transform within an active lattice system. Here the big bits may
look like particles in a lattice gas automata. The lattice system is based around
the geometry of the VE. The chords of the lattice however can take on values
representing tensional qualities (used to simulate gravity) and electromagnetic
quantities. Here then the background lattice system can be viewed as a type of
CA. However, the background lattice of the CC is not a globally fiducial quan-
tity, in that each local VE of the overall IVM-type lattice should be allowed to
jitterbug [4] slightly. (A sample jitterbug is shown in Fig. 10. Here the eight ex-
terior triangular faces of the VE rotate, passing through an icosahedra phase, to
form an octahedron. From the octahedron, the jitterbug can also be maneuvered
into a tetrahedron[4].)
1 Although inspired by ideas associated with cellular and lattice gas automata, the

CC does not fit snuggly into either category of simulation technique.
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Fig. 9. A-modules and B-module combine to form a mite. (Courtesy of R. Hawkins.)

4.2 Computational Cosmographical Interplay of Space and Matter

Both the background lattice system and the big bits (or polyhedra aggregates) of
a CC computation have restrictions on form resulting from identical embryonic
geometrical considerations. It is from the omni-directional lattice system that
the form for all entities of a CC computation emerge. The interplay between the
big bits and the lattice system creates the need for an active lattice background
system, and was described in [8] thusly:

In this way, we find the lattice tells polyhedra aggregates how to trans-
form, while the polyhedra aggregates in turn tell the lattice how to tense.

The lattice sites can use jitterbug activity to support this interplay. During this
interplay, an overall lattice tensegrity will be maintained[8] (and in turn this
lattice tensegrity is used as a mechanism for gravity in a CC computation).

Note that when a base VE around a lattice point jitterbugs, we require a
virtual VE to be created at each exterior node of the base VE in order to
maintain a connected lattice system. As a result of this virtual VE creation,
the computational “space” will expand around any lattice point whose base VE
jitterbugs. (Here then space expands from with-everywhere [sic].) I contend that
this space expansion technique could be a model for what is currently being
called dark energy. (Dark energy is the physicists term for the mysterious force
that seems to be causing the Universe to expand.)

Fig. 10. Jitterbug from VE to octahedron. (Courtesy of R.W. Gray.)
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5 Discussion

Herein the premise has been that both emergence and geometrical arrangement
are important when constructing a computer simulation that is to model physical
phenomena. In this Discussion I examine these premises further, and suggest
that a paradigm shift is upon us as it concerns the potential purpose of future
computational simulation endeavors.

5.1 Emergence and Geometrical Arrangement

When creating computer simulation, we may be able to learn more about the
phenomena being simulated when the phenomena emerges in our computation
as a result of low-level interactions (if in fact we are able to identify physical
significance to the low-level rules). The statistical mechanical calculation in §3
has just such a feature. What we learn from this computation is that magnetism
(a high-level feature) emerges from low-level spin interactions. The phenomena
that emerges from the low-level rules (which represent spatial and temporal
considerations) of the IVMCEM is an accurate representation of macroscopic
electromagnetic propagation. Also emerging, as Figure 4 suggests, is the fact
that electromagnetic phenomena can indeed exhibit geometric form[8,12]. (That
is, the E-field can literally be viewed here as a traveling tetrahedron.)

In the CC vision, I have outlined an interplay between two dynamical pieces
of the computation (i.e., the big bits and the active lattice system). We find that
from this interplay, we have an emergent spatial expansion, and in this way we
can view our CC dark energy as an emergent phenomena2 resulting from the
overall interplay of space and matter in a CC computation.

5.2 Spy Versus Spy

The advance in computational power, currently conforming to Moore’s Law for
both system performance and simulation size (see, for example, [13], and the ref-
erences therein), provides an opportunity to fundamentally change our scientific
focus. We no longer need be satisfied with only simulating “what” is occurring,
but rather now have the opportunity to start to build simulation strategies that
can teach us about “how” a particular phenomena occurs (if we are willing to
listen to what the computation has to say).

The CC vision is all about the “how” of Universe; and is trying to uncover
mechanism using the first principles of emergence and geometrical arrangement.
For example, above I suggested a “how” for dark energy, and now I can con-
tend that this overall CC interplay, involving an active lattice, may also easily
explain the “how” of momentum conservation. Whatever phenomena we want
to understand further, more insight will be provided if our computations emerge
said phenomena rather than programming it directly.
2 There may be another level of emergent phenomena acting here also. The zero point,

or so-called vacuum energy may indeed be the mechanism that drives the lattice
jitterbugs. But perhaps this topic is best left to a coffee house discussion.
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Abstract. This paper presents an approach for capturing the behaviour
of disease spread in a tractable model. More specifically, by embed-
ding spatial population information into the cells of a cellular automa-
ton, accurate representations of disease spread may be produced. Non-
homogeneity is easily introduced into the implicitly discretized landscape
of a cellular automaton, contributing to the accuracy of such models and
overcoming some of the simplifying assumptions of homogeneity found
in earlier models. The need to develop and test more effective disease
containment measures inspires the search for new and more accurate
models.

1 Introduction

As stated by Ferguson [1], mathematical modelling is the only way to analyse
the effectiveness of different disease control strategies. Simulation is the obvious
choice since real life experimentation is impractical. An epidemic spread model
that provides life-like results and reconfigurable parameters is an invaluable tool
for use in developing outbreak contingency plans. Given the costs of outbreaks
as foot-and-mouth disease (FMD) in the United Kingdom [2,3], it is desirable to
know beforehand whether vaccination or culling interventions are worthwhile.

There have been four recent studies of the spread dynamics of the smallpox
virus [1]. Each study set out to determine the best containment strategy for
smallpox. Unfortunately, rather than providing a definitive answer, each study
recommended a different policy for optimally controlling such outbreaks. This
suggests that more research needs to be directed into the field of epidemic mod-
elling and that there may be no general all-purpose containment strategy, rather
distinct outbreaks need tailored policies. Virtual simulation of outbreaks there-
fore provide a practical means to discover and refine these policies. Of particular
interest are disease spread models that capture host mobility, spatial population
heterogeneity as well as disease biology.

Most existing epidemic models, particularly those using ordinary differential
equations (ODEs) assume the host landscape is homogeneous [4]. That is, hosts
are taken to be distributed evenly throughout the landscape and mixed in well
with one another. This is a major oversight since hosts are rarely found to be
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equidistantly spaced and unmoving. Partial differential equation models intro-
duce diffusion terms to model heterogeneous mixing but still treat populations
as continuous entities rather than comprising discrete interacting hosts. There is
need for models which take into account the spatial conditions of a landscape to
improve model accuracy. It is therefore claimed that by using a discretized ap-
proach, such as a cellular automaton, we can capture both the local interactions
of hosts and the effects of a heterogeneous population landscape into a single
more realistic disease spread model.

2 Our Model

The main focus of our model is to capture the effects of geography on an epi-
demic’s emergent behaviour. Of particular interest is the uneven distribution of
hosts over the landscape caused by topographic and demographic heterogene-
ity. In this section, we discuss how we have encoded this heterogeneity into an
automaton’s cells so as to build a model that more closely reflects nature. We
have adopted the widely used SIR framework to describe the disease state of
host individuals [5]. In this framework, hosts are designated susceptible, infec-
tive, or recovered depending on whether they are healthy, diseased, or immune
respectively.

2.1 Cell Definition

In contrast to traditional CA, our model allows each cell to accommodate a
variable number of hosts rather than just one static host. This structure is sim-
ilar to that found in lattice-gas cellular automata [6]. Consequently, the state
of each cell is completely defined by its number of susceptible, infective, and
recovered hosts. Each cell has another parameter, a maximum carrying capacity,
which denotes the maximum number of hosts a cell can contain. The landscape
is therefore discretized into equal-sized cells whose populations and carrying ca-
pacities may vary differentially from cell to cell. The local population density is
therefore defined as a cell’s population divided by its carrying capacity.

By encoding cell population densities into the cell definition we can use this
information to modulate the rate of spread to neighbouring cells. Note that
disease spread can be due to both direct disease transmission at cell boundaries
and through increased infective host movement between cells. Our CA based
model captures both disease and host dynamics.

As implied by the above description, the number of hosts in a particular cell
can vary with time; the carrying capacity however, remains constant. Increases
and decreases in local cell population which correspond to births, deaths, and
movement of hosts over the landscape are also included in the model. Although
it is possible to have differing population densities with a neighbourhood of cells,
it is assumed that within each cell, the population is well-mixed. That is, during
each time step, all the hosts sharing a particular cell will come into contact at
least once.
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The carrying capacity of a cell is used as a mechanism to limit the movement
of hosts between cells. Overcrowding is prevented since the number of newborns
per epoch, discussed later, is conditional on a cell not exceeding its carrying
capacity. Although the effect of the land’s carrying capacity is not directly en-
forced in nature, carrying capacities are a straightforward way to encourage or
discourage the motion of individuals between cells.

The cells are tessellated in a square grid with straight, non-penetrable bound-
aries. These boundaries are likened to physical boundaries found in nature such
as oceans or mountain ranges, or political boundaries over which hosts can ‘im-
migrate’ out of the landscape in question. The immigration and emigration of
hosts is combined with the increases and decreases in host populations deter-
mined by birth and death probability parameters. Such births and deaths are
completely independent of disease related parameters such as pathogen morbid-
ity and affect susceptible, infective, and recovered hosts alike. It is assumed that
there is no vertical vectoring of disease, that is, parents do not pass the disease
directly to their offspring at birth.

Our model also uses two distinct neighbourhood radii for host and pathogen
movement respectively; both are 8-connected Moore neighbourhoods. In our
model, the two ways a cell can become contaminated are if an infective host
moves in from an adjacent cell, or the pathogen, by its own spread mechanisms
outside a carrier, infects a formerly susceptible host. In this way, we have mod-
elled two kinds of heterogeneity: the spatial heterogeneity of the population due
to host movement, and also the biological heterogeneity due to variations in
disease presence among hosts.

2.2 Epidemic Spread Parameters

As discussed previously, there are two kinds of epidemic spread factors that we
have incorporated into our model: those related to the disease pathogen, and
those related to host demographics. Disease parameters include infectiousness,
morbidity, and immunity; demographic parameters include population density
and host movement. These parameters have featured separately in some earlier
epidemic studies [7,8], but we have aimed to capture several key aspects of disease
spread into one composite model.

2.3 Cell Update Algorithm

Similar to the LGCA model proposed by Fukś and Lawniczak [6], the cell update
algorithm is performed in two phases: the infection phase and the randomiza-
tion phase. On a cell-by-cell basis, the encoded data relating to factors such as
morbidity, mobility, contagiousness, and immunity is used to update the SIR
characteristics of the CA lattice. Interleaved between the infection phases are
randomization phases which model the movement of hosts between CA cells.
Such movement is limited by the size of the CA interaction neighbourhood and
cell carrying capacities. The interaction neighbourhood can be of any configura-
tion; we have chosen the traditional 8-connected Moore neighbourhood. Specific
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information about the interactions between cells, such as cyclic host movement,
can be very easily encoded as different interaction neighbourhood [9]. Therefore
in contrast to the uniform mixing found in ODE models, we can model localized
host movement.

Currently, our model does not take into account other parameters such as
latency or incubation time [10]. Latency is the lag between being infected and
becoming infective, and incubation is the delay between becoming infected and
becoming symptomatic. These times can be implemented by introducing further
states, say ‘E’, to represent those hosts exposed and infected with the pathogen
but not yet infective or transmissive. Including this or other states into our
model is straightforward since such a change implemented by simply modifying
the finite state automata populating the CA lattice.

3 Experimental Scenarios

In this section we describe two experimental scenarios and examine some of
the results that our composite epidemic model produced under simulation. The
purpose of these scenarios is to show how a cellular automata approach can be
used to accurately simulate disease spread, needing only to define localized cell
interactions. It is also interesting that due to the intrinsically graphical nature of
cellular automata, no further processing of results is needed in order to visualize
the resultant disease spread patterns.

3.1 Corridors of Spread

This experiment tries to emulate a real life landscape with imaginary town cen-
tres and transport links. Towns and roads are human constructed features and
attract high and patterned population densities. Of particular significance is
that rather than having flat and uniform population density profiles, settlements
around cultural features generally have a directed or linear shape.

In this scenario, each cell has been initialized to have a carrying capacity of
1000, with three ‘towns’ set to this maximum. Two of these towns, on in the
northwest and another in the southeast, start with a 1:9 infective to susceptible
ratio. There are also ‘transport links’ comprising a dense line of susceptibles
running between each of the ‘towns’. Cells on this line have an initial suscepti-
ble population of 100, whilst the cells on either side have an initial susceptible
population of 75. The rest of the landscape comprises cells with 10 susceptibles
in them. The town in the southwest corner contains 1000 susceptibles and no
infectives.

Parameter settings. The primary aim of this scenario is to highlight the fact
that disease spread generally occurs faster in regions of high host density. Conse-
quently, to isolate the effects of the heterogeneous landscape, host movement is
turned off for this scenario. This is done to preserve the population density pro-
file for the duration of this experiment. The probability of transmission between
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hosts has been set to one. This means that there is 100% chance of a susceptible
host becoming infective after sharing a cell with at least one infective host during
a time step. This has been done to accelerate the rate of infection spread and
magnify the effect of population density on epidemic dynamics for illustrative
purposes.

Results. The results of executing our model with the above-mentioned param-
eters are presented in the time lag map shown in Fig. 1. The lag map is a series
of snapshots taken at t = 0, 20, 40, 60, 80,
100, 200, 300. Each cell is represented by a square: black squares contain at least
one infective host and white squares contain only susceptible and recovered hosts.
Figure 1 shows the tendency of the epidemic to follow the lines of population
density to produce the ‘fuzzy cross’ pattern.

After 300 epochs, the top left outbreak has reached all four edges of the
map but the bottom right outbreak is yet to reach any. Notice that the epidemic
spreads outward along the arms or ‘roads’ before filling up the space between the
roads. This example illustrates how disease spreads over areas of higher popula-
tion density more rapidly than unpopulated areas, as expected from knowledge
of known disease spread. Consequently, we can conclude that we have satisfacto-
rily modelled the relationship between propagation delay of a disease and local
population density.

3.2 Barriers to Spread

This experimental scenario depicts how a CA model can used to simulate the
effects barrier containment to control disease spread. As seen in the foot-and-
mouth disease (FMD) epidemic in Great Britain during 2001, a key to slowing
down disease spread is restricting host movement [11]. Culling of livestock to
create barrier areas over which FMD cannot spread was the main eradication
technique. These measures are simulated by incorporating ‘no spread zones’ in
the initial state of the cellular automaton’s lattice.

The starting distribution contains two ‘hot spots’ which have been segregated
from the rest of the landscape. One hot spot has a four square wide barrier
surrounding it, whilst the other has a one square wide barrier surrounding it.
Barriers are implemented as cells with zero carrying capacity. In Fig. 2, barriers
are represented by black squares and all other (blank) squares contain an equal
number of hosts. The grey squares depict the two sources of infectives, both of
which confined by ‘buffers’. The barriers restrict host movement and provide no
hosts for pathogens to infect and escape.

4 Conclusion

Accurate disease spread models are necessary for the testing of disease con-
tainment measures in the hope of reducing the economic and health impacts
of disease outbreaks. We have presented an epidemic model which captures in
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Fig. 1. A lag map showing the state of the epidemic at t = 0, 20, 40, 60, 80,100,200, 300.
Notice that the outbreak to the north-west is able to cover a greater distance than the
outbreak in the southeast because it has access to the road link and the population
associated with that link. Notice that the spread from t = 20 in the top left of the
map appears asymmetrical. This is probably an artifact of the stochastic nature of this
model.
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Fig. 2. This lag map shows that buffer zones that are too narrow provide no resistance
to the spread of the pathogen.
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a CA-like discrete framework, realistic patterns of disease spread. More specif-
ically, a cellular automaton approach has been used to model discrete areas of
landscape and non-homogeneous automata states are used to capture the effects
of spatial heterogeneity. Such heterogeneity is due to variations in local pop-
ulation density compounded by host movements. Few existing models encode
spatial heterogeneity into their mechanics; our approach shows promise for the
development of accurate and tractable cellular automata based disease spread
models suitable for simulation.

Two scenarios have been presented which demonstrate how a cellular au-
tomata model can be initialized with a specific configuration to run hypothet-
ical “what if?” games. The first scenario demonstrated the successful encoding
of population density effects into the epidemic model whereby disease spread is
accelerated in areas of high density and slowed in sparsely populated regions.
The second scenario depicts how our cellular automata model simulates the ef-
fectiveness of different disease containment strategies. These two scenarios have
reproduced known patterns of spread, and thus contribute to determining the
efficacy of a cellular automata modelling approach to disease spread.

References

1. Ferguson, N.M., Keeling, M.J., Edmunds, W.J., Gani, R., Grenfell, B.T., Anderson,
R.M., Leach, S.: Planning for smallpox outbreaks. Nature 425 (2003) 681–685

2. Keeling, M.J., Woolhouse, M.E.J., Shaw, D.J., Matthews, L., Chase-Topping, M.,
Haydon, D.T., Cornell, S.J., Kappey, J., Wilesmith, J., Grenfell, B.T.: Dynamics
of the 2001 uk foot and mouth epidemic: Stochastic dispersal in a heterogeneous
landscape. Science 294 (2001) 813–817

3. Ferguson, N.M., Donnelly, C.A., Anderson, R.M.: The foot-and-mouth epidemic
in great britain: Pattern of spread and impact of interventions. Science 292 (2001)
1155–1160

4. Mollison, D., ed.: Epidemic Models: Their Structure and Relation to Data. Cam-
bridge University Press (1995)

5. Anderson, R.M., May, R.M.: Infectious diseases of humans: dynamics and control.
Oxford University Press (1991)
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Abstract. This paper presents information flow model and a novel artificial life
grid model to construct artificial life computer ecosystem environment. The life
grid model is a three-dimensional information space: (time, artificial life node,
and location). The former two dimensions identify the contents or function of
artificial life systems, and the third-dimension identifies the location where an
artificial life system exists. We depart the artificial life node architecture into
four levels: artificial life system application level, engine library level, sensor
level, and the connectivity level. In information flow model, we present the
ALife information definition, characteristic and four kinds of information
communication mechanisms (broad-diffuse, Multi-diffuse, uni-diffuse and any-
diffuse).

1   Introduction

Artificial life (ALife) [1] is not a unitary field, but includes several different research
programs, which are defined as the following approach: self-reproduction and cellular
automata [2][3][4], morph genesis and development processes [5][6], evolution and
evolutionary computing [7][8], origins of life [9][10], biochemical synthesis [11][12]
and artificial nucleotides [13], collective intelligence [14] and computational life
[15][16]. Today, most artificial life models researches are based on technology of the
agent [17][18], evolution system [19], neural network [20], Cognitive models
[21][22], etc.   

The origin of life is how complexity arose in the development of life and how one
could construct an artistic interactive system that can model and simulate this
emergence of complexity. Many ALife models are designed not to represent known
biological systems but to generate wholly new and extremely simple instances of life-
like phenomena. The system can show artificial life properties only if the system
interacts with and access the information from an open artificial life computer
ecosystem environment. The artificial life computer ecosystem environment is
composed of different and numerous system nodes, which use the learning,
cooperation and evolution mechanism to evolve the system.

Based on the idea that interaction and communication among different artificial life
systems are the driving forces for the emergence of higher and more complex
structures than its previous architecture. We could imagine an artificial life system
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that can increase its internal complexity as more and more interactions with external
artificial life computer ecosystem environment take place.  However, nowadays there
are few artificial life models that can satisfy these requirements, and there are few
researches for constructing artificial life computer ecosystem environment. This paper
presents a novel artificial life grid model to construct artificial life computer
ecosystem environment, and introduce its construction principles, information flow
model and communication mechanisms.

We hope the artificial life computer ecosystem environment based on artificial life
grid model could approach the following goals:
1. Environments – We would not be selecting for particular high-level behaviors,

but creating artificial life computer ecosystem environment and letting it evolve
in any way it likes.

2. Demonstrate the emergence of intelligence in an artificial life system.
3. Learning methods: It is reasonable to assume that adding learning abilities to our

artificial creatures can improve their ability to evolve complex behaviors in
artificial life computer ecosystem environment based on artificial life grid.

4. The evolution of life is shown as a remarkable growth in complexity. Co-
evolution is certainly a very promising technique for developing complex
behaviors, especially where these behaviors take the form of a competition
between two or more creatures in artificial life computer ecosystem environment
based on artificial life grid.

2   The Notion of Artificial Life Grid

The term ”Grid” was coined to denote a proposed distributed “cyber infrastructure”
for advanced Science and engineering including computational [23], semantic [24]
and knowledge grid [25]. A computational Grid forms a closed network of a large
number of pooled resources providing standardized, reliable, specialized, and
pervasive access to high-end computational resources .The emergence of Semantic
Web [24] will result in an enormous of knowledge base (KB) resources distributed
across the web. A knowledge grid [25] is a set of well-organized knowledge together
with knowledge managements. Nowadays, the notion of grid has been extended. A
grid can be computation, data, software, and even people, so a grid can be regarded as
an integrated mechanism that enables control sharing of various kinds of resource,
evolve among the different grid nodes and demonstrate the emergence of intelligence.

 A general grid should have three characteristics:
1. The network ability, i.e. the ability to link the different grid nodes into a grid;
2. The inter-operability, i.e. the ability for any grid nodes participant to use any

resources and rules to perform some tasks;
3. The emergence ability, i.e. the ability that grid is more than the sum of its parts

(grid nodes).
We extend the notion of the general grid and give the definition of artificial life

grid and artificial life computer ecosystem environment as the following.
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Definition 1: An artificial life grid can be defined by the following three items:
1. A set of nodes is an artificial life grid, and the nodes can take the form of artificial

life or, information transmission, and knowledge, etc.
2. A set (nodes, location) paring together with a set of communication mechanisms

constitute a grid.
3. Any artificial life nodes can achieve the complex properties with the time using the

evolve engine.
Definition 2: Artificial life computer ecosystem environment
1. The artificial life computer ecosystem environment is composed of different and

numerous artificial life grid nodes (e.g. artificial life system).
2. Each artificial life grid node is external ecosystem environment in the eye of other

artificial life grid nodes.

3   Architecture of Artificial Life Grid

An artificial life grid is a set of well-organized artificial life nodes together with a set
of artificial life engine. The artificial life grid node will evolve into new and more
complex or intelligent one with time goes in the artificial life computer ecosystem
environment. According to the definition of artificial life grid in the above section, the
artificial life grid is a three-dimensional information space: (time, artificial life node,
and location). The former two dimensions identify contents or function of artificial
life systems, and the third-dimension identifies the location that exists an artificial life
system. The three dimensional space of artificial life grid is shown in Figure 1.

Fig. 1. Space of artificial life grid

Referring to the artificial life node dimension in figure1, we depart the artificial life
node architecture into four levels from the high to low: artificial life system
application level, engine library level, sensor level, and the connectivity level. The
connectivity layer provides communication and authentication service needed to
communicate with artificial life ecosystem environment. For example, when the one
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artificial life node A want to communicate with artificial life node B, the node A uses
the connectivity level to authenticate and communicate with the artificial life node B.
The function of the sensor level is to process information flow from artificial life
computer ecosystem environment or send information flow from the node to artificial
life computer ecosystem environment. According to different artificial life system,
different rules or algorithms are included in the engine level library. For example, if
the artificial life system has self-learning property, the learning rules based on
genetics or stochastic search in combination with steepest descent is contained in the
artificial life engine level of the artificial life grid. Artificial life system level is
defined to the different application of artificial life system. In this layer, research
could design the different artificial life application according to different requirement.

In the figure 2, we can see the interaction process between two artificial life grid
nodes in artificial life computer ecosystem environment.

The architecture of an artificial life node is shown in the figure 3.

Fig. 2. Artificial life grids

Fig. 3. An artificial life node architecture model



654        Z. Xia and Y. Jiang

According to figure 3, ieng denotes the i  artificial life engines in the artificial life

node. ( )S t means the sensor level process the information flow t that comes from

external environment. Θ denotes that transmit the information flow coming sensor

level to the engine lib level. ()F means the process of the artificial life system level.
The mathematic model of single artificial life node is shown in equation 1.
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i tSengF
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)(node                                        (1)

Let we consider one node is in the artificial life grid that is shown in figure 2, we
can get the following mathematic model.
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Ψ , i.e. the inputting information flow of the k node from other

n-1 nodes in the artificial life grid.
If we consider the variety of node’s status or function along with time, we let

(t 1,i)N + be status of i  node at t+1 time and (t,i)N  be status of i  node at t time. We can

get the following equation.

    (t 1 ,i) (t,i) ( 1, ) ( 1, )N N ( , ) , ( : 1 )t i t id i nφ η+ + += +                          (3)

In equation 3, ( 1, )t iη +  is information that node i searches in artificial life computer

ecosystem environment at t +1 time.  ( 1, )t id +  means  node i uses engine to process the

collecting information(e.g., it is that the creatures get information by using vision,
smell, end feel, etc.) from the external computer ecosystem environment at t +1 time.

( 1, ) ( 1, )( , )t i t idφ η + + denotes the i  node will come into being variable status by using

( 1, )t id + and ( 1, )t iη +  at t+1 time.

We could get the following properties of artificial life grid from the equation 2 and
equation 3.
1. Learning: in the equation 3, if the node uses the learning engine (e.g. ( 1, )t id +  is

learning algorithms or rules), the node will demonstrate the self-learning property.
2. Evolving: similarly, in equation 3, the node uses the evolving engine (e.g. ( 1, )t id + is

evolving algorithms or rules), the node will develop the complex the system by
self-evolving.

3. Emergence and complex: in the equation 2, the node will show the emergence and
complex property through learning and evolution mechanisms, if there is enough
numerous artificial life node in artificial life computer ecosystem environment.
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4   Discussion

In the above section, we have presented the notion model and mathematic model for
the artificial life grid. There are some open questions about the ALife grid in the
following.

Security trust problems for different ALife systems: The connectivity layer of
the artificial life grid may require some or all of the standard security functions,
including authentication and authorization. Authentication is an action of securely
identifying the user that is requesting a particular service or resource within an
artificial life grid. Authentication is a process of verifying an identity of an entity.
Usually it is based on public key cryptography that means that each entity presenting
a request to ALife node has to have a public/private key pair and a public key
certificate. The conception of authorization is access control that governs who may
access what and what restrictions are to be placed on those accesses. Authorization is
a very important problem in any secure environment. It is an area that governs
authenticated entities may access what and what activities they can perform on a
resource. There are three major properties of authorization: defining the access
restriction types, the components to provide these restrictions and how to deploy these
restrictions in the system.

ALife information flow representation: an artificial life information flow is
process of artificial life information passing among the nodes in an artificial life grid.
It has three crucial attributes: direction, content, and carrier, which respectively
determine the sender and the receiver, the shareable life information content, and the
media that can pass the content. The content of ALife flow can be described by
several kinds: the basic information flow, the rule information flow, and method
information flow. The basic information flow includes the basic resource, knowledge
and some environment parameters. The rule information flow contains the basic rules
and principles of information among the nodes (e.g. it takes form as IF condition
THEN conclusion.). The method flow contains the problem-solving methods. The
solution can be either a multi-step problem-solving process or simple a one-step
solution (e.g. an algorithm).

ALife engine design: We could get different results, when the same artificial life
system is implemented by the different ALife engines. The different rules and
algorithms are included in the ALife engine Library. (E.g. the rules included evolve,
inference, and classifier rules, etc. The algorithms included the Genetic algorithms,
ant algorithms, resource search algorithms, and learning algorithm, etc.). An artificial
life system may include many ALife engines. We propose that the many ALife
engines in the artificial life node are contrived to the ALife engine stack (i.e. as
network protocol stack in OS system). It is convenient to update, delete, extend ALife
engine by using ALife engine stack method.

ALife system development: the ALife grid is the research platform model for
artificial life science, especially for artificial life model at the software level. Since the
ALife grid is composed of tremendous ALife nodes, the ALife grid can provide the
open and complex artificial life environment for the different artificial life system. We
consider that the following properties of artificial life model at software level can
success and develop through the ALife grid.
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1. Evolving: the artificial life grid is especially well suited for studying the dynamics
of natural evolution, because the ALife Grid could provide the complex and
extensible evolving environment for the evolving system. In an evolving system’s
environment can affect the complexity of the organisms that are evolving within
the environment. The artificial life system cannot show the life properties, if the
external complex environment to the ALife system does not exist. Therefore, we
could called it ” no complex environment, no complex evolving system.”

2. Behavior: The behavior in ALife Grid means that the ALife systems exquisitely
adapt to their environment. The behaviors in the ALife grid include social group
behavior, combat and territoriality behaviors, etc.

3. Learning: when a particular action is taken, the ALife system in the ALife grid
monitors what changes happen in the environment. It uses this information to learn
correlations between particular conditions/action pairs and certain result. The
research for the learning in ALife grid should include the action selection
mechanism, learning method and exploration strategy.

4. Emergence: emergence of ALife is that the whole is more than the sum of its
nodes. The ALife grid is compose of the infinite ALife nodes. These nodes create
the life properties that are not likely to be produced by detached ALife node.
Standard interface and protocol for connectivity and sensor layer: From the

ALife grid model architecture, the connectivity and sensor layer is independent to the
ALife system. The interaction with environment is implemented on the two layers.
Therefore, the standard interface and protocol for the two layers are very necessary
task in our further research.

5   Artificial Life Information Flow Model

Information plays important roles in evolving system. We discuss the information
flow definition, characteristic and transmission mechanisms in the artificial life
computer ecosystem environment.

5.1   Definition and Characteristic of ALife Information Flow

Definition 1. An artificial life information flow (denoted as ALIF) is a process of
artificial life information among the different ALife systems and ALife computer
ecosystem environment, which is four dimensions space: content, carrier, direction,
time, which respectively determines the information content among senders and
receivers, the media that can pass the information content, the direction that the
information flow are transferred, and the time that the information flow is generated.

We can use an arrow to denote the direction of an ALife information flow. The
carrier can be based on liquid, solid, and gas, etc. In the artificial life computer
ecosystem environment, the carrier is based on the network information form.
Definition 2. The field of ALIF is composed of information content field (CF), type
field (TF), and timestamp field (SF), denoted as <ALIF>=<TF, CF, SF>, where
TF=<t|t is information type>, CF=<c|c is information content> and SF=<s|s is
timestamp of information flow>.
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Characteristic. Let <TF1, CF1, SF1> and <TF2, CF2, SF2> be the field of ALife
information flows ALIF1 ALIF2.We can get the following characteristics.

Union: 1 1 1 2 2 2 1 2 1 2 1 2 <TF,CF, SF>  <TF ,CF , SF >= <TF TF ,CF CF , SF SF >∪ ∪ ∪ ∪
Split: An ALife flow can split into more ALife flows, denotes as

1 2 3 nALIF ALIF ALIF ALIF ALIF∪ ∪
Connection: two or more ALife information flows form one ALife information flow,

denoted as 1 2 3ALIF ALIF ALIF ALIF .

5.2   Information Transmission

In the artificial life computer ecosystem environment, how to transfer information
among the different artificial life systems is a very important research. In this paper,
the information transmission is defined as the following four mechanisms.
1. Definition 3 broad-diffuse: it is communication mechanism that a single artificial

life system (e.g. animal) sends information to all artificial life systems all at once,
rather than making a separate communication to each artificial life system one at a
time in the finite scope of the artificial life computer ecosystem environment.

2. Definition 4 Multi-diffuse: it is communication mode allowing multiple artificial
life systems (e.g. animals) of the same colony to simultaneously receive the same
transmission information or a single animal communicate with multiple animals of
the same colony in the artificial life computer ecosystem environment.

3. Definition 5 uni-diffuse: it is communication between a single animal and a single
animal in the artificial life computer ecosystem environment.

4. Definition 6 any-diffuse: it is communication between a animal sender and the
nearest of several animal in narrow scope of artificial life computer ecosystem
environment.

6   Conclusion

The complex self-organizing behavior of the Life would never have been discovered
without the simulation of thousands of generations for millions of sites. The artificial
life system cannot show the life properties, if the external complex environment to the
ALife system does not exist. Therefore, We could called it ” no complex
environment, no complex evolving system.”  The system will show artificial life
properties, only if the system can interact with an open and complex artificial life
computer ecosystem environment and access the external information from it. In this
paper, we present a novel artificial life grid model to construct artificial life computer
ecosystem environment, which is a three-dimensional information space: (time,
artificial life node, and location). The former two dimensions identify contents or
function of artificial life systems, and the three-dimension identifies the location that
exists an artificial life system. We depart the artificial life node architecture into four
levels from the high to low: artificial life system application level, engine library
level, sensor level, and the connectivity level. In information flow model, we present
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information flow definition and the four kinds of information communication
mechanisms (broad-diffuse, Multi-diffuse, uni-diffuse and any-diffuse).
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Abstract. This paper presents the design and application of a tree-
structured pattern classifier, built around a special class of linear Cellu-
lar Automata (CA), termed as Multiple Attractor CA (MACA). Since
any non-trivial classification function is non-linear in nature, the princi-
ple of realizing the non-linear function with multiple (piece-wise) linear
functions is employed. Multiple (linear) MACAs are utilized to address
the classification of benchmark data used to evaluate the performance of
a classifier. Extensive experimental results have established the potential
of MACA based tree-structured pattern classifier. Excellent classification
accuracy with low memory overhead and low retrieval time prove the su-
periority of the proposed pattern classifier over conventional algorithms.

1 Introduction

Data classification forms one of the most important foundation stone of mod-
ern knowledge extraction methodology [1]. Applications of classification include
medical diagnosis, performance prediction, selective marketing, etc. Solutions
based on bayesian classification [2], neural networks [3], decision trees [4,5,6,7],
etc., have been proposed. But in most of the cases [2,4,5,6,7], the algorithms
require a data structure proportional to the number of tuples to stay memory
resident. This restriction puts a hard limit on the amount of data that can be
handled by these classifiers. In other words, the issue of scalability is the source
of major concern.

In this background, design of pattern classifier based on a special class of CA
termed as Multiple Attractor CA (MACA) has been explored in a number of
papers [8,9]. In [8,9] a design of two class classifier has been discussed. However
the design of multi-class classifier as well as issue of scalability has not been
dealt with. This paper refines the design of the MACA based classifier proposed
earlier and provides a detailed insight into the scalability analysis of the ma-
chine. Detailed experimental results are reported along with the analysis of its
performance.
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Fig. 1. State transition diagram of a 5-cell MACA. Four cyclic states 0, 3, 4, 7 are
referred to as attractors and the corresponding inverted tree rooted on α (α = 0, 3, 4,
7) as α-basin.

2 Multiple Attractor CA (MACA)

A Cellular Automaton (CA) consists of a number of cells. In a 3-neighborhood
dependency, the next state qi(t+ 1) of a cell is assumed to be dependent only
on itself and on its two neighbors (left and right), and is denoted as

qi(t + 1) = f(qi−1(t), qi(t), qi+1(t)) (1)

where qi(t) represents the state of the ith cell at tth instant of time. f is the next
state function and referred to as the rule of the automata. Since f is a function
of 3 variables, there are 223

i.e., 256 possible next state functions (rules) for a CA
cell. Out of 256 rules there are only 7 rules with XOR logic. The CA employing
XOR rule is referred to as linear CA. The pattern classifier proposed in this
paper employs a special class of linear CA referred to as MACA.

The state transition graph of an MACA consists of a number of cyclic and
non-cyclic states. The set of non-cyclic states of an MACA forms inverted trees
rooted at the cyclic states. The cyclic states with self loop are referred to as
attractors. Fig. 1 depicts the state transition diagram of a 5-cell MACA with
four attractors {00000(0), 00011(3), 00100(4), 00111(7)}. The states of a tree
rooted at the cyclic state α forms the α-basin. The detailed characterization
of MACA is available in [8,9]. A few fundamental results for an n-cell MACA
having k number of attractor basins are next outlined.

Definition 1. An m-bit field of an n-bit pattern set is said to be pseudo-
exhaustive if all possible 2m patterns appear in the set.

Theorem 1. In an n-cell MACA with k = 2m attractors, there exists m-bit
positions at which the attractors generate pseudo-exhaustive 2m patterns.

3 Design of MACA Based Pattern Classifier

An n-bit MACA with k-attractor basins can be viewed as a natural classifier. It
classifies a given set of patterns into k number of distinct classes, each class con-
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Fig. 2. MACA based classification strategy with 4 attractor basins classifying the el-
ements into two classes. The PEF (Pseudo Exhaustive Field) of the attractor of a
basin is extracted to determine the class. Also, the PEF of each attractor points to the
memory location that stores the class information.

taining the set of states in the attractor basin. The following example illustrates
an MACA based two class pattern classifier.

Example 1. Let the MACA of Fig. 1 be employed to classify patterns into two
classes (say I and II), where Class I is represented by one set of attractor basins
(say [I]= {00100 and 00111} in Fig. 1) while Class II is represented by the rest
of the basins (say [II] = {00000 and 00011}). All the patterns in the attractor
basins [I] belong to Class I while rest of the patterns belong to Class II. As
per Theorem 1, the pseudo-exhaustive field (PEF) will identify the class of the
patterns uniquely. The PEF yields the address of the memory that stores the class
information. Therefore, Class I attractors yield the memory address {10, 11},
while Class II will be identified by the memory address {00, 01} (Fig. 2). When
the MACA is loaded with an input pattern P, corresponding MACA identifies
the PEF of the attractor basin where P belongs.

The proposed pattern classifier is built out of the linear machine of MACA.
Since any non-trivial classification function is non-linear in nature, the principle
of realizing the non-linear function with multiple (piece-wise) linear functions is
employed. Multiple (linear) MACAs are utilized to address the classification of
benchmark data used to evaluate performance of a classifier in Section 4.

MACA Based Tree-Structured Classifier (MTSC)

Like decision tree classifiers, MACA based tree-structured classifiers are class dis-
criminators which recursively partition the training set to get nodes belonging to
a single class. Fig. 3 shows an MACA based tree-structured classifier elaborated
next. Single or multiple nodes of the tree may form a leaf (node) representing
a class, or it may be an intermediate node. A leaf node represents an MACA
attractor basin that covers the set/subset of elements of only one class. By con-
trast, an intermediate node refers to an MACA attractor basin that covers the
elements belonging to more than one class. In effect, an intermediate node repre-
sents the decision to build an MACA based classifier for the elements of multiple
classes covered by the attractor basin of the earlier level. For example in Fig. 3,
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A 31
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Fig. 3. Basic architecture of MACA based tree-structured pattern classifier

the node A12 is an intermediate node that represents a basin of MACA1. The
elements covered by this basin belong to multiple classes which are classified by
MACA2 having q number of basins - A21, A22, · · · , A2q.

Suppose, we want to design an MACA based pattern classifier to classify a
training set S = {S1, S2, · · · , SK} into K number of classes. First, an MACA
with k (k ≥ K) number of attractor basins is generated. The training set S gets
distributed into k attractor basins (nodes). Let, Ś be the set of elements in an
attractor basin. If Ś belongs to only one class, then label that attractor basin
as that class. Otherwise, this process is repeated recursively for each attractor
basin (node) until all the patterns in each attractor basin belong to only one
class. Fig. 3 represents an overview of the process. The above discussions can be
formalized in the following algorithm.

Algorithm 1 MACA Tree Building
Input: Training set S = {S1, S2, · · · , SK}
Output: MACA Tree.

Partition(S, K);
Partition(S, K)
Step 1: Generate an MACA with k number of attractor basins (k ≥ K).
Step 2: Evaluate the distribution of patterns in each attractor basin (node).
Step 3: If all the patterns (Ś) of an attractor basin (node) belong to one

particular class, then label the attractor basin (leaf node) for that class.
Step 4: Else, for the set of patterns (Ś) of an attractor basin belonging to

Ḱ number of classes, Partition(Ś, Ḱ).
Step 5: Stop.

Details design of MACA tree generation is reported in [10]. The optimal
MACA tree is evolved through the application of Genetic Algorithm (GA) re-
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cursively at each intermediate node. In the next section, we report extensive
experimental results to validate the design of MACA tree to address classifica-
tion problem.

4 Performance Analysis of MACA Based Classifier

To analyze the performance of MACA based tree-structured pattern classifier,
the experiment has been performed on datasets available from http://www.
ics.uci.edu/∼mlearn/MLRepository.html. All the experiments are performed in
SUN with Solaris 5.6, 350 MHz clock.

Modification of Dataset

To handle real data having categorical and/or continuous attributes, the dataset
is suitably modified to fit the input characteristic of the proposed MACA based
pattern classifier. The modification of each type is elaborated next.

Categorical Attribute

To perform classification task on categorical/discrete attribute, each attribute
is converted into binary form as per the popular Thermometer Code. If a cat-
egorical attribute X takes k possible values {c1, c2, · · · , ck}, it is replaced by a
(k-1)-dimensional vector (d1, d2, · · · , dk−1) such that

dj =
{

1, if X = ci and j ≤ i
0, otherwise. (2)

for i, j = 1, 2, · · · , k − 1. If X = ck, the vector consists of all zeros. For example,
if an attribute has four categories, then it is represented as 100, 110, 111, 000,
where 100 is first category, 110 is second category, and so on. After conversion,
each attribute is concatenated to form the final pattern representing a tuple
having multiple attributes.

Continuous Attribute

For continuous-valued attribute, it is transformed into a categorical attribute by
Data Discretization [11]. Discretization technique is used to reduce the number
of values for a given continuous attribute by dividing the range of attribute into
intervals. Interval labels are used to replace actual data values. Though detail
information of data is lost in this process, the generalized data is more meaningful
and easier to interpret [11]. The formal treatment for continuous attributes, as
reported in [11], is briefly introduced next.

Suppose training set S is described in an instance space L =< attr1, attr2,
· · ·, attri, · · ·, attrn > where attri is a continuous attribute. Let the possible
value range of continuous attribute attri is (attrvali,min, attrvali,max) and the



Cellular Automata Evolution for Pattern Classification 665

Table 1. Performance Analysis of MACA based Tree-Structured Classifier

Dataset No of Value of Classification No of Memory Retrieval
Intervals PEF Accuracy (%) Nodes Overhead (KB) Time (ms)

Australian 4 2 84.11 53.16 18.07 9
6 80.64 12.32 2.17 2

16 2 89.19 137.57 35.06 19
4 87.12 27.26 8.04 4
4 88.17 34.69 29.78 10
6 87.02 19.11 14.08 7

Diabetes 4 2 76.96 43.12 7.81 8
4 75.91 33.71 6.94 8

16 2 76.04 42.03 10.24 13
6 74.84 24.43 9.28 9

64 2 76.00 38.11 9.58 12
6 73.12 21.04 6.75 7

DNA NA 3 89.39 144.2 67.18 617
4 86.45 124.3 50.86 494
6 81.11 35.5 19.48 387

German 4 2 74.16 49.50 8.61 18
6 70.67 21.38 5.85 19

16 2 76.21 52.83 18.13 18
6 71.84 34.03 11.24 20

64 2 76.00 48.51 19.53 22
4 75.97 32.16 8.42 21

real value that an example E takes at attri is attri,E , then the discretized value
of attri,E is given by

Discretized(attri,E) = (
attri,E − attrvali,min

attrvali,max − attrvali,min + 1
)×D (3)

where D is the number of intervals. The above relation is a simple linear dis-
cretization scheme. Other discretization schemes such as scalar quantization [11]
can also be used. If a priori knowledge on the value distribution of the attributes
is available, then a knowledge-based discretization [11] can be more helpful.

The experimental results are presented in Tables 1 - 5. Subsequent discussions
analyze the results presented in these tables in respect of classification accuracy
and memory overhead.

4.1 Optimum Value of PEF and D

The value of PEF indicates the number of pseudo-exhaustive bits of an n-cell
MACA and the value of D specifies the number of intervals of the continuous
attributes. To identify the desired values of both PEF and D, we carry out
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Table 2. Performance Analysis of MACA based Tree-Structured Classifier (Contn.)

Dataset No of Value of Classification No of Memory Retrieval
Intervals PEF Accuracy (%) Nodes Overhead (KB) Time (ms)

Heart 4 2 77.32 39.14 9.25 21
4 76.02 19.62 7.48 19

16 2 87.31 29.81 7.34 20
6 76.90 8.45 3.08 18

64 2 81.54 30.51 7.11 19
4 78.25 11.06 4.73 19

Satimage 4 2 86.34 581.02 681.07 5714
6 81.78 81.60 121.67 5572

16 2 89.02 690.21 743.45 6081
4 87.64 199.20 222.74 4943

64 4 86.93 197.36 886.51 6625
6 82.49 76.94 102.63 4539

Shuttle 16 2 65.58 87.80 127.62 9716
4 65.58 25.91 8.39 1655
6 65.58 19.48 9.19 1594

64 2 97.22 160.01 180.78 12873
4 93.13 47.20 55.17 6633
6 91.18 28.46 37.36 5776

extensive experiments on dataset available in http://www. ics.uci.edu/∼mlearn/
MLRepository.html.

Tables 1-3 represent the performance of MACA based tree-structured pattern
classifier (MTSC) for different values of PEF and D. Columns II and III of
Tables 1-3 represent the number of intervals (D) and the value of PEF, while
Columns IV to VII depict the classification accuracy, number of intermediate
nodes (number of MACAs), memory overhead to implement MACA tree, and
the retrieval time respectively of the MACA tree.

The results reported in Tables 1-3 establish the following facts:

1. For a fixed value of PEF, as the value of D increases, the classification
accuracy also increases.

2. For a fixed value of D, as the value of PEF increases, the classification ac-
curacy decreases slowly. But, the memory overhead, number of intermediate
nodes, and the retrieval time significantly reduce.

From the extensive experimentations of different values of D and PEF, we have
observed that the optimum efficiency, - that is, higher classification accuracy
with lower memory overhead and lower retrieval time, of the MACA based tree-
structured classifier is achieved with D = 16 and PEF = 4. So, the classification
accuracy and memory overhead of MACA based classifier are compared with
existing schemes considering D = 16 and PEF = 4.
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Table 3. Performance Analysis of MACA based Tree-Structured Classifier (Contn.)

Dataset No of Value of Classification No of Memory Retrieval
Intervals PEF Accuracy (%) Nodes Overhead (KB) Time (ms)

Letter 16 4 89.97 1634.03 866.20 16173
6 88.26 524.62 354.11 5633
8 79.09 232.72 287.96 2418

64 4 88.32 1463.85 1783.42 13156
6 88.01 753.11 1641.52 12135
8 86.48 540.89 1488.18 14214

Vehicle 16 2 79.57 103.62 51.27 32
4 79.35 50.82 29.83 28
6 76.08 44.32 23.61 29

64 2 79.91 112.48 62.37 39
4 79.32 51.18 33.59 43
6 77.03 46.31 26.11 37

Segment 16 2 90.64 98.46 61.09 72
4 88.01 39.71 24.51 58
6 85.32 18.20 19.66 59

64 2 90.87 107.24 72.40 79
4 87.02 44.92 33.01 81
6 82.09 21.71 23.88 72

4.2 Classification Accuracy

Classification accuracy is defined as the percentage of test samples that are
correctly classified. Table 4 compares the classification accuracy of MACA based
pattern classifiers with that of different classification algorithms namely bayesian
[2], MLP (Multilayer Perceptron) [3], C4.5 [4] etc.

The experimental results of Table 4 clearly establish the fact that for most of
the example datasets, the classification accuracy of MACA based tree-structured
classifier is higher than that of different classification algorithms reported in
published literature [2,3,4].

4.3 Memory Overhead

The memory overhead required to implement different classification algorithms is
evaluated for the sake of comparison. Table 4 reports the comparison of memory
overhead of different classification algorithms in terms of KByte. The results in
Table 4 clearly establish the fact that the memory overhead to implement the
proposed MACA based classifier is substantially smaller compared to that of
bayesian classifier and C4.5 [2,4]. The memory overhead of MTSC is very small
since for this classifier the overhead is independent of the size of the datasets.
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Table 4. Classification Accuracy and Memory Overhead of Different Algorithms

Dataset Classification Accuracy Memory Overhead
Bayesian C4.5 MLP MTSC Bayesian C4.5 MLP MTSC

monk1 99.9 100 100 98.65 1.7 2.77 0.35 2.03
monk3 92.12 96.3 76.58 98.10 1.7 2.38 0.36 2.84

crx 83.14 84.5 74.29 86.47 22 24.35 2.25 8.67
labor-neg 83.07 82.4 89.03 88.27 2.4 3.44 2.56 2.04

vote 92.37 94.8 90.87 95.91 13 14.35 2.66 7.69
hypo 98.18 99.4 94.13 99.06 213 214.54 6.32 57.62

Australian 83.4 85.8 84.7 87.12 19 37.85 1.93 8.04
Diabetes 72.9 74.2 75.3 75.99 14 27.15 0.44 9.96

DNA 90.3 93.3 91.4 86.45 1000 1067.96 37.22 50.86
German 66.79 67.4 67.12 75.99 49 99.31 13.64 17.42
Heart 80.12 79.3 80.74 87.07 9.8 19.46 1.52 3.17

Satimage 85.4 85.2 86.2 87.64 669 709.72 11.33 222.74
Shuttle 99.9 99.9 99.6 93.13 1500 1513.57 0.71 55.17
Letter 87.4 86.6 67.2 88.26 766 1299.28 2.57 354.11
Vehicle 72.9 68.5 79.3 79.35 63.08 72.14 3.08 29.83
Segment 96.7 94.6 94.4 88.01 271.38 370.42 2.41 24.51

Table 5. Comparison of MACA based Tree-Structured Classifier and C4.5

Dataset Classification Number of Memory Retrieval
Accuracy (%) Intermediate Nodes Overhead (KB) Time (ms)
MTSC C4.5 MTSC C4.5 MTSC C4.5 MTSC C4.5

Australian 87.12 85.8 27.26 35.5 8.04 37.85 4 461
Diabetes 75.99 74.2 34.23 39.67 9.96 27.15 10 1739

DNA 86.45 93.3 124.3 127 50.86 1067.96 494 655
German 75.99 67.4 49.83 134 17.42 99.31 19 1967
Heart 87.07 79.3 8.63 33.56 3.17 19.46 17 1819

Satimage 87.64 85.2 199.20 433 222.74 709.72 4943 2255
Shuttle 93.13 99.9 47.20 49 55.17 1513.57 6633 3985
Letter 88.26 86.6 524.62 2107 354.11 1299.28 5633 14352
Vehicle 79.35 68.5 50.82 139 29.83 72.14 28 1963
Segment 88.01 94.6 39.71 81.6 24.51 370.42 58 2508

4.4 Comparison Between MTSC and C4.5

Since MACA based tree-structured classifier (MTSC) exhibits the best perfor-
mance among the classifiers proposed, detailed results are presented in Table 5,
comparing each of the factors - number of intermediate nodes, retrieval time,
classification accuracy and memory overhead with the most popular C4.5 algo-
rithm. Table 5 shows that MTSC outperforms C4.5 in most of the criteria.
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5 Conclusion

The paper presents the detailed design and analysis of MACA based pattern
classification algorithm. Extensive experimental results have established the po-
tential of MACA model for pattern classification. The excellent classification
accuracy with low memory overhead and low retrieval time prove the superior-
ity of the proposed classifier over that of the existing classification algorithms.
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Simulation and Experimental Investigation of Two
Dimensional Cracks Propagation in Ceramic Materials

Jacek Bomba, Julita Czopor, and Marek Rybaczuk

Wroclaw University of Technology, Institute of Materials Science and Applied Mechanics,
ul. Smoluchowskiego 25, 50-370 Wrocław

Abstract. The paper presents the application of the Movable Cellular Automata
(MCA) method for a simulation of 2D crack propagation in ceramic materials.
The MCA method let us to simulate a movement of formation and cracks
course for impossible to observe during an experiment. Ceramic sample was
chosen to the research as an elastic-brittle material. During the study the
simulation was done and the experiment was carried out with the same
guidelines. The MCA model was correlated with experimental data. The
simulation program generates data which allow to compute quantities such as
an ultimate compressive strength and to show in the graphic form the moment
of cracks initiation. Comparison of experimental and simulated results proves
that Movable Cellular Automata method is suitable for modeling crack
propagation in ceramic materials in two-dimensional system.

1   Introduction

One of aims of mechanics’ research is to find a description of real physical objects
consisted of  elements called material particles. This particles interact and they are
subjected to actions of external forces. Mathematical description should make
possible to read all necessary data in every program step. It should let us register
information about position, internal state etc. The program also allow us to observe
micro and macro-cracks forming.

Cellular automata can be treated as the competitive method enabling numerical
solutions of the same partial differential equations (see [1], [2]). The main difference
consists of a description of inhomogeneities or variable boundary conditions. It is
relatively easy to model growing defects in terms of cellular automata loosing their
contact (interaction) with the neighboring ones. Cellular automata calculations
resemble method of molecular dynamics however with all damping processes taken
into account.

2   Description of Simulation Method

Movable Cellular Automata method was used for cracks propagation simulation. This
method is based on two principles:
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− the state of simple automata
− the state of pair of automata.
The automaton state depends on its state in previous program step and the state of all
its neighbors.

C++ program language was chosen to create a simulation tool.

2.1   Basis of Calculation

The entire specimen is divided into fragments (automata) described with individual
equations of motion. Each cellular automaton may move or rotate due to interaction
with other automata. To describe one of them we have to define parameters such as
radius-vector - line joining the center of circle to point (0,0), linear velocity , angle of
rotation , rotation speed ψ(see Fig 1 and Fig 2).

Defined values of radius vectors caused that cellular automata are in the hexagonal
system. Coordinates are computed according to equation:
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                  Fig. 1. Hexagonal system                   Fig. 2. Cellular automaton parameters

2.2   Interactions

It is necessary to calculate a length of radius vector joining centers of two neighboring
automata  to check the interaction between them.
Pair of automata is connected if jrj < 2½ + lnmax. The parameter lnmax is the limiting
value of displacement.
Each pair of automata satisfying this condition is described by special parameter
linkijkl: linkijkl = 1 if pair is connected and linkijkl = 0 in the opposite case. The
connected automata are treated as interacting whereas unconnected automata do not
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interact. In numerical simulations connectednes or interaction was assumed to nearest
neighbors. This means that long range forces were excluded as depicted in fig 3 (see
[3] for more details).

 

Rij

Rkl

r ijkl 

Fig. 3. Checking the interaction between automata

2.3   Internal Forces

One of main steps of simulation's algorithm is calculating force acting between
automata. This force consists of such components:  Fpijkl  - central force (comes from
volumetric deformation of two influenced automata) fijkl- viscous friction force
proportional to the relative velocity of automata) fijkl- dry friction force(proportional
to�the�thrust�forces).

ijklijkl
dr

ijkl
P

ijkl ffFF ++= (2)

• Central force
Central force is described by equation

ijklijklijklijkl
P nSPF ⋅⋅−= (3)

Pijkl - pressure caused by volumetric strain of the automaton ij stays in connection
with the automaton, Sijkl -surface of connection, nijkl – a unit vector in the direction
of a vector joining both automata centers. Vector's nijkl coordinates are computing on
the basis of the equation:

ijkl

ijkl
ijkl

r

r
n =

(4)

Equations of the other factors:
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• Viscous friction force
Formulas for viscous friction forces assume forms
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where Fsijkl- automata's kl and ij tangent component of impact forces FNijkl -
automata's kl and ij normal component of impact forces
μijkl - coefficient of dry friction between automata ij and kl.
If the force fdrijkl is defined by the first equation then both automata stay in
immobility in the direction of contact surface. In the opposite case automata are
moving and the force is counteracting movements. All these rules are valid only in the
case when automata exert an influence on themselves i.e. |rijkl|< 2ρ. If this condition
is not fulfilled, automaton does not exert an influence on neighbor.
• Dry friction force
Two components determine dry friction force: normal and tangent in the direction of
contact's surface (as depicted in 8). Equations of viscous friction force:

ijkl
ss

ijkl
s

ijkl
nn

ijkl
n

vf

vf

⋅−=

⋅−=

η

η
(8)

where fsijkl - tangent component of viscous friction force,
fnijkl -normal component of viscous friction force,
ηs - tangent coefficient of viscous friction between automata ij and kl,
ηn - normal coefficient of viscous friction between automata ij and kl,
vsijkl- tangent coefficient of relative velocity,
vnijkl - normal coefficient of relative velocity.

ijklijkl vvv −= (9)

Program calculates all specified parameters for each pair of automata described by the
parameter linkijkl = 1 and additionally takes the gravitational force into consideration.
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2.4   Results of Simulations

During the simulation data are recorded in two files for every program step. Frames of
animation are created on the basis of the first one. The special software written in
POV-Ray1 was used for creating graph of a function σ=f(ε). Theoretical stress-strain
plot for the brittle material is presented in fig. 4

Fig. 4.  Theoretical stress-strain plot [8]

3   Experiment

Ceramics specimens in lammelar form were investigated. Only compression tests
were carried out. Hydraulic pulser MTS810 was used for the experiment. Special
sample jaws presented in Fig. 5a was prepared. The upper machine jaw moved with
speed 1 mm/s usually. Break of tested specimens  take place after 15 s. Young’s
modulus was calculated on the basis of the stress-strain trace (Fig. 6) registered
during experiment. The parameters of investigated specimens and received results are
presented in tab. 1.
Thickness of specimens had an effect on results. Size of samples and jaws misfit
caused  measuring error.

                                                          
1 POV-Ray for Windows version 3.5
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Table 1. Tests data

Nr Width
[mm]

High
[mm]

Thickness
[mm]

Ultimate
compressive

strength
[MPa]

Young’s
modulus
[MPa]

1 14.00 14.00 2.42 44 2.8*1e5
2 14.00 14.00 2.1 47 3.2*1e5
3 13.86 13.94 2.26 42 2.5*1e5

      Fig. 5a.  Sample placed between  jaws               Fig. 5b. Broken sample

Fig. 6. Stress-strain diagram
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Table 2. Mechanical proprietes

M n High
[mm]

Young’s
modulus
[MPa]

Poisson’s
ratio

Rigidity Density Coefficient
of dry

friction
13 11 16 2.7*1e5 0.1 2*1e4 4.27*1e

-2
0.2

             Fig. 7a.  1st frame of animation              Fig. 7b. Last frame of animation

Fig. 8.  Simulation of stress-strain trace for investigated ceramics

4   Simulation

Computer experiment is usually started from the analyze of material physical
proprieties. Tab. 2 presents proprietes of chosen ceramic. It is possible to control the
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number of automata describing the specimen. Increasing of automata’ number and
decreasing  program step decrease leads to improvement  in calculations accuracy.

The following presented results were created for sample divided into 143 elements.
Fig. 7a and 7b show generated animation frames. The first one (fig. 7a) shows the
moment of the  simulation start. The second one (fig 7b.) is the sample frame after 13
seconds of the simulated experiment. Comparison of fig 5b and 7b shows similarity in
crack shape and size received by experimental method and simulation. The crack
appears on the edge and evolves into the interior of specimen, in accordance with
theoretical description of ceramic materials.

Using the diagram in fig. 8 Young’s modulus and compression strength Rm were
evaluated. This outcomes differ from experimental results about:

9% -Young’s modulus
14% - Rm

5   Conclusions

Within a framework of this research, analysis of cracking process were investigated.
Computer simulations with use of the MCA method were realized. Findings of
simulation for  small and flat samples were presented and compared to experimental
results.

Analysis of investigated calculations shows effectiveness of chosen method as a
tool for cracks propagation modeling. Obtained results let us suppose that
consideration of farther  research is possible and promising.
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Abstract. In this paper, we deal with new environment to visualise and to in-
teract with cellular automata implemented in a grid of the hyperbolic plane. We
use two kinds of tiling: the ternary heptagrid and the rectangular pentagrid. We
show that both grids have the same spanning tree: the same numbering with
maximal Fibonacci numbers can be used to identify all tiles. We give all the
materials to compute the neighbourhood of any tile in the heptagrid or in the
pentagrid. Then we propose visualisation and interaction techniques to interact
with cellular automata which are grounded in these two grids.

1   Introduction

Cellular automata are used in a lot of fields, especially in industrial applications, in
order to simulate reaction diffusion phenomena. In most of these cases, we are able to
perform measures before the phenomena and after it happened, but measures during
the process it-self are usually out of reach. Cellular automata turned out to be an effi-
cient way for trying to understand what happens during the phenomenon, thanks to
their great power of simulation. In these simulations, the initial configuration of the
cellular automaton and the states of the cells during the process are discretisations of
the situation before and during the event. In Euclidean geometry this raises no prob-
lem and usually no attention is given to this issue.

The situation is very different in the hyperbolic plane. Hyperbolic geometry is
more and more used for solving more easily complex problems. This is the main
reason to use the tiling of the hyperbolic plane to implement and manipulate automata
cellular. We refer the reader to [7] [8] for introductory material on hyperbolic ge-
ometry. In order to fix things and to spare space, we shall use Poincaré’s disc model
of the hyperbolic plane. The open unit disc U of the Euclidean plane constitutes the
points of the hyperbolic plane IH2. The border of U, ∂U is the set of points at infinity.
Lines are the trace in U of its diameters or the trace in U of circles which are orthogo-
nal to ∂U.

In this paper, we present a new environment to visualise and to interact with cel-
lular automata implemented in the rectangular pentagrid and similarly in the ternary
heptagrid on the hyperbolic plane. For cellular automata being grounded on a poly-
grid of the hyperbolic plane, a polygon represents a cell. The problem of initialising
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cellular automata based on locating points on the polygrid is already studied and
algorithms are given in [1] for the pentagrid and in [2] for the heptagrid. Our goal is
to compute the neighbours of a cell and to show the state of each cell of the cellular
automaton. In section 2, we shortly recall the splitting method for the rectangular
pentagrid and we apply it for the ternary heptagrid. Then, in section 3, we propose
algorithms to find direct neighbours of a cell using the maximal Fibonacci represen-
tation. Thanks to this neighbourhood, we can write now algorithms for implementing
cellular automata in the both grids of the hyperbolic plane. Thus, in section 4, we
propose algorithms to visualise and to interact with them.

2   Splitting the Plane

Recall that in the theory of tilings, a particular case consists in considering a polygon
P and then, all the reflections of P in its sides and, recursively, of the images in their
sides: this is called a tessellation of P. We say that the obtained polygons are gener-
ated by P. Of course, we assume that we have the tiling property: two distinct poly-
gons being generated by P have non intersecting interiors and any point of the plane
is in the closure of at least one polygon of the set. In this case, we say that the tiling is
generated by P; we shall also say that the tiling is the grid defined by P.

The rectangular pentagrid is defined as the tiling which is generated from a central
regular pentagon with an interior angle of π/2 while the ternary heptagrid is generated
from a central regular heptagon with an interior angle of 2π/3. Following the general
method [5], the plane is split into independent basic regions Ri, five for the pentagrid
and seven for the heptagrid, see figure 1. Each basic region has a leading polygon
which is the reflection of the central polygon into the common side.

10

R1

R5 R4

R2

R3 R1
R2

R3

R4

R5R6

R7

Fig. 1. Tiling tree T and neighbourhood graph G for the pentagrid and the heptagrid.

As it was first shown in [4], the splitting defined above generates a tree: nodes are
associated with the polygons and arcs denote the reflections. This tiling tree T is il-
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lustrated with arrows in figure 1. There are two simple rules for generating the sons of
a node. One rule applies to 3-nodes, in white in the tree, and the other rule applies to
2-nodes, in black in the tree [4]:

• a 3-node has three sons: to left, a 2-node and, in the middle and to right in
both cases, 3-nodes.

• a 2-node has 2 sons: to left a 2-node, to right a 3-node.
These rules are applied for splitting the heptagrid and for splitting the pentagrid.

They generate the same spanning tree for the basic regions of both grids. To complete
the tiling tree, the main node which corresponds to the central polygon and repre-
sented by a white square has arcs which connect it with the leading polygon of each
basic region Ri. Notice that this tree is a spanning tree of the neighbourhood graph G.
It is not difficult to restore that dual graph from this tree by defining additional con-
nections represented in bold lines and dotted lines in figure 1.

3   Cellular Automata in the Hyperbolic Plane

Initialising a cellular automaton and locating a cell and its neighbours in the hyper-
bolic plane is not that trivial as it is in the Euclidean case. We focus now in this
problem of locating a cell and its neighbours. Required information can be extracted
from the Fibonacci representations attached to the polygons, hence to the cells of the
automaton.

3.1   Fibonacci Numbering

In [3], a new ingredient is brought. Numbering the nodes of the tree which is obtained
from the splitting, we use what is called the standard Fibonacci representation of the
positive integers. Indeed, it is well known that any positive number n can be written
as wn = , which means:
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This representation is not unique, as an example: )1001()111( = . To obtain the
uniqueness, we decide that if αi = 1 then αi+1 = 0, for all i in {1..k-1}. It is the maximal
Fibonacci representation with respect to the lexicographical order. Thus, there are two
simple rules for generating the Fibonacci representation:

3-node
w = (αk..α1)

leftmost son (2-node) : w’=(αk..α1 0 0) – 1 rule 
middle son (3-node) : w’= (αk..α1 0 0) rule 
rightmost son (3-node) : w’= (αk..α1 0 1) rule 

2-node
w = (α'p..α'1)

left-hand son (2-node) : w’= (α'p..α'1 0 0) rule 
right-hand son (3-node) : w’= (α'p..α'1 0 1) rule 

The corresponding Fibonacci representations are shown figure 2 for a basic region
Ri. It is a very convenient way to number the nodes of the tree as pointed out by the
above rules. For example, it is easy to determine the type of a node n numbered w: we
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can note w = u1(0)p with p≥0. If p is odd, we know that w is a 2-node. In the contrary,
if p is even, n is a 3-node.
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Fig. 2. Fibonacci numbering for a basic region R
i
.

The maximal Fibonacci representation gives a coordinate for all polygons of the
basic regions. By extension, we define 0 to be the coordinate of the central polygon.
Next numbering the basic regions from 1 up to nbSides (five for the pentagrid and
seven for the heptagrid), counter clockwise, we obtain the coordinate of a polygon as
a couple (r, w) with r being the basic region containing the polygon and w being a
maximal Fibonacci representation of a positive number.

3.2   Neighbourhood Computation

The immediate neighbours of a polygon p are the polygons which are obtained by
reflection of p in one of its sides. In previous works, we obtained the following theo-
rem: “there is a linear algorithm to compute the path from a node of the spanning tree
of a basic region to its root as a list of coordinates. There is also a linear algorithm to
compute the coordinates of the immediate neighbours of a polygon from its coordi-
nates”.

To define the neighbours of a polygon, we introduce functions Soni(c) and Sidei(c)
to explore the tiling tree and the neighbourhood graph without any additional data
structures. We note c the coordinate of the polygon and i the number of a side. Thus,
Soni(c) is the son of c adjacent to side i and Sidei(c) is the number of the side such as
c = SonSide

i
(c)(Soni(c)). For Soni(c), Sidei(c) is the number of the side to reach c.

The sides of a polygon are numbered from 1 to nbSides. For a polygon, this num-
bering is unique and is a consequence of the reflections used for the splitting: the side
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numbered nbSides is the parent side. It is the side which is adjacent with its parent.
Then, the other sides are numbered counter clockwise from this parent side from 1 to
nbSides-1. For the central polygon, side 1 indicates region 1 and so on. Figure 3
shows functions Son and Side for the heptagrid by using the following functions inc
and pred:
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Fig. 3. The neighbourhood of a heptagon of the heptagrid.

We obtain the corresponding neighbourhood of the pentagrid just by removing the
light seams. Then side 7 becomes side 5 and we number the sides counter clockwise
from 1 to 4 starting from side 5.
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4   Visualisation and Interaction Techniques

For cellular automata being grounded on the hyperbolic plane, a polygon represents a
cell. The Fibonacci numbering allows us to compute the coordinates of the immediate
neighbours of a cell, which is the starting point of an implementation of cellular
automata in the pentagrid or the heptagrid. However, our goal is to use the tiling as a
display to show the state of each cell too. For this, many techniques can be used:
different colours, values … We propose to dissociate the polygon of the display from
the cell which is displayed in. In this case, the tiling tree T is viewed as the display
and the neighbourhood graph G is viewed as the cellular automaton. By bringing a
cell to the centre of the tiling, user focuses on a specific cell. We note that this action
is not a scaling in the hyperbolic plane but a shift of the cells. The distortion of the
mapping between the hyperbolic plane and the Poincaré’s disc gives the feeling of a
zoom.

By this way, some cells not yet visible can appear, some visible cells can disap-
pear, some cells become more important while other become less important ... Of
course, in all cases, the neighbourhood of the cells must be kept. In this paper, we
propose a technique to associate any cells to the main polygon of the tiling while
keeping the neighbourhood. We will call the cell displayed in the central polygon, the
main cell.

When the tiling is displayed, each polygon must be computed only one time. For
this, we use tiling tree T. In addition, the height of T can be parameterised to show
more or less polygons. Each polygon p of T is called “receiver” (figure 4). As the
computation is done from the root of the tree, we are sure that the polygon computed
before p is its father called Son7(p) for the heptagrid (Son5(p) for the pentagrid).
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Soninc5(u)(d)

Soninc6(u)(d)

Fig. 4. A receiver and a giver for the heptagrid.

For each receiver p, we must compute its associated cell. Thus, concurrently to the
visit of T, graph G is visited too. Therefore, thanks to G, we can reach cell d which is
attached to receiver p. Each polygon d of G is called “giver” (figure 4). We know that
d is the giver for polygon p: cell d will be displayed in polygon p. To preserve the
neighbourhood of the cell, the sons of d must be displayed in the sons of p. We have
to compute which son Soni of d with i∈{1..nbSides} will be attached to Sonj of p with
j∈{1..nbSides}. We need one additional information: we choose to indicate the giver
for the father of p called SonnbSides(p). It is necessarily a son of d, we denote it by
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Sonu(d) with u∈{1..nbSides}. Now, we take the givers and the receivers counter
clockwise from Sonu(d) and SonnbSides(p) respectively:

for all i in {1..nbSides}, the giver for Soni(p) is Soninc
i
(u)(d)

The function inci is an extension of the previous function inc:
for all u in {1..nbSides} inc0(u) = u

inci(u) = inc(inci-1(u)) with i>1

In addition, we know that from the point of view of Soninc
i
(u)(d), the giver for p is

obtained by side Sideinc
i
(u)(d). Figure 4 shows giver d for a receiver p with Son3(d) the

giver for the father of p. The solution is simpler because, in T, when a receiver p is
reached, we come from SonnbSides(p) and we have only two or three sons to compute.
The type of p must be taken into account:

• 2-nodes: we just have to compute Soni(p) for all i in {2..3} for the pentagrid
and Soni(p) for all i in {3..4} for the heptagrid. The others are seams.

• 3-nodes: we just have to compute Soni(p) for all i in {1..3} for the pentagrid
and Soni(p) for all i in {2..4} for the heptagrid. The others are seams.

The following algorithm applies to the heptagrid and associates a heptagon p (2-
node or 3-node) to cell d knowing u, the side to reach the giver for the father of p
from d. The computation goes on recursively with all sons until a required level is
reached.

Algorithm for Walk
input
level: depth to compute (at least 1)
    p: heptagon to display (the receiver)
    d: cell attached to p (the giver)
    u: side of d to reach the giver for the father of p

  Put cell d in heptagon p
  if (level > 1)
    // it is not the last level … we continue
    if is3Node(p)
    then firstSon := 2 //3-node: sons from 2 to 4
    else firstSon := 3 //2-node: sons from 3 to 4
    fi

    // heptagon Soni (p) will receive cell Soninci(u)(d)

    // Sideinci(u)(d) is the side to reach Soninci(u)(d)

    for i from firstSon to 4 do
      Walk (level-1, Soni(p), Soninci(u)(d), Sideinci(u)(d))

    rof
  fi

To complete the display of the tiling, we need an algorithm to initiate the display
of each basic region Ri and to manage the central heptagon. So, the next algorithm
associates the central heptagon to cell mainCell. To compute all basic regions Ri, we
need to know the giver for one leading heptagon. We choose to indicate side1, the
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side of mainCell to be used to reach the cell associated to the leading heptagon of
region R1. The computation goes on until a required level is reached.

Algorithm for Refresh
input
   level : depth to compute(at least one)
mainCell : cell associated to central heptagon (0,0)
   side1 : side of mainCell to reach the giver of the
           leading heptagon of region 1

  Put cell mainCell in the central heptagon
  if (level > 1)
    // it is not the last level … we fill basic regions
    // Soni((0,0)) receives the cell Soninci-1(u)(mainCell)

    for i from 1 to 7 do
      Walk (level-1,
            Soni( (0, 0) ),       // in tree T
            Soninci-1(u)(mainCell),

            Sideinci-1(u)(mainCell)) // in graph G

    rof
  fi

Figure 5 shows two different points of view of one cellular automaton with the
same depth of display: we are focused on different cells, (0, 0) and (5, 3). User ob-
tains a zooming effect: the polygrid is mainly occupied by the neighbourhood of the
cell being focused. Thus, cells not yet visible appear and some visible cells disappear.

mainData = (0, 0), side1 = 1 mainData = (5, 3), side1 = 6

Fig. 5. Several visualisations of the same cellular automata. A cell is displayed with a colour to
show its state and its coordinate (r, w) is displayed as rw : .
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We provide an interactive environment to use this algorithm for visualisation and
to interact with the hyperbolic plane. Thanks to the algorithms to locale points, see
[2], user can directly select a cell in the Poincaré’s disc to bring it up in the central
polygon. He can also use a simplified interaction based on a vector of displacement V
provided by a movement of 2D device like a mouse. A new specific device is even
manufacturing for this purpose [6]. This vector is interpreted as a zoom {src::dest}
which brings up the cell of the leading polygon of basic region src into the central
polygon and brings down the cell of the central polygon into the leading polygon of
basic region dest (see figure 6). For example, if user gives a vector between 2π/7 and
4π/7, it will be interpreted as a zoom {3::6}, the leading polygon of region 3 will go
in the central polygon and the central polygon will go in the leading of region 6. By
this way, user accesses to a restrictive set of displacements but the dialogue is highly
interactive and simple to use.
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{4::7}
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{7::3}

{1::4}

{5::1}
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7 7
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7

R2

R3

R4

R5R6

R7

V

V

V

V

V

V

V

Fig. 6. Interaction technique for zooming and compass metaphor.

Unfortunately, after some zooming, it is possible to get lost like in all tools based
on hyperbolic geometry: user needs help to get one’s bearing. We propose to solve
this by using the metaphor of the compass: for example a reference always indicates
the location of cell (0, 0), the centre of the cellular automaton. Of course, this can be
done only when cell (0, 0) is not in the central polygon.We can see it in figure 5 with
the dark mark in the border. The computation of this reference is easy by using the
algorithm to locate cells which computes the polygon to which a cell is attached. But
more generally, our goal is to extend the compass. We want:

• To give the user the possibility to put and remove references, to remember a
way, to focus on some cells …

• To use references to attract the attention of user, to inform about important
places. This can be results of requests, of active parts in the working of the
CA …
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These references will be displayed in different colors, icons … Figure 5 shows two
references with different colors, one in light gray for cell (5, 11) and one in dark gray
for (0, 0). The most important thing is to imagine the importance of the reference
when the cell is not visible like in figure 6 where cell (5, 55) is in the central polygon.
Cell (0, 0) is no longer visible but user can access it by a minimum of zooms thanks
to the dark gray reference. By extension, user can select directly the reference to go to
the cell which is referenced.

5   Conclusion

In this paper we provide all the materials to ground and compare cellular automata in
the rectangular pentagrid and the ternary heptagrid of the hyperbolic plane. In par-
ticular, we describe the neighbourhood computation with the Fibonacci numbering
and an interactive environment for visualisation and interaction. By using the “fish-
eye” effect of the Poincaré’s disc, this environment allows user to concentrate on a
part of a snapshot from a cellular automaton. The introduction of the compass avoids
any loss of reference during this interaction. In future development, we hope to en-
hance our environment to provide tools to follow and to better understand the evolu-
tion of the cellular automaton during a period of time. On another hand, we can note
that the ternary heptagrid introduces a very important and useful feature: the connec-
tion between neighbours. As suggested by the content of [9], this would have inter-
esting consequences in complexity issues.
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Abstract. An extended class of Cellular Automata (CA), in which ar-
bitrary transition functions are allowed, are considered as a model for
spatial dynamic simulation. CA are represented as operators over a set
of cellular arrays, where binary operations (superposition, addition and
multiplication) are defined. The algebraic properties of the operations
are studied. The aim of the investigation is to create a formal basis for
the CA composition methods, which are also presented in brief.

1 Introduction

Nowadays application of CA for the spatial dynamics simulation attracts much
interest. By the present time a large amount of CA-models of natural processes
are proposed and well studied [1]. The most known are CA models of diffusion,
Gas-Lattice, phase-separation, snow flakes formation, stripes formation, etc. An
important aim of those simulations is to study the behavioral properties of the
processes. Such studies would be more efficient if some dependence between the
properties of CA-transition functions and those of the evolution progress were
known. Unfortunately, it is unlikely that such a knowledge for a general case may
be available. In other words, the problem of synthesis of a CA, whose evolution
follows some prescribed behavioral properties is stiff. The only way to approach
it is to perform case study for CA of typical processes and to develop methods
for making them functioning in common. This idea has been already used in a
number of methods for simulation of complex phenomena, the most successful
being intended for the reaction-diffusion simulation [2,3].

A similar problem exists in mathematical physics, where a set of typical
functions and differential operators, simulating convection, diffusion, reaction,
wave propagation etc., are composed to represent complex processes. The same
strategy may be used relative to the composed CA systems. The problem now
is seen from far away. In order to approach it, composition methods of CA are
needed. Hence, mathematical operations on CA should be available. In the paper
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an attempt is made to define a set of such operations and to study their proper-
ties. Taking into account the diversity of representation forms of spatial dynam-
ics (molecular kinetics, differential equations, nonlinear functions, probabilistic
functions) to be simulated by CA, an extended concept of CA is considered:
the alphabet is extended to the real number set, and the arbitrary transition
functions including stochastic ones are allowed. To capture all above extensions,
the Parallel Substitution Algorithm formalism [5] is used.

The paper is divided into five sections. The second section contains formal
definitions of the used concepts. In the third and in the fourth sections algebraic
properties of cellular arrays and CA sets are defined and analyzed. The last
section is intended for presenting some composition techniques.

2 Formal Definitions of Used Concepts

Cellular Automata under consideration are intended for processing spatially dis-
tributed functions further represented by cellular arrays. A cellular array Ω is
a finite set of pairs (u,m) called cells: Ω = {(u,m) : u ∈ A,m ∈ M}, where u
is a cell state variable with the domain A, referred to as alphabet, m is a cell
name from a discrete naming set M . Further, in the examples, the finite naming
sets are used, whose elements are integer vectors, representing coordinates of a
Cartesian space. For example, in a 2D case M = {(i, j) : i, j = 0, 1, . . . , N}. In
abstract definitions a countable naming set is considered, a notion m instead of
(i, j) being used to be more concise and to show that any other kind of naming
set is also permitted. To indicate to the state of a cell named m both notations
u(m) and um are used.

There is no constraint imposed on the alphabet A. The following cases are
further used: As = {a, b, c, . . . , n} – a finite set of symbols, AB = {0, 1} – Boolean
alphabet, Aq = {0, 1/q, . . . , 1} – a finite set of rational numbers, and AR = (0, 1)
– the set of real numbers in the closed interval. Symbols from the second part
of the latin alphabet {v, u, x, y, . . . , z} denote state variables. Such an extended
concept of an alphabet is dictated by the aim of the study which is to combine
different kind of cellular automata for simulating complex natural phenomena.

On the naming set M , a mapping φ : M → M , called a naming function, is
defined. In the 2D set M = {(i, j)} naming functions are usually given in the
form of shifts φ(i, j) = (i+ a, j + b), a, b being integers not exceeding a fixed r,
called a radius of neighborhood. A set of naming functions

Γ (m) = {φ0(m), . . . , φi(m), . . . , φn(m)}, φ0(m) = m, (1)

referred to as a template , determines the structure of local interactions between
cells. A template Γ (m) associates a name m ∈M with a subset of cells

S(m) = {(u0, φ0(m)), . . . , (ui, φi(m)), . . . , (un, φn(m))}, (2)

called a local configuration. The cell states from S(m) form a local configuration
state U(m) = {u0, . . . , un}. If cell interactions are weighted, then a weight value
wi ∈R is associated with each φi(m), forming a set W = {w0, . . . , wn}.
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A transition from Ω(t) to Ω(t + 1) is the result of computing a global tran-
sition function Φ(Ω), which is given by a parallel substitution system Φ =
{Φ1 . . . , Φk, . . . , Φl} [5], where

Φk : Sk(m)→ S′
k(m), Γ ′

k(m) ⊆ Γ (
km), k = 0, . . . , l, (3)

Γk(m), Γ ′
k(m) being the underlying templates for Sk(m), S′

k(m), respectively,
and S′

k(m) = {(u′
i, φ

′
i(m) : φ′

i(m) ∈ Γ ′
k} is the next state local configuration. The

substitution Φk is applicable to a cell (um,m), if Sk(m) ⊆ Ω(t), otherwise it is
not. All Φk ∈ Φ are applied to Ω(t) in parallel. An application of Φk replaces
the states in cells from Sk(m) by those given in the S′

k(m), which are obtained
as a function u′

m = fk(U(m)), which is allowed to be of any kind: a Boolean
function if A = AB , a real function if A = AR or A = Aq. In the latter case u′

m

may occur between two values of Aq. In that case u′
m is represented as u′′

m + r′
m,

where u′′
m ∈ Aq and r′(m) < 1/q is a residue which is added to the state um on

the next iteration, i.e. rm(t + 1) = r′(t), providing a good accuracy of discrete
computations. So, the cell transition function is as follows.

fk(U(m), r(m)) = u′
m + r′

m. (4)

When u′
i occurs to be beyond the interval (0,1) the alphabet should be renor-

malized (if it is not possible, then the process under simulation is unstable).
There are three modes of CA functioning: 1) synchronous mode when all cells

compute their next states in parallel and transit to the next state at once at time
steps t = 0, 1, . . ., changing the global cellular array state; 2)n-step synchronous,
where each iteration is executed by n sequential steps; and 3) asynchronous
mode, when the cells execute their transitions sequentially in a certain order. Of
course, simulation on an ordinary computer is performed in a quasiparallel mode.
In all cases transition to the next global state, Ω(t+ 1) = Φ(Ω(t)) is considered
as an iteration. The sequence of cellular arrays, Ω(0), Ω(1), . . . , Ω(t), . . . , Ω(T ),
obtained by iterative application of Φ to the initial array Ω(0), is called CA
evolution. The time T indicates the termination step.

With the above notions CA is defined as a pair

Θ = (Ω(0), Φ)

together with the indication to the mode of operation. A set of cellular arrays
characterized by the same pair (A,M) is further denoted by Υ (A,M). All CA
acting on Υ (A,M) form a set Ξ(A,M).

Since Boolean and real alphabets are allowed to be used in common in one
and the same simulation process, some transformations of Ω ∈ Υ (AR,M) and
Ω ∈ Υ (Aq,M) to Ω ∈ Υ (AB ,M) and vice versa are required, which are as
follows.

1. Averaging (Av(Ω)) is transformation ofΩ1 ∈ Υ (AB ,M) toΩ2 ∈ Υ (Aq,M).
Let Ω1 = {(v1,m) : v1 ∈ {0, 1},m ∈ M}, and Ω2 = {(v2,m) : v2 ∈ Aq, |Aq| =
q + 1}, then

v2(m) = 〈v1(m)〉 =
1
q

q∑
k=0

v1(ψk(m)), ∀m ∈M, (5)
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i.e. v2 is a mean state value taken over the averaging area Avq(m) ⊂
M, |Av(m)| = q,.

Av(m) = {ψ0(m), ψ1(m), . . . , ψq(m)}, ∀m ∈M. (6)

2. Boolean discretization (Disc(Ω)) is transformation of Ω1 ∈ Υ (AR,M) to
Ω2 ∈ Υ (AB ,M). Let Ω1 = {(v1,m) : v1 ∈ AR, m ∈ M} and Ω2 = {(v2,m) :
v2 ∈ {0, 1},m ∈M}, then for all m ∈M

v2(m) =
{

1 with probability π = v1,
0 otherwise (7)

Boolean discretization approximates a real array by a Boolean one, approxima-
tion accuracy having been studied in [4].

Taking into account that Aq ⊂ AR, two transformations are in the following
relationship:

Disc(Ω(AB ,M)) = Ω(AB ,M), Av(Ω(AR,M)) = Ω(AR,M),
Av(Disk(Ω(AR,M)) = Ω(Aq,M), Disc(Av(Ω(AB ,M)) = Ω(AB ,M), (8)

where Ω(AB ,M) ∈ Υ (AB ,M), Ω(AR,M) ∈ Υ (AR,M).

3 Algebraic Properties of Cellular Arrays

All operations from the set theory (union, intersection, equivalence relations,
etc.) are allowed on the set of cellular arrays Υ (A,M). However, since the class
of CA under consideration is intended for the spatial dynamics simulation, where
functions obey conventional arithmetic laws, the corresponding operations are
also to be defined. It is done so as to follow arithmetic rules on cell-by-cell
averaged state values.

Cellular array addition is a binary operation on Υ ′(A,M) = Υ (AB ,M) ∪
Υ (AR,M).

Ω3 = Ω1 ⊕Ω2, if 〈v3(m)〉 = 〈v1(m)〉+ 〈v2(m)〉 ∀m ∈M, (9)

where 〈v(m)〉 are computed according to (5) for a certain q. Using cellular array
properties (8), the addition may be performed in a number of ways, depending
on the state alphabets of the items and of the sum. When all of them have as
alphabets Aq or AR, then according to (9), ⊕ turns into the ordinary arithmetic
cell-by-cell addition. When Ω1 ∈ Υ (AB ,M) Ω2 ∈ Υ (AR,M) and a Boolean
result is wanted, then the following formula may be used.

v3(m) =
{

1 if v1(m) = 0, with probability π1(m)
v1(m) otherwise , (10)

where π1(m) = v2(m)/(1− 〈v1(m)〉) [3].
A cellular array subtraction is also defined. When both operands are in

Υ (AR,M) the difference is computed by (9) with ”+” changed to ”-”. When
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Ω1 ∈ Υ (AB ,M), and Ω2 ∈ Υ (AR,M) and a Boolean result is wanted, the dif-
ference is obtained as follows.

v3(m) =
{

0 if v1(m) = 1, with probability π2(m)
v1(m) otherwise, , (11)

where π2(m) = v2(m)/〈v1(m)〉 [3].
Since addition and subtraction are defined on the set Υ ′(A,M) with the

values in the interval (0,1), the condition 0 ≤ v3(m) ≤ 1 should be satisfied for
all v3(m) ∈ Ω. If it is not so, the alphabet is to be renormalized.

Cellular array multiplication is also defined on Υ ′(A,M). Let Ωk = {(vk,m)},
k = 1, 2, 3, then

Ω3 = Ω1 ⊗Ω2 if 〈v3,m〉 = 〈v1(m)〉 × 〈v2(m)〉 ∀m ∈M. (12)

Similar to the cellular array addition, several techniques may be used to perform
multiplication, depending on the alphabet types of the items and the result to be
obtained. The simplest way is to use all of them in the averaged form, executing
Boolean discretization on the result, if the latter is required to be Boolean.

The following relations are valid on Υ ′(A,M).

Ω1 < Ω2 if 〈v1(m)〉 ≤ 〈v2(m)〉 ∀m ∈M,
Ω1 > Ω2 if 〈v1(m)〉 ≥ 〈v2(m)〉 ∀m ∈M,

which induce on Υ ′(A,M) a partial order with the following properties:

Ω1 ⊕Ω2 ≥ Ω1, Ω1 ⊕Ω2 ≥ Ω2,
Ω1 ⊗Ω2 ≤ Ω1, Ω1 ⊗Ω2 ≤ Ω2.

(13)

So, the set Υ ′(A,M) forms an algebraic lattice, containing two neutral elements:
a ZERO Ω = {(0,m) : ∀m ∈ M} =0, such that for any Ω ∈ Υ : Ω⊕0 =Ω};
and a ONE Ω = {(1,m) : ∀m ∈ M} =1, such that for any Ω ∈ Υ : Ω⊗1=Ω.
The cellular array addition and multiplication are associative and commutative,
the multiplication being distributive relative to the addition. However, since the
inverse relative to ONE and ZERO are not defined, the set Υ ′(A,M) with ⊕ and
⊗ may not be regarded as a classic algebraic system.

4 Algebraic Properties of Cellular Automata

In order that the algebraic properties of CA be studied, let us consider a set of
global transition functions (3) defined on Υ (A,M) as a set of operators

Σ = {Φ : Υ (A,M)⇒ Υ (A,M)}

and the pair (Υ (A,M), Σ) as a representation of the CA set Ξ(A,M). Each
Φ ∈ Σ is then a closure operator on the set of cellular arrays appearing in the
evolution sequences of Θ = (Ω(A,M), Φ).
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Due to its substitution character, the operator Φ is not distributive relative
to the addition and multiplication defined on Υ (A,M). Moreover, it is not dis-
tributive relative to the union and the intersection of Boolean cellular arrays,
i.e.

Φ(Ω1 ∪Ω2) �= Φ((Ω1) ∪ Φ(Ω2)), ∀Ω1, Ω2 ∈ Υ (AB ,M),
Φ(Ω1 ∩Ω2) �= Φ((Ω1) ∩ Φ(Ω2)), ∀Ω1, Ω2 ∈ Υ (AB ,M). (14)

In order that common functioning of several CA be studied, the following
binary operations are defined on the set Ξ(A,M).

Superposition of CA. Let Θ1, Θ2 ∈ Ξ(A,M), then a CA Θ3 = Θ2(Θ1) is a
superposition of Θ1 and Θ2, if Φ3 = Φ2(Φ1(Ω(A,M)). The CA-superposition is
neither commutative nor associative, i.e. if Φ1 �= Φ2 �= Φ3, then

Φ2(Φ1(Ω)) �= Φ1(Φ2(Ω)),
Φ3(Φ2(Φ1(Ω))) �= (Φ3(Φ2))(Φ1(Ω)). (15)

Nevertheless, the iterative CA functioning during which a long sequence of
repetitive applications Φ1(Φ2(Φ1(Φ2, . . . , ))) is performed, makes the evolution
independent of the CA being the first. Of course the superposition of the same
CA is commutative and represents the CA evolution steps. All kinds of the
combined superposition of the form Θ = Θn

1 (Θs
2), n, s being natural numbers,

are allowed. Moreover, n, s, may be related by a functional dependence.
CA addition. Let Θ1, Θ2 ∈ Ξ(A,M). A CA Θ3 = Θ1 ⊕ Θ2 is the sum of Θ1

and Θ2 if for any Ω ∈ Υ (A,M) Φ3(Ω) = Φ1(Ω)⊕Φ2(Ω). In the general case it is
not possible to construct a single substitution Φ3 when Φ1, Φ2 are given. Hence,
each iteration of Θ3 should be performed in three steps:

Ω1(t+ 1) = Φ1(Ω(t)),
Ω2(t+ 1) = Φ2(Ω(t)),
Ω3(t+ 1) = Ω1(t+ 1)⊕Ω2(t+ 1),

the two first steps being allowed to be performed in parallel.
CA multiplication. The operation is similar to the addition. All the above said

about the CA addition is valid for the CA-multiplication with the replacement
of ”⊕ ” by ”⊗ ”.

Since the CA-addition and the CA-multiplication are the operations on the
resulting at each iteration cellular arrays at each-iteration, they inherit the cor-
responding algebraic properties of the cellular array operations, i.e. they are
commutative and associative, the multiplication being distributive relative to
the addition.

Θ1 ⊕Θ2 = Θ2 ⊕Θ1,
Θ1 ⊗Θ2 = Θ2 ⊗Θ1,

Θ1 ⊕ (Θ2 ⊕Θ3) = (Θ1 ⊕Θ2)⊕Θ3.
Θ1 ⊗ (Θ2 ⊗Θ3) = (Θ1 ⊗Θ2)⊗Θ3.
Θ1 ⊗ (Θ2 ⊕Θ3) = Θ1 ⊗Θ2 ⊕Θ1 ⊗Θ3.

(16)

Superposition is not distributive relative to the CA addition and the CA
multiplication, i.e.

Θ1(Θ2 ⊕Θ3) �= Θ1(Θ2)⊕Θ1(Θ3). (17)
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As distinct from the cellular array set Υ (A,M) the set Ξ(A,M) is not a partial
ordered one, having no neutral elements, because no order can be defined on
Ξ(A,M) without imposing constraints onto Φ.

Example 1. A chemical reaction of CO oxidation over platinum metals,
studied by means of a number of kinetic and continuous models [9,10], is repre-
sented by the superposition of elementary substitutions as follows. The cellular
array Ω(A,M) corresponds to a metallic plate each site on it being named
by (i, j) ∈ M . The alphabet contains three symbols A = {a, b, 0}, so that
(a, (i, j)), (b, (i, j), and (0, (i, j)) are cells corresponding to the sites occupied
by the molecules of CO, O or being empty, respectively. In the initial array cell
states a and b are randomly distributed according to given partial pressure of
CO and O2 in the gas above the plate. The reaction mechanism consists of the
following elementary molecular actions.

1) Adsorption of CO from the gas: if a cell is empty, it becomes occupied by
a CO molecule with probability πa.

2) Adsorption of O2 from the gas: if two neighboring cells are empty, each
becomes occupied by a molecule of oxygen with probability πb.

3) Reaction of oxidation of CO (CO+0 → CO2): if two different molecules
CO and O occur to be neighbors, then the molecule CO2, formed by the reaction,
transits to the gas and both cells become empty.

4) Diffusion of CO: if a CO molecule has an empty neighbor, it moves there
with probability πd, depending of the temperature.

The above actions are transformed to a parallel substitution system as fol-
lows:

Φ1(πa) : {(0, (i, j))} → {(a, (i, j))},
Φ2(πb) : {(0, (i, j))(0, (i+ k, j + l))} → {(b, (i, j)), (b, (i+ k, j + l))},
Φ3 : {(a, (i, j))(b, (i+ k, j + l))} → {(0, (i, j)), (0, (i+ k, j + l))},
Φ4(πd) : {(0, (i, j)), (a, (i+ k, j + l))} → {(a, (i, j)), (0, (i+ k, j + l))}.

(18)

In (18), the notion Φ(π) means that Φ is applied to Ω with probability π, the
pair (k, l), which determines one of the four neighbors of a cell, is chosen out of
the set {(0, 1), (1, 0), (0,−1)(−1, 0)} with equal probability. In [10], the process
is simulated in asynchronous mode, (the method being called by the authors
as Monte Carlo simulation), the global transition function of the CA being the
following superposition: Φ = Φh

4 (Φ1(Φ2(Φ3))). The transition function Φ4, which
simulates diffusion, is applied h times, h depending on the temperature of the
process.

5 The CA Composition Methods

The algebraic properties of CA underlie the basis of the CA composition tech-
niques. Let us partition the whole scope of CA composition methods into two
groups: 1) disjoint (trivial) composition, and 2) shared variables composition.

Disjoint composition is a cooperative functioning of two CA, whose transi-
tion rules are defined on separate cellular arrays. So, they evolve independently,
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interacting only at the start and the termination. There are two forms of disjoint
composition: sequential and parallel.

Sequential disjoint composition is a superposition of the form

Θ3 = ΘT2
2 (ΘT1

1 ),

where T1 and T2 are termination times of Θ1 and Θ2 evolution, respectively. The
evolution of Θ3 terminates at T3 = T1 + T2, Θ2 starting when Θ1 terminates,
Φ3 = ΦT2

2 (ΦT1
1 ). It should be noted that the time steps of Θ1 and Θ2 are allowed

to be different, and Θ2 starts only after Θ1 has terminated. The composition is
useful, especially, in pipelined systems executing a fine-grained parallel cellular
computation or image processing.

Parallel disjoint composition is the independent evolution of two CA, the
total result being then obtained by performing one of the binary operations over
the terminal arrays, i.e.

Θ3 = ΘT
1 �ΘT

2 ,

where the simbol � defines any of binary operations on Υ (A,M), i.e. Ω3 =
Ω1(T1)�Ω2(T2). In this form of composition, the component CA may have dif-
ferent alphabets and different timings, hence, they need a synchronization signal
to start ”�” operation.

Shared variables compositioon. A CA Θ is a shared variable composition of
Θ1 and Θ2,

Θ = Θ1�Θ2

if Φ1 contains in the left-hand side of S1(m) some cells from Ω2 and, similarly,
Φ2 contains in the left-hand-side of S2(m) some cells from Ω1. By partitioning
the local configurations (3) into two subsets each belonging to Ω1 or to Ω2,
substitutions (8) take the following form:

Φ1 : S11(m) ∪ S12(m)→ S′
1(m),

Φ2 : S22(m) ∪ S21(m)→ S′
2(m), (19)

where S11(m), S21(m) ∈ Ω1, S22(m), S12(m) ∈ Ω2. The composition may be
regarded as two CA: Θ1 = (Φ1, Ω) and Θ2 = (Φ2, Ω), which evolve under com-
mon timing on a common Ω = Ω1 ∪ Ω2 under the global transition function
Φ = {Φ1, Φ2}.

A shared variable composition is called unidirectional if S12 or S21 is empty,
otherwise the composition is biderectional. The composition is useful in all those
cases, when a process with two or more species is under simulation. That is the
case when reaction-diffusion spatial dynamics is investigated, where diffusion
components are independent while reaction functions depend on all or several
species taking part in the process. In conventional mathematics, such phenomena
are usually represented by a PDE system.

Example 2. A soliton-like 1D process is simulated by superposition of two
CA. A Boolean parity totalistic CA Θ1 = (Φ1, Ω1) with A1 = {0, 1}, M =
0, 1, . . . , N simulates movements of ”particles” [9], while Θ2 averages the results
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Fig. 1. Three snapshots of the unidirectional composition, simulating a soliton-like
process

to make them observable in the form of moving waves. The transition function
Φ1 is as follows.

Φ1 : {(ui+k, i+ k) : k = −r, . . . , 0, . . . , r} → (u′
i, i)

with

u′
i =

{
1, if

∑r
k=−r ui+k is even, but not 0

0, otherwise (20)

The transition function Φ1 is applied to Ω in an ordered asynchronous mode.
This means, that u′

i are computed sequentially in the cells named 0, 1, . . . , N .
Hence, at the time when (20) is applied to the cell (u, i), the first (i+ 1) items
of the sum occur to be in the next states. The soliton-like behavior may be
obtained only with initial patterns (referred to as ”particles”) satisfying certain
conditions [9]. In the example two ”particles” are used: ”11011” and ”10001001”,
r=5. The first has the displacement d = 7 cells to the left with a period p = 2.
The second has d = 12 to the left, and p = 6. So, each six iterations the distance
between the particles diminishes by nine cells. During 12th to the 24th iterations
the particles are superimposed, and on the 30th – the first ”particle” is ahead,
as it is shown in the following states of Ω1(t):

t = 0 : 00000000000000000 ... 00100010010000000000000000001101100
t = 6 : 00000 ... 00100010010000000001101100000000000000000000000
t = 30 : 0000000000000000000011011000010001001 ... 000000000000000
t = 36 : 0110110000000000000100010010000000 ... 000000000000000000

If ”particles” are wanted to be observed each six iterations, being alike con-
tinuous waves, the CA Θ2 should be used, whose transition function takes its
variables from the cells of Ω1. So a unidirectional shared variable composition
should be used: Θ = Θ2

2�Θ
6
1, where Θ2 is a CA which performs averaging with

a radius R = 4. Hence, its alphabet is A9. To achieve a good smoothness Θ2 is
applied twice. The boundary conditions are periodic, and the two particles run
around from right to left, the velocity of the first particle being larger, than that
of the second one (Fig.1).
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6 Conclusion

Since the construction of transition rules for the CA simulation of complex phe-
momena is a hard task and sometimes impossible, the idea of doing so by com-
posing simple ones seems to be fruitful. So, the theoretical basis for the CA
composition techniques is important, because it allows one to widen the range
of CA application for the spatial dynamics simulation. In this paper an attempt
is made to approach the problem by studying the algebraic properties of cellular
arrays and cellular automata.
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Abstract. After a survey of some realizations of self-replicating ma-
chines, this paper presents the construction based self-replication of 3D
structures. This self-replication process is achieved by translation and
transcription of a configuration information in a three-dimensional data
and signals cellular automaton (DSCA). The specifications and the de-
sign of the basic three-dimensional cell of the automaton results in a new
and straightforward methodology for the self-replication of 3D comput-
ing machines of any dimensions.

1 Introduction

In the history of non trivial self-replicating machines, there are mainly two dif-
ferent approaches: (1) the self-replication based on inspection, and (2) the self-
replication based on construction.

Using inspection in order to implement self-replicating structures was the
approach chosen by a few researchers. Morita and Imai [1] present configurations
named worms and loops able to self-replicate by using a shape-encoding method.
Ibanez and al. [2] describe also a self-inspecting loop capable of self-replication. In
these works, the data are only used in an uninterpreted way called transcription.
It is accomplished by duplication of signals at the periphery of the structure.

Using construction in order to self-replicate structures was the way von Neu-
mann [3] conceived to solve the problem. It was Langton [4] who realized the
first practical implementation of the process. In these approaches, the informa-
tion is successively used in two different modes, interpreted and uninterpreted.
First, in the interpreted mode or translation, the signals are executed as they
reach the periphery in order to construct the replicated structure. After, in the
uninterpreted mode or transcription, the signals are copied in the replicated
structure.

The main goal of this paper is to carry out construction in order to self-
replicate 3D structures. This self-replication process is achieved in a three-
dimensional data and signals cellular automaton (DSCA) [5]. The fundamentals
of this three-dimensional, seven-neighbor DSCA are defined in Section 2. Sec-
tion 3 presents the specifications of the basic cell of the automaton. The design
of this cell is described in Section 4. Section 5 will conclude by opening new
avenues based on the self-replication of 3D universal structures.

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 698–708, 2004.
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Fig. 2. DSCA cell. (a) Processing unit PU and control unit CU. (b) Detailed architec-
ture of PU. (c) Detailed architecture of CU.

2 Data and Signals Cellular Automaton

Data and signals cellular automata (DSCA) were originally conceived to provide
a formal framework for designing growing structures [6], [7]. Such an automaton
is made up of an array of cells, each of which is implemented as a digital system
processing both data and signals in discrete time steps. The cellular array (grid)
is n-dimensional, where n = 1, 2, 3 is used in practice.

In growing structures, the data and the signals represents two different types
of information. The data constitute the information that travels through the
grown structure. The signals constitute the information that controls the growth
of the structure.

The basic cell of a three-dimensional seven-neighbor DSCA works with the
northward (N), eastward (E), southward (S), westward (W ), upward (U) and
downward (D) directed data (D) and signals (S) (Figure 1). The cell computes
its digital outputs O from its digital inputs I. These data and signals outputs
are not necessarily identical for all the neighboring cells.

Each cell of the automaton is designed as a digital system, resulting from the
interconnection of a data processing unit PU and a control unit CU (Figure 2a).
In this digital system, the processing unit handles the data. It is made up of
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Fig. 3. The minimal 3D structure composed of 2 × 2 × 2 cells. Each cell is represented
as a cluster of four cubes.
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Fig. 4. 3D graphical representations. (a) Nature of the data. (b) Status of the data.

input selectors SEL, data registers REG, and output buffers BUF (Figure 2b).
The control unit of the digital system computes the signals. It combines input
encoders ENC, control registers REG, and output generators GEN (Figure 2c).

3 Cell Specifications

The minimal 3D structure is made up of eight cells organized as the 2×2×2 array
represented in Figure 3. Each cell of the array comprises four data expressed in
small cubes. As we will see later, the two data to the left are mobile and constitute
the genotype of the cell, while the two data to the right are fixed and define the
phenotype of the cell. Each of these data is either a code or a flag. The code
data is used for configuring the structure whereas the flag data is indispensable
for constructing the skeleton of the structure, i.e. defining the information path.
Figures 4 summarizes the 3D graphical representations of the data.

In order to show the construction of our 3D minimal self-replicating structure,
we introduce 2D graphical representations. In Figure 5, the eight cells of the
minimal structure are organized as two levels L = 1 and L = 2 of two rows
by two columns. Each cell is able to store in its four memory positions four
configuration data. The original configuration is a string of 16 data moving
counterclockwise by one data at each time step (t = 0, 1, 2, ...).

The 2D graphical representations as well as the hexadecimal representations
of the data composing the configuration string are detailed in Figure 6. They
are either empty data (0), code data (from 1 to E) or flag data (from 1 to 9 in
addition to F). The code data will be used to define the functionality of the
structure. The flag data will be used to build the connections between the cells
of the structure and to create branches for self-replication. Furthermore, each
data is given a status and will eventually be a mobile data, indefinitely moving
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Fig. 5. The minimal structure (2×2×2 cells) with its configuration string at the start
(t = 0).

: empty data (0)

- : don't care data (1 ... F)
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: code data (1 ... E)

: flag data (1 ... 9, F)

-

-

: north connection flag (1)

: east connection flag (2)

: south connection flag (3)

: west connection flag (4)

: up connection flag (5)

: down connection flag (6)

: north branch and
  east connection flag (7)
: east branch and
  up connection flag (8)
: up branch and
  down connection flag (9)
: branch activation and
  north connection flag (F)

: mobile data

: fixed data

Fig. 6. 2D graphical and hexadecimal representations of the data.

around the structure, or a fixed data, definitely trapped in a memory position of
a cell.

At each time step, a data of the original configuration string is shifted from
right to left and simultaneously stored in the lower leftmost cell (Figure 5). Note
that the first, third, ... data of the string (i.e. each odd data) is always a flag F ,
while the second, fourth, ... data (i.e. each even data) is always a code C. The
construction of the structure, i.e. storing the fixed data and defining the paths
for mobile data, depends on two major patterns (Figure 7).

– If the two, three or four rightmost memory positions of a cell are empty
(blank squares), the data are shifted by one position to the right (shift data).

– If the rightmost memory position is empty, the data are shifted by one po-
sition to the right (load data). In this situation, the rightmost F ′ and C ′

data are trapped in the cell (fixed data), and a new connection is estab-
lished from the second leftmost position toward the northward, eastward,
southward, westward, upward or downward cell, depending on the fixed flag
information (F ′ = 1 or F, 2 or 7, 3, 4, 5 or 8, 6 or 9).

Applying the memory patterns of Figure 7 to our original configuration
string, we get two data trapped in a cell and a new connection toward another
cell of the structure every four time steps (Figure 8). At time t = 32, 32 data,
i.e. twice the contents of the original configuration, have been stored in the 32
memory positions of the structure. 16 data are fixed data, forming the phenotype
of the final structure, and the 16 remaining ones are mobile data, composing a
copy of the original configuration, i.e. the genotype. Both translation (i.e. con-
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Fig. 8. Constructing the minimal structure (t = 4: north path, t = 8: east path, t = 12:
south path, t = 16: up path, t = 20: north path (L = 2) and north branch (L = 1),
t = 24: west path (L = 2) and east branch (L = 1), t = 28: south path, t = 32: down
path and structure completion).

struction of the structure) and transcription (i.e. copy of the configuration) have
been therefore achieved.

In order to self-replicate, the original structure is able to trigger the con-
struction of three copies, nothward, eastward and upward. At time t = 19, the
pattern of data initiates the construction of the northward structure. In this
pattern, the lower level upper leftmost cell is characterized by two specific flags,
i.e. a fixed flag indicating a north branch (F = 7) and the branch activation flag
(F = F). This pattern is visible in Figure 9a (third row). The new path to the
northward structure starts from the second leftmost memory position (Figure 8).
At time t = 23 and t = 47, the patterns corresponding to the third row of the
eastward and upward signals in Figure 9b and e initiate self-replication of the
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Fig. 9. Patterns of data triggering the path signals. (a) Northward. (b) Eastward. (c)
Southward. (d) Westward. (e) Upward. (f) Downward.

structure to the east and to the top respectively. The other patterns are needed
for constructing the inner paths of the structure.

The self-replicating structure in Figure 10 is an example of a non minimal
four-column, three-rows and three-level structure. All the non minimal struc-
tures can be realized according to this implementation which keeps the number
of column even in order to properly close the data path. These non minimal
structures involve a new flag (Figure 11) and two more construction patterns
(Figure 12).

4 Cell Design

The processing unit of our cell performs the shift data and load data operations
represented in Figure 7. The control unit of our cell produces the signals implied
in the construction of the connections between the cells of the structure (Fig-
ures 9 and 12). The resources needed in order to do it define the architecture of
the cell (Figure 13). The processing unit involves the following ones:

– Two 4-bit genotypic registers GA3:0 and GB3:0 for the propagation of the
configuration data.

– Two 4-bit phenotypic registers PA3:0 and PB3:0 for the memorization of the
configuration data.

– A 6-input multiplexer DIMUX for the selection of one of the six data input
lines, NDI3 : 0, EDI3 : 0, SDI3 : 0, WDI3 : 0, UDI3 : 0, or DDI3 : 0.

– A buffer DOBUF to enable the data output DO3 : 0.

The control unit consists of three resources:

– A 4-bit data input register I3:0 for the memorization of the selection operated
by the multiplexer DIMUX.

– A signal inputs SI encoder ENC.
– A signal outputs SO generator GEN.

The genotypic registers GA3:0 and GB3:0 always propagate the data DI
selected by the multiplexer DIMUX (Figure 14), while the phenotypic registers
PA3:0 and PB3:0 perform a hold operation or a load operation according to
the control variable LDP (Figure 15). When equal to 1 this control variable
expresses that the phenotypic register PB3:0 contains an empty data:

LDP = PB3′.PB2′.PB1′.PB0′ (1)
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Fig. 12. Additional patterns of data triggering the path signals. (a) Westward. (b)
Eastward.

The selection realized by the data input multiplexer DIMUX is specified in
the operation table of Figure 16.

The operations of the data output buffer DOBUF implies the control variable
ENO (Figure 17). When equal to 1 this control variable expresses that the
phenotypic register PB3:0 contains a flag data:

ENO = PB3 + PB2 + PB1 + PB0 (2)

According to the control variable LDI, the data input register I3:0 performs
a hold or a load operation (Figure 18). The load operation (LDI = 1) is achieved
every time that there is at least one input signal equal to 1:

LDI = NSI + ESI + SSI +WSI + USI +DSI (3)

The encoder ENC operates a priority coding of the input signals according
to the truth table of Figure 19. In this table, the variables D3 : 0 define the state
to be loaded in the input register I3:0, while the variable ID reflects the state
corresponding to the selection of the downward data DDI3 : 0:

ID = I3.I2.I1′.I0 (4)
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LOAD

operation description

GA <= DI
GB <= GA

Fig. 14. Operation table of the genotypic registers GA3:0 and GB3:0.

HOLD

LOAD

operation description

PA <= PA
PB <= PB
PA <= GB

LDP

0

1
PB <= PA

Fig. 15. Operation table of the phenotypic registers PA3:0 and PB3:0.

ZERO

operation description

DI = 0
DI = NDISELECT NDI

SELECT EDI
SELECT SDI
SELECT WDI
SELECT UDI
SELECT DDI

DI = EDI
DI = SDI
DI = WDI
DI = UDI
DI = DDI

0 0 0 0

I3:0

1
1
1
1
1
1

0
0
0
0
1
1

0
0
1
1
0
0

0
1
0
1
0
1

Fig. 16. Operation table of the data input multiplexer DIMUX.

After simplification, the variables D3 : 0 verify the relations:

D3 = 1 (5)
D2 = ID

+ ID′.DSI
+ ID′.DSI ′.NSI ′.ESI ′.USI (6)

D1 = ID′.SSI
+ ID′.WSI (7)

D0 = ID
+ ID′.DSI
+ ID′.DSI ′.NSI ′.ESI
+ ID′.WSI (8)
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DO = 0
DO = GB

ENO

0
1TRUE

Fig. 17. Operation table of the data output buffer DOBUF.

HOLD

operation description

I <= I
I <= D

LDI

0
1LOAD

Fig. 18. Operation table of the data input register I3:0.

1 1 0 1

D3:0

1
1
1
1
1
1

1
0
0
1
0
0

0
0
0
0
1
1

1
0
1
0
0
1

SSIUSI WSIESINSIDSIID

1
0
0
0
0
0
0

-
1
0
0
0
-
-

- - - - -
- - - - -
1 - - - -
0 1 - - -
0 0 1 - -
- - - 1 -
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Fig. 19. Truth table of the encoder ENC.

The generator GEN implements the output signals implied in the construc-
tion of the connections according to the patterns of Figures 9 and 12. The equa-
tions of these signals translate the code data and flag data memorized in the
phenotypic register PA3:0 and the genotypic registers GA3:0 and GB3:0:

NSO = PBZ.PA3′.PA2′.PA1′.PA0
+ PBZ.PA3.PA2.PA1.PA0
+ GAF.PB3′.PB2.PB1.PB0 (9)

ESO = PBZ.PA3′.PA2′.PA1.PA0′

+ PBZ.PA3′.PA2.PA1.PA0
+ GAF.PB3.PB2′.PB1′.PB0′

+ GAF.PB3.PB2′.PB1.PB0′ (10)
SSO = PBZ.PA3′.PA2′.PA1.PA0 (11)
WSO = PBZ.PA3′.PA2.PA1′.PA0′

+ PBZ.PA3.PA2′.PA1.PA0′ (12)
USO = PBZ.PA3′.PA2.PA1′.PA0

+ PBZ.PA3.PA2′.PA1′.PA0′

+ GAF.PB3.PB2′.PB1′.PB0 (13)
DSO = PBZ.PA3′.PA2.PA1.PA0′

+ PBZ.PA3.PA2′.PA1′.PA0 (14)

In the preceding relations, the variables PBZ and GAF correspond respec-
tively to an empty data (0) in the phenotypic register PB3:0 and to a branch
activation and north connection flag (F) in the genotypic register GA3:0:
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PBZ = PB3′.PB2′.PB1′.PB0′ (15)
GAF = GA3.GA2.GA1.GA0 (16)

5 Conclusion

Several years before the publication of the historical paper by Crick and Watson
[8] revealing the existence and the detailed architecture of the DNA double helix,
von Neumann was already able to point out that self-replication was a two-mode
process able to both interpret (translation mode) and copy (transcription mode)
a one-dimensional description, the configuration string. Self-replication will allow
not only to grow, but also to repair complete 3D structures. Self-replication is
now considered as a central mechanism indispensable for those circuits which
will be implemented through the nascent field of nanotechnologies [9] [10].

A first field of application of the self-replication of 3D structures is quite natu-
rally the classical self-replicating automata, such as three-dimensional reversible
automata [11] or asynchronous cellular automata [12].

A second, and possibly more important field of application is Embryonics,
where artificial multicellular organisms are based on the growth of a cluster of
cells, themselves produced by cellular division [13] [14].

Other possible open avenues are about the evolution of such structures and/or
their capability of carrying out massive parallel computation [15].
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Abstract. The critical points of the two-layer Ising and Potts models for square
lattice have been calculated with high precision using probabilistic cellular
automata (PCA) with Glauber alghorithm. The critical temperature is calculated
for the isotropic and symmetric case (K

x
=K

y
=K

z
=K), where K

x
 and K

y are the
nearest-neighbor interactions within each layer in the x and y directions,
respectively, and K

z
 is the interlayer coupling. The obtained results are 0.310

and 0.726 for two-layer Ising and Potts models, respectively, that are in good
agreement with the accurate values reported by others.

Introduction

For many years, the lattice statistics has been the subject of intense research interests.
Although, at zero magnetic field, there is an exact solution for the 2-dimensional (2-
D) Ising model [1,2], however, there is no such a solution for the two-layer Ising and
Potts models. The Potts models are the general extension of the Ising model with q-
state spin lattice i.e., the Potts model with q = 2 is equivalent to the Ising model.
Although we do not know the exact solution of the two-dimensional Potts model at
present time, a large amount of the numerical information has been accumulated for
the critical properties of the various Potts models. For further information, see the
excellent review written by Wu [3] or the references given by him.

The two-layer Ising model, as a simple generalization of the 2-D Ising model and
also as an intermediate model between the 2-D and 3-D Ising models, has long been
studied [4-7] and several approximation methods have been applied to this model [8-
14]. In the absence of exact solution, simulation methods such as Monte Carlo [15]
are most important tools for computation of the critical properties of the various Ising
and Potts models.

In addition to the Monte Carlo method, it was proposed that the Cellular Automata
(CA) could be a good candidate to simulate the Ising models [16]. In the last two
decade a large amount of works were done for describing Ising models by the CA
approach and a great number of papers and excellent reviews were published [17-22].
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Most of the works that have been done until now are focused on the qualitative
description of various Ising and Potts models or to introduce a faster algorithm. For
example, the Q2R automaton as a fast algorithm was suggested which has been
studied extensively [22-27]. It was so fast, because no random numbers must be
generated at each step. But in the probabilistic CA, like Metropolis algorithm [28],
generation of the random number causes to reduce the speed of calculation, even
though it is more realistic for describing the Ising model.

In this article, at the first section we have used probabilistic CA with Glauber
algorithm [29] for calculating the critical temperature of the two-layer symmetric
Ising model on the square grid. We used a large lattice size (2500 × 2500) in
simulation in order to reduce the finite size effects. It is shown that our results are in a
good agreement with those obtained from the best numerical methods. In section 2 we
have extended the method to the two-layer symmetric 3-state Potts model. The
importance of this section is due to the fact that there is no well tabulated data for
such a model.

1   Two-Layer Ising Model

Consider a two-layer square lattice with the periodic boundary condition, each layer
with p rows and r columns. Each layer has then pr ×  sites and the number of the

sites in the lattice is Npr =××2 . We consider the next nearest neighbor interactions

as well, so the number of neighbor for each site is 5. In the two-layer Ising model, for

any site we define a spin variable 1),()2(1 ±=jiσ  in such a way that ri ,...,1=  and

pj ,...,1=  where superscript )2(1  denotes the layer number. We include the periodic

boundary condition as

),(),( )2(1)2(1 jijri σσ =+                                           (1)

),(),( )2(1)2(1 jipji σσ =+                                           (2)

The configuration energy for this model may be defined as [14]
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where * indicates the periodic boundary conditions (eqs 1,2), and Kx and Ky are the
nearest-neighbor interactions within each layer in the x and y directions, respectively,
and Kz is the interlayer coupling. Therefore, the configuration energy per spin is

kTN

E
e

)(σ=                                                  (4)

The average magnetization of the lattice for this model can be defined as [15]
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and the average magnetization per spin is

N

M
m =                                                (6)

The magnetic susceptibility per spin ( χ ) and specific heat per spin (C) is defined

as [15]
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                      (9)

where 
kT

1=β .

1.1    Method

In the present work, we considered the isotropic ferromagnetic and symmetric case
i.e. Kx=Ky=Kz=K 0≥ . We have used a two-layer square lattice with  2500× 2500 sites
in each layer with the periodic boundary condition. The Glauber method [29] was
used with checkerboard approach to update sites. For this purpose the surfaces of two
layers are checkered same as each others. For updating the lattice, we use following
procedure: after updating the first layer, the second layer could be updated.  The
updating of the spins is based on the probabilistic rules. The probability that the spin

of one site will be up ( +
ip ) is calculated from [30]
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 where

)1,(),(),1(),(),1(),({ ++−++−=± jijijijijijiKE nnnnnn
i σσσσσσ

)},(),()1,(),( jijijiji nnnn ′+−+ σσσσ                  (11)

and

1),( +=jinσ  for +
iE

1),( −=jinσ  for −
iE                                       (12)

and ),( jin′σ  is the neighboring site (i,j) in the other layer. Hence, the probability

that the spin to be down is
+− −= ii pp 1                                              (13)



712 Y. Asgari, M. Ghaemi, and M.G. Mahjani

The approach is as follow: first a random number is generated. If it is less than +
ip ,

the spin of the site (i,j)  is up, otherwise (it means that random number is greater

than +
ip ), it will be down.

When we start CA with the homogeneous initial state (namely, all sites have spin
up or +1), before the critical point (Kc), the magnetization per spin (m) will decay
rapidly to zero and fluctuate around it. After the critical point, m will approach to a
nonzero point and fluctuate around it; and with increasing of K, the magnetization per
spin will increase. But at the critical point, m will decay very slowly to the zero point
and the fluctuation of the system will reach to a maximum. For each K, the time that
m reaches to the special point and starts to fluctuate around it is called the relaxation
time (τ ). On the other words, the relaxation time is the time that the system is
thermalized. The value of τ can be obtained from the graph of m vs. t (Fig. 1). One
can see from these graphs that the relaxation time increases before critical point and
reaches to a maximum at Kc, but after the critical point, τ  decreases rapidly. So, in
the critical point, the system last a long time to stabilized. Hence, the critical point
may be obtained from the graph of τ vs. K (Fig. 2). The obtained critical point from
this graph is 0.310 for the two-layer Ising model.

In our approach, we have calculated the thermodynamic quantities after
thermalization of the lattice. In other words, first we let the system reaches to a stable
state after some time step (t=τ ), and then to be updated up to the end of the automata
(t=50000). For example to calculate the average value of magnetization per spin
(<m>), one should add all values of m from the relaxation time up to the end of the
automata (or end of the time step) and divide the result to number of steps. The other
way for calculation of the critical point is the usage of <m>. By drawing the graph of
<m> vs. K, we may also obtain Kc. Fig. 3 shows the results of such calculation. As it
is seen, before critical point (K<Kc), <m>=0 and after that (K> Kc), <m> ≠ 0. The
obtained values of the critical point from this approach is Kc =0.310 for the two-layer
Ising model.

For calculation of χ for each K, first we have calculated the value of 2)( ><− mm
in each time step. Then these values are averaged in a some way explained above.
According to eq. 8 this average could be used for computation of χ . Using eq. 9 for

calculation of the specific heat (C), we have done it in a same way described above.
Figures 4 and 5 show the graphs of χ vs. K and C vs. K, respectively, for the two-

layer Ising model. These graphs are the other ways for obtaining the critical point.
The maximum of these graphs indicates the critical point. The obtained value for Kc

from these graphs is 0.310 for the two-layer Ising model.

2   Two-Layer Potts Model

Consider a two-layer square lattice with the periodic boundary condition, each layer
with p rows and r columns. Each layer has then pr ×  sites and number of sites in the

lattice is Npr =××2 . We consider the next nearest neighbor interactions as well, so
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Fig. 1. The magnetization versus time in the two-layer Ising model. for 3 states. a: K=0.304
(K<Kc), τ =3500. b: K=0.310 (K=Kc), τ =46000. c: K=0.313 (K>Kc), τ =4000. (each layer has
2500× 2500 sites, start from homogeneous initial state “all +1”, time steps = 50000)
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Fig. 2. The relaxation time obtained from Figure 1 versus K for the two-layer Ising model. The
maximum appears at K=Kc
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Fig. 3.  <m> versus coupling coefficient (K) for the two-layer Ising model. The average value
for each K is calculated after its relaxation time. (data are the results for the lattice that each
layer has 2500× 2500 sites, starting from the homogeneous initial state with all +1, time steps =
50000)
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Fig. 4.  Magnetization susceptibility per spin ( χ ) versus K for the two-layer Ising model. (The

calculated data are the results for the lattice for which each layer has 2500 × 2500 sites, starting
from the homogeneous initial state with all spins up, time steps = 50000)

the number of neighbor for each site is 5. For any site we define a spin variable

1,0),()2(1 ±=jiσ  so that ri ,...1=  and pj ,...,1= . The configuration energy of the

standard 3-state Potts model is given by [3],
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Fig. 5.  Specific Heat per spin (C) versus K for the two-layer Ising model. (The calculated data
are the results for the lattice for which each layer has 2500× 2500 sites, starting  from the
homogeneous initial state with all spins up, time steps = 50000)
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Fig. 6. <m> versus coupling coefficient (K) for the two-layer Potts model. (The calculated data
are for the lattice that each layer has 1500× 1500 sites, starting from the homogeneous initial
state with all spins up, time steps = 50000)
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1, =jiδ  for ji =
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Other quantities are obtained from the equations 4-9.
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Fig. 7.  Magnetization susceptibility per spin ( χ ) versus K for the two-layer Potts model. (The

calculated data are for the lattice that each layer has 1500 × 1500 sites, starting from the
homogeneous initial state with all spins up, time steps = 50000)

2.1 Method

For quantitative computation of the two-layer Potts model, we have considered the
isotropic ferromagnetic and symmetric case which Kx=Ky=Kz=K ≥ 0. We have used a
two-layer square lattice that each layer has 1500× 1500 sites with periodic boundary
condition. Each site can have a value of the spin up (+1), down (-1) or zero (0). We
used the Glauber method with checkerboard approach similar to the Ising model for
updating the sites of the 3-state Potts model. The probability that the spin of one site

will be up ( +
ip ) is calculated from
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and, the probability that the spin to be down is
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Hence, the probability that the spin to be in zero state is

)(10 −+ +−= iii ppp                                        (18)

where
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and
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Fig. 8.  Specific Heat per spin (C) versus K for the two-layer Potts model. (The calculated data
are for the lattice that each layer has 1500× 1500 sites, starting from the homogeneous initial
state with all spins up, time steps = 50000)

1),( +=jinσ  for +
iE

1),( −=jinσ  for −
iE

0),( =jinσ  for 0
iE                                        (20)

The calculation steps are similar to the two-layer Ising model. Figure 6 shows the
graph of <m> vs. K for the two-layer Potts model. Figure 7 and 8 are the graphs for
χ and C vs. K, respectively. The obtained value of Kc for the two-layer Potts model is

0.726. It is obvious that the value obtained from these figures, are in agreement.

3   Conclusion

It was demonstrated that the high precision calculation of the critical point can be
done by the CA. For obtaining the fourth and further digits after the decimal point by
the CA, one must use a larger lattice and since the relaxation time is large near the
critical point, the numbers of time steps must be increased. For example, in order to
compute the fourth digit of Kc in the two-layer Ising model, it is sufficient to increase
the number of time step up to  300000 steps and draw the graph <m> vs. K . The
calculated  Kc is 0.3108 that is in good agreement with other numerical method [14].

Although the extension of numerical methods for calculation of the critical
properties of the two-layer 3-state Potts model is a difficult task, but such extension is
easy in cellular automata approach. The importance of this approach is due to the fact
that there is no well tabulated data for the two-layer Potts model.
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Abstract. The rate-limiting step of some enzymatic reactions is a physical
step, i.e. diffusion. The efficiency of such reactions can be improved through an
increase in the arrival rate of the substrate molecules, e.g. by a directed passage
of substrate (ligand) to active site after its random encounter with the enzyme
surface. Herein, we introduce a cellular automata model simulating the ligand
passage over the protein surface to its destined active site. The system is
simulated using the lattice gas automata with probabilistic transition rules.
Different distributions of amino acids over the protein surface are examined.
For each distribution, the hydration pattern is achieved and the mean number of
iteration steps needed for the ligand to arrive at the active site calculated.
Comparison of results indicates that the rate at which ligand arrives at the active
site is clearly affected by the distribution of amino acids outside the active side.
Such a process can facilitate the ligand diffusion towards the active site thereby
enhancing the efficiency of the enzyme action.

1   Introduction

The chemical machinery of many enzymes (proteins which act as catalysts of
biochemical reactions) is so optimized that whenever a substrate molecule arrives at
the active site of the enzyme and the enzyme-substrate complex is formed, the
complex goes on the way to form the product instead of dissociating back to enzyme
and substrate molecules. Under such conditions, the enzymes function at rates that
depend on the diffusion-limited association of their substrates with the active site [1].
According to the Smulochowski equation, the maximum rate constant for the enzyme-
substrate encounter in a solution is kcollision= 4 Da, where D is the relative translational
diffusion coefficient of enzyme and ligand molecules and a is the sum of their
effective radii [2]. For typical values of D and a, kcollision is of the order of 109-1010 M-1S-1

[3]. To account for any change in the diffusional encounter due to electrostatic
interaction between the enzyme and substrate molecules, the Smulochowski equation
is modified by introducing a dimensionless factor, f, [4] which does not however
exceed 10 even for very favorable interactions [5]. Furthermore, regarding that only a
small fraction of the enzyme surface is involved in the reaction, the Smulochowski
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equation should be modified further [6], then for typical enzymes, kassociation is not
expected to exceed the value of 104-105 M-1S-1 [7]. However, the association rate
constants frequently exceed this theoretical limit [3]. Many models have been
suggested to explain this discrepancy [8-10]. Herein, this problem is dealt with using
a cellular automata model of ligand passage on the surface of enzyme molecules. It
will be shown that the motion of ligand molecule on the surface of enzyme molecule
is affected by different distributions of amino acid residues lying outside the active
side of the enzyme; thereby their distribution may greatly facilitate arrival of the
substrate molecule at the active site.  This means that the effective area for the
reaction may be larger than those considered merely based on geometrical assessment
of the active site.

2   Method

In order to provide a simple representation of enzyme surfaces, a 27*27 grid of square
cells with periodic boundary conditions was created (This is at the same order of
magnitude as the number of amino acid residues occurring on the enzyme surfaces).
The hydropathic profile of enzyme surfaces was represented assigning each cell an
integer number between 0 and 8, corresponding to the hydropathic indices of amino
acid residues occurring in those cells. The hydropathic indices were adopted from
Kyte and Doolittle [11], then ranked from the most hydrophobic residues to the most
hydrophilic ones in 9 scales, 0-8, i.e. 0 corresponds to the most hydrophobic residue-
isoleucine- and 8 corresponds to the most hydrophilic one- arginine. Configuration of
the entire system was then defined by the state values of all cells in the grid. Four
configurations were examined in this study (Fig.1): A- a uniform configuration with
all cells adopting a value of 4, i.e. occupied with a residue neither hydrophobic nor
hydrophilic. The mean hydropathic index of this configuration is clearly 4 and its
variance is zero. B- a random configuration with cells adopting numbers generated by
a non- biased random method. This configuration has the same mean hydropathic
index as the A configuration but displays a non-zero variance around the same mean.
C- a configuration like A except that cells in diagonal, vertical and horizontal lines
crossing the center of the grid adopt a value of 8, i.e. occupied with the most
hydrophilic residues.

D- a configuration like B except that cells in diagonal, vertical and horizontal lines
crossing the center of the grid adopt a value of 8. The C and D configurations have
the same mean hydropathic indices but show different non-zero variances around the
same mean.

For each configuration mentioned above, water molecules were allowed to move
around on the surface of grid and create a specific hydration pattern characteristic to
that configuration. At first, each cell in the grid was assigned a random integer
number between 0 and 99 indicating the number of water molecules, which exist in its
vicinity. Then, the grid was partitioned into 81 3*3 blocks. At each step, the numbers
of water molecules in each block were first added and then redistributed randomly
among its 9 cells according to their hydropathic indices, i.e. the probability with
which a water molecule occurs in a cell is directly proportional to its hydropathic
index. Between steps, the blocks were displaced one cell toward the lower right
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Fig. 1. Examined configurations of the entire system; See the text for a precise definition of
each configuration.

direction. Iterations were continued until an almost constant hydration pattern was
produced. It was judged qualitatively according to graphical views of the system and
achieved typically after 50 iterations.

To assess the effect of each configuration with its characteristic hydration pattern
on the rate at which substrate molecule arrives in the active site, we placed the
substrate (ligand) molecule at the corner and the active site at the center of the grid
and simulated the ligand motion over the surface of the grid. The ligand molecule
could either be stationary or move along one of the four directions (up, down, right,
left) with the same velocity (1 cell/iteration). Initially, the ligand molecule was
assumed to be stationary. Then, it was allowed to move around on the surface of the
grid according to the scheme presented by Boon et al. [12]. At each iteration, the
ligand molecule first would take propagation according to its directed velocity. Then,
during the subsequent redistribution step, the ligand molecule arrived in a new cell
would lose its previous velocity thereby making its next decision merely on the basis
of the local hydration pattern in its neighborhood: The probability with which the
ligand molecule would adopt a specific directed velocity hence displace into a
specific cell was directly proportional to the number of water molecules occurring in
that cell. The system was iterated 5000 times for each configuration -at each iteration,
different sets of random numbers were generated- and the average number of

 

                                A                                                              B
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iterations needed for the ligand molecule to reach at the active site was calculated for
them.

3   Results and Discussion

The hydration patterns, achieved for each of four configurations, are illustrated in Fig.
2. As expected, the distribution of water molecules over the grid obeys the
hydropathic profile of each configuration. It is uniform in the case of configuration A
and random in configuration B. In C and D configurations, the cells occurring on the
diagonal, vertical and horizontal lines display more water molecules.

The average numbers of iterations required for the substrate to arrive at the active
site were 2142, 2424, 1778 and 1984 for A, B, C and D configurations, respectively.
It was significantly lower for configurations with specified diagonal, vertical and
horizontal paths (C and D) than their counterpart configurations (A and B,
respectively). A less prominent difference was observed between configurations with
the same mean but different variances of hydropathic indices. The configurations with
higher variances (B and D) showed higher average numbers of iterations required for
the substrate to arrive at the active site than those with lower variances (A and C,

Fig. 2. Hydration patterns achieved for each examined configuration (A, B, C and D). The
number of water molecules in each cell varies between 0 (dark red) and 99 molecules (dark
blue). The intermediate numbers have been shown with colors of the spectrum between red and
blue.
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respectively). These results support the idea that the hydropathic profile of enzyme
surfaces away from the active site modifies the rate at which ligand arrives at the
active site. Such an effect can be prominent for a chemically perfect enzyme, where
the enzyme activity is diffusion-controlled.

The subject of ligand passage over the surface of proteins towards the active site
has been extensively addressed in the literature. According to the current view, the
ligand molecule temporarily resides in the vicinity of the protein surface after its
encounter with the surface. Then, the ligand undergoes a two-dimensional walk
toward the active site. It is generally believed that a two-dimensional surface diffusion
to the active site can enhance the rate of a diffusion-controlled reaction [13]. Several
models of two-dimensional surface diffusion have been presented. The directed
passage of ligand toward the active site, as suggested by some of these models,
enhances the rate of diffusion-controlled reactions even further. Some models suggest
that the electrostatic field experienced by the ligand on the surface of protein may
guide it toward the active site [14-15]. Some other models present the van der Waals
interactions as the prominent force directing the ligand over the protein surfaces [10].
However, considering the effect of protein side chains on their vicinal water structure
and the resultant changes on the local viscosity and diffusion coefficient, the ligand
passage over the protein surface can be regarded as an anisotropic two-dimensional
diffusion process. This anisotropy may provide preferred pathways for the ligand to
arrive at the active site more rapidly. Using this approach, Kier et al. [16] have
examined the ligand passage over hydrodynamic landscape of the protein by
simulation via a cellular automata model. We hereby used a different cellular
automata model to examine whether the hydropathic profile of protein surface can
affect the rate at which the ligand arrives at the active site. The results presented here
clearly indicate that the hydropathic profile of proteins can facilitate the ligand
diffusion under some conditions. This is in accord with results obtained by Kier et al
[16]. It can be interpreted that the existence of the preferred paths for ligand diffusion
nearly converts a two-dimensional walk to a rather more efficient one-dimensional
one. Indeed, in C and D configurations, the ligand molecule has spent most of its time
within the preferred pathways moving toward or away from the active site. In
comparison with the model presented by Kier et al. [16], our model may be judged to
be simpler and more realistic. In addition, our model, due to its flexibility, may be
more simply improved through the implementation of e.g. surface charge effects or
detailed surface geometry. Such improvements are our current concerns regarding the
model.

The activity of diffusion-controlled enzymes, which are chemically perfect, is
limited by the physical step of ligand diffusion to the active site.  It may be that such
enzymes, through their evolution, have searched for ways to facilitate the ligand
diffusion toward their active sites. The hydropathic profiles of the surfaces of such
enzymes, when compared with other enzymes and/or among their variants, may
provide some evidences regarding the existence of preferred profiles for ligand
diffusion. Modification of these profiles lead to subtle changes in the activity of
diffusion-controlled enzymes. Hence, the view presented in this study may provide
some more reasonable tools for protein design and site-directed mutagenesis.
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4   Conclusion

The presented cellular automata model of directed ligand passage over the surface of
enzymes clearly shows that the hydropathic profile of enzyme surfaces can increase
the rate at which the ligand molecule arrives in the enzyme active site. Such
enhancing effect may be of functional importance in the case of enzymes with
diffusion-controlled activity.
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Abstract. A Master-Slave Genetic Algorithm is applied to evolve a two-
dimensional Cellular Automata model for lava flow simulation. The 2002 Et-
nean Linguaglossa case study is considered for model calibration. A quantita-
tive measure for the evaluation of the simulations result with respect to the real
event is defined and employed as fitness function.

1   Introduction

Cellular Automata (CA) came to the attention of the Scientific Community as a pow-
erful tool for the simulation of fluid-dynamics processes.

CA [1] are dynamical systems, discrete in space and time. They can be thought as a
regular n-dimensional lattice of sites or, equivalently, as an n-dimensional space
(called cellular space) partitioned in cells of uniform size (e.g. square or hexagonal for
n=2), each one embedding an identical finite automaton. The cell state changes by
means of the finite automaton transition function, which defines local rules of evolu-
tion for the system. In fact, its input is constituted by the states of a small set of cells
that, usually, includes the cell itself (called central cell) and a little number of neigh-
bouring ones. The CA initial configuration is defined by the finite automata states at
time t=0. The overall global behaviour of the system emerges, step by step, as a con-
sequence of the simultaneous application of the transition function to each cell of the
cellular space.

The classes of CA known as Lattice Gas Automata and Lattice Boltzmann Models
[2,3,4,5,6] were proposed in order to study fluid dynamics and applied, with notably
results, to the simulation of turbulent phenomena. However, their applications do not
include, in general, phenomena evolving on macroscopic space scales.

After the development of Lattice Gas Models and before the definition of Lattice
Boltzmann Models, a CA based empirical method was proposed by Di Gregorio and
his research group to model the dynamics of macroscopic spatially extended systems;
the first application of such a method concerned the simulation of lava flows [7].
Subsequently, the Di Gregorio empirical method was applied effectively for model-
ling and simulating different complex macroscopic phenomena [8,9,10].
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2   The Di Gregorio Empirical Method for Surface Flows Modelling

The Di Gregorio empirical method share with Lattice Boltzmann Models the charac-
teristic of having a huge number of states for the cell and, thus, a transition function
that cannot be conveniently expressed as a look-up table. It is expressed in algo-
rithmic terms and, as for Lattice Boltzmann Models, it operates in order to lead the
equilibrium condition in the local context of the cell neighbourhood. The following
considerations introduce an extended CA definition that better fits to the modelling of
complex macroscopic surface flows phenomena.

2.1   Parameters

A spatial correspondence between CA cells and the region where the phenomenon
evolves must be fixed. In fact, when dealing with surface flows (e.g. debris flows),
Digital Elevation Models (DEMs) impose a prefixed (macroscopic) detail. As a con-
sequence, the CA cell size must be accordingly fixed. Analogously, the CA clock
must be determined in order to define a temporal correspondence between the simu-
lated and the real phenomenon.

Once set, the dimension of the cell and the CA clock are defined as parameters,
since their values are assumed constant in the overall CA simulation. It is worth to
note that, however, while the cell dimension can be fixed “a priori” on the basis of the
detail of the digital topographic map, an exact assessment of the time step can be
given only “a posteriori”, by analysing the overall behaviour of the system.

Moreover, other physical and/or empirical parameters can be considered in order to
define the required links between the CA framework and the considered phenomenon.
Examples of such parameters are discussed in section 4.

2.2   Substates

The state of the cell must account for all the characteristics which are assumed to be
relevant to the evolution of the system. For a more clear representation of the prob-
lem, each characteristic corresponds to a “substate”, which must form a finite set of
values. Let Qi be the ith substate; the set of the substates of the cell is defined as:

S = {Q1,Q2,…,Qs} (1)

The set Q of all possible state values for the cell is given by the Cartesian product:

Q = Q1 ×Q2×…×Qs
(2)

The value of each substate is considered always constant inside the cell (as usually
occurs for the altitude inside DEMs). As a consequence, the maps in case needed for
the problem representation, must be sufficiently accurate so that the resulting CA cell
size is adequate to appropriately describe the features of the considered phenomenon.

Eventually, this approach permits to describe three-dimensional surface flows
through bi-dimensional models by including the third dimension among cell substates.
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2.3   Elementary Processes

The CA transition function, σ, must account for all processes which are responsible
for the cell state changes that are considered relevant for the correct system’s evolu-
tion. So, as the set Q of states is split in substates, even the transition function can be
decomposed in “elementary processes”. The system’s evolution is obtained by ap-
plying the elementary processes to each CA cell, according to a defined order. This
assumption is not justified “a priori”, and must be empirically verified in the simula-
tion phase.

2.4   External Influences

In some cases a kind of input from the “external world” must be considered to ac-
count for influences that cannot be naturally described in terms of local rules (e.g. the
location of the detachment area of a landslide) or for some kind of probabilistic ap-
proach to the phenomenon.

2.5   Extended CA Formal Definition

The above considerations lead to an extended definition of CA for macroscopic sur-
face flows phenomena [11]:

>=< γσ ,,,,,, PXQERA (3)

where:
− R={(x,y) ∈ Ζ2, x=-lx,…,0,…,lx; y=-ly,…,0,…,ly} is the set of points, with integer co-

ordinates, of the finite region where the phenomenon evolves.
− E={E1∪E2∪…∪Er} is the set of cells which undergo to the influences of the “ex-

ternal world”; r external influences are here considered, each one defines a subre-
gion Ei (i=1,2,…,r) of the cellular space, where the influence is active.

− X is the neighbourhood index. It defines the coordinates of neighbouring cells with
respect to the central one.

− Q=Q1×Q2×…×Qs is the set of the state values; it is specified by the Cartesian prod-
uct of the finite sets of the values of the s substates Q1,Q2,…,Qs.

− P is the finite set of parameters which affect the transition function.
− σ:S#X→S is the deterministic state transition function. It is specified by the ordered

set of elementary processes in order of application.
− γ={γ1,γ2,...,γr} is the finite set of functions that define the external influences to the

cells of E; γi: N×Ei×Q→ Q (i=1,2,…,r), where N is the set of natural numbers, here
referred to the CA steps.

2.6   Macroscopic Surface Flows Modelling

Surface flows (e.g. lava flows, debris flows, etc) belong to those phenomena that can
naturally be described in terms of local interactions. In fact, by opportunely dis-
creetizing the surface on which the phenomenon evolves, the dynamics of the system
can be described in terms of flows of some quantity (e.g. lava, debris, etc) from one
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cell to neighbouring ones. Moreover, as previously stated, the fact that the cell dimen-
sion is constant throughout the cellular space, permits to consider characteristics of
the cell (i.e. substates), typically expressed in terms of volume (e.g. lava volume), in
terms of thickness.

These simple assumptions permit to adopt a straightforward but efficacious strat-
egy that consists in the outflow computation in order to minimize the local non-
equilibrium conditions.

The Minimisation Algorithm of the Differences. The determination of the outflows
from the central cell towards the neighbourhood is based on the Di Gregorio
“minimisation algorithm of the differences”, well described in [11]. In the local
context of the CA cell, the algorithm computes the outflows in order to minimise the
differences of “certain quantities” in the neighbourhood. It is based on the following
assumptions:
• two parts of the considered quantity must be identified in the central cell: these are

the unmovable part, u(0), and the mobile part, m;
• only m can be distributed to the adjacent cells. Let f(a,b) denote the flow from cell

a to cell b; m can be written as:

( )
=

=
X

i

ifm
#

0

,0 (4)

where f (0,0) is the part which is not distributed;
• the quantities in the adjacent cells, u(i) (i=1,2,...,#X) are considered unmovable;
• let c(i)=u(i)+f(0,i) (i=0,1,...,#X) be the new quantity content in the ith neighbouring

cell after the distribution; let cmin be the minimum value of c(i) (i=0,1,...,#X). The
outflows are computed in order to minimise the following expression:
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This represents the condition of maximum possible equilibrium for the considered
quantity in the neighbourhood, according to the principle of hydrostatic equilibrium
[11]. Moreover, a relaxation rate rr∈[0,1] can be introduced, denoting that such con-
ditions may not be reached in a single CA step; the obtained values of outflows are
therefore multiplied by rr (if rr=1, no relaxation is induced; if rr=0, there will be no
outflows towards the neighbourhood).

Eventually, the simultaneous application of the minimization principle to each cell
gives rise to the global equilibrium of the system [11].

3   Genetic Algorithms

When dealing with Di Gregorio based models for macroscopic surface flows, a proper
calibration phase might be needed to properly fit the set of parameters (which not
always correspond to actual physical ones, nor do their values strictly need to have a
physical meaning) that define the required links with the considered phenomenon.
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However, regarding the CA modelling of natural complex phenomena, no standard-
ised optimisation techniques do exist, and the calibration phase is often performed
“manually” [12]. An alternative solution is offered by Genetic Algorithms.

Genetic Algorithms (GAs) are general-purpose search algorithms inspired from
genetics and natural selection [13]. GAs simulate the evolution of a population of
candidate solutions of a specific search problem by favouring the reproduction of the
most appropriate individuals (or genotype). Genotypes are represented by a given data
structure, e.g. bit strings, where each element is called gene. In order to find a proper
solution, the GA must investigate the so-called search space, defined as the set of all
possible values that the genotype can assume. Evaluation of individuals is performed
by choosing a suitable fitness function, which determines the “goodness” of the indi-
vidual in solving the given search problem. The basic idea is that better individuals
(i.e. characterised by higher fitness) can be obtained over time by combining and
mutating partial solutions.

The evolution of the (randomly generated) population is typically obtained by the
application of simple random operators. The “selection” operator, which represents a
metaphor of Darwinian Natural Selection, chooses individuals that undergo “repro-
duction” by means of “genetic” operators, to form a new population. Classical genetic
operators are “crossover” and “mutation”: they represent a metaphor of sexual repro-
duction and of genetic mutation, respectively. According to a prefixed probability,
pairs of genotypes produce offspring via crossover, receiving components from each
parent. Then, according to a prefixed and usually small probability, each gene of the
offspring is subject to mutation. The mutation operator simply changes the gene value
with another one, randomly chosen within those allowed.

Eventually, it is worth to note that any change that actually increases the individ-
ual’s fitness will be more likely to be preserved over the selection process, thus ob-
taining better generations, as stated by the fundamental theorem of genetic algorithms
[13]. An exhaustive overview of GAs can be found in [14].

The following section briefly describes the model SCIARA for the simulation of
lava flows and its calibration through GAs.

4   Evolving the SCIARA CA Model for Lava Flows Simulation

Lava flows belong to the class of complex macroscopic phenomena, which are usu-
ally hard to model through differential equations systems [11]. At the contrary, by
considering the Di Gregorio based CA approach, their modelling can result quite
simple, as shown in the following section.

4.1   The SCIARA CA Model

SCIARA [9] is a CA based model for lava flows simulation, in the past successfully
applied to real cases occurred in the Etnean area. The main SCIARA characteristics
can be summarised by the following points:
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Table 1. List of parameters of the model SCIARA

SCIARA parameters Description
P1=c Time corresponding to a CA step
P2=Tvent Lava temperature at vents
P3=Tsol Lava solidification temperature
P4=Tint Lava intermediate temperature (see Fig. 1)
P5=νvent

Lava adherence value at vents
P6=νsol

Lava adherence at solidification temperature
P7=νint

Lava adherence at intermediate temperature
P8=C Cooling parameter, related to temperature drop

• it is a bi-dimensional model based on hexagonal cells;
• the cell neighbourhood is composed by the cell itself and the six adjacent ones;
• the model substates are Qa, Qt, Qf

6 and QT for altitude, lava thickness, cell lava
flows from the central cell towards the six adjacent ones and temperature, respec-
tively;

• lava feeding is modelled as an external influence by specifying cells which behave
as vents;

• lava flows are computed by applying the Di Gregorio minimisation algorithm;
• lava temperature drop is modelled by applying the irradiation equation;
• lava viscosity varies according to lava temperature; it is modelled in terms of ad-

herence, which specifies the amount of lava that cannot flow out of the cell;
• solidification process depends on lava temperature; it is trivially modelled by add-

ing solidified lava thickness to the cell altitude.
The model parameters are listed in Table 1; the elementary processes of the transi-

tion function are briefly described in the following sections in order of application.

Lava Flows. Lava rheological resistance increases as temperature decreases;
consequently, a certain amount of lava, i.e. the lava adherence ν, cannot flow out
from the central cell towards any neighbouring ones. As shown in Fig. 1, it is
obtained by means of a piecewise linear function [9] that approximates the equation

Tkek 2
1

−=ν (6)

where T∈QT is the cell lava temperature, while k1 and k2 are parameters depending
on lava rheological properties [15].

Let a∈Qa and t∈Qt be the cell altitude and cell lava thickness, respectively; in order
to compute lava outflows from the central cell towards its neighbouring ones, the Di
Gregorio minimisation algorithm is applied to the following quantities:
u(0)=a(0)+ν; m=t(0)-ν; u(i)=a(i)+t(i) (i=1,2,…,6).
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Fig. 1. In black the SCIARA adherence function. It approximates the eq. (6), shown in the
graphic as a dotted line. T is the lava temperature, ν the lava adherence. The subscripts sol, int
and vent indicate solidification, intermediate and vent values, respectively

Eventually, a relaxation rate factor, related to the CA clock c, is considered in or-
der to obtain the local equilibrium condition in the correct number of CA steps [9].

Temperature Variation. A two step process determines the new cell temperature. In
the first one, the cell temperature is obtained as weighted average of residual lava
inside the cell and lava inflows from neighbouring ones:
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==
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r
i
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where tr∈Qt is the residual lava thickness inside the central cell after the outflows
distribution, T∈QT is the lava temperature and f(i,0) the lava inflow from the ith neigh-
bouring cell. Note that f(i,0) is equal to the lava outflow from the ith neighbouring cell
towards the central one, computed by means of the minimisation algorithm.

The final step updates the previous calculated temperature by considering thermal
energy loss due to lava surface irradiation:

( )3 31 VCATTT avav += (8)

where C is a parameter depending on lava rheology, A is the surface area of the
cell, and V the lava volume [9].

Lava Solidification. When the lava temperature drops below the threshold Tsol, lava
solidifies. Consequently, cell altitude increases by an amount equal to lava thickness
and new lava thickness is set to zero.

4.2   SCIARA Parameters Calibration Through Genetic Algorithms

In this work, GAs were employed for the SCIARA parameters optimisation by con-
sidering a real event occurred on Mt. Etna (Sicily, Italy) in 2002. The event involved
two main lava bodies. Calibration was performed on the part which interested the NW
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flank of the volcano, with lava generated by a fracture between 2500 m a.s.l. and 1900
m a.s.l., near the 1809 fracture and pointing towards the town of Linguaglossa.

The CA parameters to be optimised (Table 1) were encoded into the GA genotype
as bit strings (8 bits were used for the encoding of each parameter), and populations
of 100 individuals were considered. Previous empirical attempts of simulation of the
same case-study, manually performed by iteratively assigning reasonable values to the
model parameters, helped in hypothesising the ranges [ai,bi] (i=1,2,…,8) within which
the values of the CA parameters Pi are allowed to vary. These ranges define the search
space S for the GA:

S = [a1,b1] × [a2,b2] × ⋅⋅⋅ × [a8,b8] = [30,120]×[1350,1400]×
×[1050,1200]×[1250,1340]×[0.1,1]×[7,15]×[1.1,3]×[10-17,10-13]

(9)

The adopted GA is a steady-state elitist model, as at each step only the worst indi-
viduals are replaced (in our case, the worst 32). The remaining (68) individuals re-
quired to form the new population, are copied from the old one, choosing the best. In
order to select the individuals to be reproduced, the “binary-tournament without re-
placement” selection operator was utilised. It consists of a series of “tournaments” in
which two individuals are selected at random, and the winner is chosen according to a
prefixed probability, which must be set greater for the fittest individual. In our case,
this probability is equal to 0.6. Moreover, as the variation without replacement was
adopted, the individuals cannot be selected more than once. Finally, employed genetic
operators are classic Holland’s crossover and mutation with probability of 0.8 and
1/64 (in order to have one bit mutated for each individual), respectively.

In general, in order to apply a simulation model for reliably predictive purposes,
calibration has to be performed by comparing simulations with actual case studies.
The choice of an appropriate fitness function is essential to evaluate the goodness of a
given simulation. In the present study, a fitness functions, e1, which simply compares
the extent of actual and simulated events (in terms of affected area) was considered.
Let R and S be the regions affected by the real and simulated event, respectively; let
m(A) denote the measure of the set A. The function e1 is defined as:

( )
( )SRm

SRm
e

∪
∩=1 (10)

Note that e1∈[0,1]. Its value is 0 if the real and simulated events are completely
disjoint, being m(R∩S)=0; it is 1 in case of perfect overlap, being m(R∩S)= m(R∪S).
Thus, the goal for the GA is to find a set of CA parameters that maximise e1.

4.3   Parallel Implementation and Experimental Results

Aiming to speed up experiments execution time, a Master-Slave GA [16] was applied
in a parallel computer environment: a processor (the master) executes the GA steps
(selection, population replacement, crossover and mutation), while several others (the
slaves) evaluate the individual’s fitness. D’Ambrosio et al. [17] obtained a linear
speed-up of the considered Master-Slave GA on a Beowulf Linux Cluster with 16 1.4
GHz Pentium 4 processors for the calibration of a CA model for debris flows simula-
tion. Linear speed-up permits to reduce execution time of a factor equal to the number
of processing nodes. In this work, calibration experiments were performed on a Linux
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Cluster composed by a master mono-processor node and 8 bi-processor slave nodes.
All processors are 3GHz Intel Xeon, with an overall 34 GB RAM memory, connected
by a GigaBit LAN Ethernet.

Fig. 2. Comparison between the real and the simulated 2002 Linguaglossa lava flow at Mt.
Etna. Key: 1) area affected by real lava flow; 2) area affected by simulated lava flow; 3) area
affected by both cases; 4) fractures of real lava flows; 5) SCIARA emission points

Four GA runs of 100 steps were carried out, each one with different initial popula-
tion. As a whole, the GA optimisation lasted less than 4 days (on a sequential ma-
chine, the same experiment would had lasted more than 2 months). The CA parame-
ters corresponding to the best-evolved individual, whose fitness value resulted in
e1=0.65, are: c=117.2 s, Tvent=1380.9 °K, Tsol=1074.7 °K, Tint=1302.6 °K, νvent=0.83 m,
νsol=7.03 m, νint=2.93 m, C=4.02⋅10-16 m°K-3. The related simulation is shown in Fig. 2.

5   Discussion

We proposed the application of a Master Slave GA to the calibration of the CA model
SCIARA for lava flows simulation, by considering the 2002 Linguaglossa (Sicily,
Italy) case study.

Results demonstrated GAs reliability and, consequently, the SCIARA efficacy in
the simulation of Etnean lava flows. From a qualitative point of view, the simulation
carried out by considering CA parameters corresponding to the best evolved individ-
ual, does not differ significantly from the real case. From a quantitative point of view,
the overlapping between the real and simulated event (in terms of e1) is significantly
greater than those previously obtained without applying GAs on the same case-study.

However, further improvements could be achieved. In fact, as shown in Fig. 2, real
lava emission points were generated by a fracture, while simulations were carried out
by considering only two lava vents. This could justify the limited overlapping be-
tween the real and simulated event near lava sources. Moreover, the adoption of a
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more reliable topographic map could sensibly improve the model calibration. Among
future developments, a thorough investigation of these problems will be addressed.
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Abstract. New software for distributed parallel computations is presented. It is
desired to be universal, easy-to-use, featureful and extensible workspace for
cellular automata studying and complicated scientific computations. The idea is
to represent each automaton by the set of components of four types (grid, da-
tum, metrics and rules). Either of types is to implement its own part of func-
tionality and combining allows to build different automata for arbitrary tasks.
Class of systems that could be modeled with the help of introduced project is
even wider than “cellular automata”. Project has rather long list of features and
abilities, which mark it out the set of existing software of this kind.

1   Introduction

Cellular automaton is specific parallel architecture [1–3]. So if it is wanted to get
some benefits from using it automaton is to be implemented on specialized hardware
platform (like CAM [1]) or, at least, with the help of particular software.

Multifunctional software environment for solving problems basing on cellular
automata will allow to use computers as an assembly for physical, chemical, biologi-
cal or other kinds of experiments (actually real specimens of such assemblies can be
very expensive) or as a tool for execution, visualization and analysis of parallel com-
putations.

Trying to use or reading descriptions of near 20 existing products for cellular
automata modeling (CAM Simulator, CAMEL, CANL, CAPow, CASim, CAT/CAR,
CDL, CDM/SLANG, CelLab, CELLAS/FUNDEF, Cellsim, Cellular/Cellang,
CEPROL, DDLab, HICAL, LCAU, Mirek’s Cellebration, SCARLET, WinCA)
showed that there are rather significant common shortcomings:
• Existing products put limitations on automata that can be modeled. Dimension of

the grid, possible cells neighborhood or amount of cells states are commonly pre-
defined. For example, for tasks of language recognition [4, 5] cells are to store
strings in cells. Only specialized programs, developed for definite tasks, allow this.
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• Majority of existing products do not support contemporary technologies like clus-
ter computations and multiprocessor computations. Such software just “simulate”
cellular automata but do not actually “use” them.

• Products have different languages (sometimes complicated) for cellular automata
description. So such languages increase amount of things that researcher have to
study before using software.

• Majority of existing products do not satisfy modern requirements to user interface
and do not use features that now are ordinary.
So, it was decided to develop software, which will keep from these shortcomings

in the following way (in the same order):
• No limitations to cellular automata that can be used. Actually the class of basic

abstractions is even wide then “cellular automaton”, because basic properties (lo-
cality of the rules, similarity of the system everywhere and assignment of new cells
states at the end of timestep) [1], can be, optionally, not satisfied.

• Support of distributed cluster computations (with ability of cluster arrangement via
Internet), computations on multiprocessor platform and also on personal computer
with single processor.

• Knowledge of C++ is to be enough for implementing arbitrary cellular experiment.
This can sound strange, because ability to use C++ can be thought to be too com-
plicated skill, but everybody who is going to create cluster and perform computa-
tions on it (with Globus [6], for example), is to be familiar with programming. It
has to be also possible to extend set of automata description languages (with the
help of C++ again).

• Handy user interface with the support of many useful features.
This project got name “Cellular Automata Modeling Environment & Library”,

“ CAME&L” abbreviated1.

2   CAME&L Software

CAME&L project is desired to be universal, easy-to-use, featureful and extensible
workspace for cellular automata studying and complicated scientific computations.

This software is developed for workstations with operating system from Windows
NT family. This can be considered among both, advantages and disadvantages, but
firstly there are much more good quality parallel computations products for
UNIX/Linux and secondly ideas of CAME&L are independent of operating system.

                                                          
1 By twist of fate, as was mentioned above, there is one more project called “CAMEL”. Its

authors are D. Talia and G. Spezzano. But in this case such abbreviation comes from “Cel-
lular Automata environMent for systEms modeLing”. The author learned about such awk-
ward coincidence after his project was already started and it was decided to keep similar
name. After small discussion with Mr. Talia, an ampersand appeared in the logo of intro-
duced project. Moreover, project of D. Talia and G. Spezzano was renamed to “CAMELOT”
(of course, it was not concerned with the appearing of CAME&L). So author wants to
take advantage and make excuses for the same name of two such different projects.
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Project source code, which is not related to user interface, is written in ANSI C++, so
it can be ported to Linux or another operating system.

Software consists of three main parts:
• Environment – application with rich and friendly user interface for researching

cellular automata (Fig. 1). Basic abstraction, in terms of which environment func-
tions, is “experiment” – computational task. Here “experiment” is synonym of
term “document”. Environment contains tools for computations control, studying
and analysis, cluster arrangement, workstations management and many others.

Fig. 1. Environments screenshot

• Cellular Automata Development Library (CADLib abbreviated) – C++ class li-
brary, which is designed to present an easy-to-use and rich set of instrument for re-
searchers. It is provided for reusing and enlarging for specific problems solving.
Library also contains useful functions, macrodefinitions and constants to make de-
velopment of, so named, “components” (next part of software) easier.

• Components – bricks, from which all experiments are built. In fact, any component
is a dynamic-link library, which contains functions and classes, developed with the
help of CADLib. Component is to provide definite part of cellular automatons
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functionality and necessary analysis. CADLib makes development of all formal,
common, non-specific functions of component trivial.
Now last two parts of software will be discussed in the reverse order. Features and

abilities of the firs part will be described in the features list afterwards.

3   Components

Components may be used in different combinations to add arbitrary functionality to
the experiment. There are five possible types of components: grids, metrics, datum,
rules and analyzers. Description of their functions follows:
• Grid – implements visualization of grid and cells navigation. It is not the same as

set G from cellular automatons formal definition [7], because it does not actually
store cells states. This component’s main task is drawing and interacting with user.

• Metrics – provides the relationship of neighborhood, coordinates for any cell and
distance function, which allows calculating remoteness between each pair of cells.
It is not actually set N (neighborhood) from cellular automatons formal definition
[7], but very similar. At least, it allows to retrieve elements from set N. This com-
ponent also provides abilities, which do not refer this set. Implementation of met-
rics as a separate component (not providing grid or datum components with func-
tions, implemented by metrics) allows, for example, to use non-standard coordi-
nates systems, like generalized coordinates [7].

• Datum – maintains cells states storage, exchange and some aspects of data visuali-
zation (namely it provides accordance between cells state and color, which is to be
used for its displaying). So this component unites functions of sets G (grid) and Z
(set of possible states) from cellular automatons formal definition [7].

• Rules – fully describes computations and controls the iteration. In the introduced
project “rules” and “transition function” are not synonyms. This component de-
fines the method of parallelization, method of computations optimization (if used)
and, possibly, many other aspects and transition function. But single rules compo-
nent may represent a parser of language for transition functions description (like
CARPET [8], for example) and work with arbitrary transition functions (not with
only one). However, from the opposite side, it would be better (but not necessary)
to implement different rules components for various computational platforms
(cluster variant, multiprocessor variant and variant for single processor). This
component also allows
o to handle experiments starting;
o to determine and handle experiments finishing;
o to define special tools for checking or changing something in the experiment;
o to define important experiments properties for further studying with analyzer

components (see bellow).
• Analyzer – allows to keep an eye on definite properties of the experiment, draw

graphs, create reports, monitor values and all of this kind. For example on Fig. 1
there are tree analyzers, which allow researcher to track important automatons pa-
rameter. First displays graph of the amount of “alive cells” in Conway’s game of
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Life. This value was announced in rules component as analyzable parameter and
can be studied while experimenting. Second is simple monitor of the current value
of the same parameter. Third is graph of systems performance: the time, required
for each iteration, in milliseconds. This is standard analyzer, which is available al-
ways, for any experiment.
First three components totally define the cellular automaton without the task it is to

solve. Absence of the definition of transition function allows to name it “function-
less”. Nevertheless these three components are enough to begin working with
automaton, using the environment.

Addition of fourth component to the union of first three components will form
cellular automaton that can took part in the experiment. Usage of analyzers is, obvi-
ously, optional.

Only one component of each of first four types can participate in the experiment,
but unlimited amount of analyzers can be used.

Each component has special user interface: set of available parameters, which al-
lows tuning the component for corresponding task or for accordance to users aesthetic
predilection.

It could be seen on Fig. 1 that each document inside the environment is viewed in
window, which is divided in two parts: right – for grids visualization and left – for
displaying the tree of installed components with their parameters (analyzers are not
listed here, there is another way for their addition to the experiment). Selected com-
ponents are marked with small circle before its name.

Of course, each component is to work in tandem with some components (not
alone). But it cannot be compatible with all developed components. So components
are to describe their properties and properties of components, they are able to cooper-
ate with. For description of these properties special language of logical expressions is
used.

Components compatibility is visualized on tree of installed components. All com-
ponents, that are compatible with already selected, are shown with bold font.

Information about component, about its parameters and also about properties,
which it “realizes” and “requires”, can be viewed with components manager (Fig. 2),
tool for installing and removing components. This tool is built in the environment.

4   Cellular Automata Development Library

In the ideology of CADLib terms “user”, “developer” and “researcher” become iden-
tical.

Main purpose of this library is to provide basic classes for all types of components
and to make components development as easy, agile and obvious as possible.

Class hierarchy chart of the library is shown on Fig. 3. Boxes with dotted boundary
lines show class templates. Boxes, which are filled with gray color, correspond to
classes of components, which are provided with the environment. They are not actu-
ally members of CADLib, but their place in the hierarchy is to be shown and under-
stood.
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Fig. 2. Components manager screenshot

Basic class of all components is called CAComponent. Its descendants CAGrid,
CAMetrics, CADatum, CARules and CAAnalyzer are basic classes for five
mentioned types of components. Some of these classes also have descendants for
developing more specialized components.

For example, development of user datum component, which supports specialized
data type, may result in several lines of code with the help of templates CABasic-
CrtsData and CABasicGenData. Creation of new analyzer is also quite simple.
Writing of user rules is also not complicated and became obvious because of variety
of sample rules components. In most cases there is a need to change only several lines
of code in the source code of the examples to get rules for user cellular automaton.

Development of new grids and metrics are the most difficult cases. These compo-
nents are too universal and their behavior is unsuspected for CADLib so it could not
help user anyhow. However the fact is that the need of new components of any type,
except rules, will rise rarely.

Besides components classes, CADLib also contains parameter classes. Parameters
are actually values of some type. These classes are used for implementing compo-
nents user interface (not the appearance, but the points of tuning).

Querying of parameters values is performed with the help of special dialogs.
Classes, which implement these dialogs, are also included in the library. These classes
(CDlg’s descendants) are only CADLib members, which are not ANSI C++ classes,
because they contain user interface implementation2.

There are some more classes in CADLib, but their overview is outside the exami-
nation.

As was mentioned above, each component is to be represented by dynamic-link li-
brary. Component’s library is to contain four objects:
• Component’s class implementation.
• Creation function, which is used for components initiation.
                                                          
2 These classes have members of MFC (Microsoft Foundation Classes) library as ancestors.
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• Destruction function, which is used for components annihilation.
• Authentication function, which is used to determine
o if library really contains CAME&L component;
o type of the component (it was decided not to use RTTI [9] at all);
o version of framework, for which component was developed.
CADLib gives macrodefinitions, which allows to add last three functions to the li-

brary with three small lines of code.

5   Features of CAME&L Project

Most significant features, which advantageously distinguish CAME&L from other
project, developed for similar problems, listed below. It is impossible to separate
environment’s features from library’s ar component’s, so they will be enumerated as
mixture:

• There are no limitations on cellular automata, which can be used. The fact that
each automaton is represented by the set of components allows to develop arbi-
trary system. It is possible even to overcome basic properties of cellular automata
[1, 7]. In addition, each component can be tuned using parameters. Important
note is that the main accent of CAME&L was made to the universality (lattice
gas, language recognition, phase unwrapping everything is possible). It is the
main tendency in software developing now: it is possible to loose a little bit in the
performance, but do not constrict the spectrum abilities (the popularity of pro-
gramming language Java is the best proof of last words).

• Environment represents multi-document interface and provides ability to imple-
ment interactions between cellular automata. This may be useful, for example,
when solving tasks of modeling crystals with some dissemination. In this case the
dissemination can be realized with one automaton (if it is needed) and the rest of
crystal – with another automaton. Automata interact to determine what to do on
the boundary of the dissemination.

• It is possible to perform parallel computations on multiprocessor computers and
on clusters.

• Roles of workstations involved in computational cluster can be totally controlled,
user may describe parallelization and distribution of the task. Cluster can also in-
volve workstations via Internet.

• Software uses novel specialized fast, reliable and featureful networking protocol
for parallel cluster computing, Commands Transfer Protocol (CTP) [10, 11]. So
project does not use MPI, PVM or any other standard library for these purposes.
Necessary functionality is built in the protocol.
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Fig. 3. CADLib class hierarchy chart
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• Important fact about whole CAME&L project is that there is now dark, unclear
“key points”. Exterior developers wrote no crucial parts of source code3.

• Environment has handy user interface that supports, for example
undo-redo functionality;
clipboard operations;
rich set of printing functions;
picture storing functions (for illustrating papers);
many other functions.

• Environment stores data in XML format (CML files), which is advantageous for
information exchange. Cells states data may be, optionally, compressed inside
CML file using BZip2 algorithm. This ability decreases files size in thousands
times.

• Environment has rich toolkit to control, study and analyze the experiment.
• There is an ability to build graphs of computations performance, so it is possible to

tune the system to the optimal throughput.
• Implementation of metrics as a separate automatons component allows, for exam-

ple, to use non-standard coordinates systems, like generalized coordinates [7].
• Software is provided with a lot of examples of different components, which can be

used for users tasks solving or as a basis of new users components.
So, here is the list of main abilities of the project. Some other existing environ-

ments for cellular computations possess some of them, but the majority is novel. The
idea to assemble all these features inside one project provoked CAME&L to ap-
pear.

The development and testing of this project is now in progress, but it is planed to
publish the release rather soon. The best ways to learn more about current state of the
project or to get this software are
• to contact the author (e-mail and address were given in the beginning of the paper);
• to visit http://camel.ifmo.ru.

References

1. Toffoli, T., Margolus, N.: Cellular Automata Machines. Mir (World), Moscow (1991)
2. Sarkar, P.: A Brief History of Cellular Automata // ACM Computing Surveys, Vol. 32.

N1. (2000)
3. Von Neumann, J.: Theory of Self-Reproducing Automata. University of Illinois Press

(1966)
4. Worsch, T.: Linear Time Language Recognition on Cellular Automata with Restricted

Communication // Tech. Report 25/98 of the Department of Informatics, University of
Karlsruhe (1998)

                                                          
3 Only several graphical user interface open source components were taken over. References

could be found.



744        L. Naumov

5. Buchholtz, T., Klein, A., Kutrib, M., Real-Time Language Recognition by Alternating
Cellular Automata // IFIG Research Report 9904 (1999)

6. Foster, I., Kesselman, C.: Globus: A Metacomputing Infrastructure Toolkit (2002)
7. Naumov, L.: Generalized Coordinates for Cellular Automata Grids // Computational Sci-

ence – ICCS 2003. Part 2. Springer-Verlag. (2003)
8. Spezzano, G., Talia, D., Designing Parallel Models of Soil Contamination by the

CARPET Language (1998)
9. Stroustrup, B., The C++ Programming Language. Addison-Wesley Publishing Company

(1991)
10. Naumov, L., Commands Transfer Protocol – Networking Protocol for Cluster Computa-

tions, in preparation (2004)
11. Naumov, L., Commands Transfer Protocol – New Networking Protocol for Distributed

and Parallel Computations 
//http://www.codeproject.com/internet/ctp.asp (2004)



SAT-Based Analysis of Cellular Automata

Massimo D’Antonio and Giorgio Delzanno

Dipartimento di Informatica e Scienze dell’Informazione
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Abstract. In the last decade there has been a dramatic speed-up for
algorithms solving the Satisfiability (SAT) problem for propositional for-
mulas, a well known NP-complete problem. In this paper we will investi-
gate the applicability of modern SAT solvers to the qualitative analysis
of Cellular Automata. For this purpose we have defined an encoding of
the evolution of Cellular Automata into formulas in propositional logic.
The resulting formula can be used to test forward and inverse reacha-
bility problems for the original Cellular Automata in a modular way. In
the paper we will report on experimental results obtained by applying
the SAT-solver zChaff to reachability problems for classical examples of
Cellular Automata like the Firing Squad Synchronization Problem.

1 Introduction

Several tools have been used to animate specifications of Cellular Automata
(CAs) e.g., for traffic and artificial life processes simulation (for a survey, see
e.g., [15]). Simulation amounts to compute all configurations reachable from an
initial one, a simple problem for a deterministic CA. Differently from plain sim-
ulation, a qualitative analysis of the behavior of a CA can be a hard problem
to solve. Problems like reachability of a subconfiguration or existence of a pre-
decessor configuration have been shown to be exponentially hard in the worst
case [4,13,14]. In recent years practical solutions to large instances of known NP-
complete problems like Satisfiability (SAT) of propositional formulas have been
made possible by the application of specialized search algorithms and pruning
heuristics. Since 1991 the problems solvable by SAT solvers have grown from 100
to 10,000 variables. On the basis of these results, researchers from various com-
munities have started encoding real-world problems into SAT. This has lead to
breakthroughs in planning and model-checking of hardware circuits [1]. The con-
nection between the complexity of some interesting problems for CAs and SAT
(see e.g. [4]) suggests us a possible new application of all these technologies.

In this paper we will investigate the applicability of SAT solvers to the
qualitative analysis of CAs. Specifically, following the Bounded Model Checking
(BMC) paradigm introduced in [1], we will define a polynomial time encoding
of a bounded number of evolution steps of a CA into a formula in propositional
logic. Our encoding allows us to specify in a declarative and modular way sev-
eral decision problems for CAs like forward and backward (inverse) reachability

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 745–754, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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as a satisfiability problem. As a conceptual contribution, we obtain an effective
method for the analysis of CAs in which we can plug in SAT modern solvers
like [5,6,11,9]. As a preliminary experiment, we have studied several reachability
problems for Mazoyer’s solution to the Firing Squad Synchronization Problem
[7]. In this example the length of the evolution (the diameter of the model in
the terminology of BMC) leading to a successful final configuration depends on
the dimension of the cellular space. For this reason, this problem is adequate
to check qualitative problems that can be encoded as bounded reachability, e.g.,
checking if the final solution is the correct one, computing predecessor configura-
tions, computing alternative initial configurations leading to the same solution,
etc. We will use this case-study to test the performance of zChaff [9]. zChaff can
handle problems with up to 106 propositional variables. In our setting zChaff
returns interesting results for problems of reasonable size (e.g. cellular spaces
with 70 cells and evolution of 140 steps). Some built-in heuristics of zChaff how-
ever turned out to be inadequate for CA-problems like inverse reachability. We
believe that specialization of SAT-solving algorithms to problems formulated on
CAs could be an interesting future direction of research.

Plan of the Paper. In Section 2 we will give some preliminary notions on Cellular
Automata and the SAT problem. In Sections 3 and 4 we will define an encoding
of the evolution of a CA and of its qualitative problems into a SAT formula. In
Section 5 we will discuss experimental results obtained by using the SAT solver
zChaff. In Section 6 we will discuss related works and future directions of our
research.

2 Preliminaries

Cellular Automata. A d-CA A is a tuple 〈d, S,N, δ〉, where d ∈ N is the
dimension of the cellular space (Zd); S is the finite set of states of A; N ⊆ Z

d is
the neighborhood of A, with cardinality n; δ : Sn+1 → S is the transition rule
of A. The definition of δ takes into account the cell and its neighborhood. A
configuration is defined as a function c : Z

d → S that assigns a state to each cell
of the cellular space. We will use C to denote the set of configurations. The global
evolution function GA associated to A is a transformation from configurations
to configurations such that

GA(c)(i) = δ(〈c(i), c(i + v1), ..., c(i + vn)〉) for any c ∈ C, i ∈ Z
d.

Given an initial configuration c0, the evolution of A, written EvA(c0), is a se-
quence {ct}t≥0 of configurations such that ct+1 = GA(ct) for any t ≥ 0. A
configuration c′ is reachable in k steps from configuration c0 if there exists an
evolution {ct}t≥0 such that c′ = ck. A configuration c′ is reachable from c0 if it
is reachable in k ≥ 0 steps.

The Satisfiability Problem. The Satisfiability problem (SAT) is a decision
problem considered in complexity theory. An instance of the problem is defined
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by a Boolean expression written using only the connectives ∧ (and), ∨ (or), ¬
(not), and propositional variables. The question is: given the expression, is there
some assignment of true and false values to the variables that will make the
entire expression true? In mathematics, a formula of propositional logic is said
to be satisfiable if truth-values can be assigned to its free variables in a way that
makes the formula true. The class of satisfiable propositional formulae is NP-
complete, as is that of its variant 3-Satisfiability (3SAT). This means that the
best known algorithm that solves this problem has worst case exponential time
complexity unless the complexity class P is equal to NP. Other variants, such as
2-Satisfiability and Horn-satisfiability, can be solved by efficient algorithms.

Qualitative Analysis of CAs. Several decision problems related to the com-
putational interpretation of the evolution of CAs are hard or impossible to solve.
The hardest problems are often related to the inverse exploration of the config-
uration space of a CA. This because configurations might have a branching past.
For instance, the Predecessor Existence Problem

(PEP) Given a d-CA A and x ∈ C, ∃y ∈ C such that x = GA(y)?

is NP-complete for d-CAs with d > 1 (see [12]). The proof of NP-completeness
can be given via a reduction from 3SAT. In this paper we are interested however
in the inverse reduction (i.e. from CA to SAT), our goal being the definition of
an effective method for the analysis of CAs.

3 From Cellular Automata to Propositional Logic

In this section we will describe how to represent a finite number of evolution
steps of a CA in propositional logic. The resulting formula will be used later to
specify several different qualitative analyses of a CA.

Configurations. Given a CA A, we first represent its set of states S =
{s1, . . . , sn} using a binary encoding over m = (log2n) bits of a given choice
of ordering numbers. Let us call S′ = {w1, . . . , wn} be the resulting set of bi-
nary representations, where each wi ∈ {0, 1}m (sequence of m bits). Every state
represented in binary can be naturally encoded as a propositional formula as
follows. Let � be a label and w a sequence of m bits b1 . . . bm. Furthermore,
let . be an operator for concatenating labels. Then, we define the formula en-
coding as follows:

Codw(w, �) .=
m∧

i=1

Codb(bi, i.�) where Codb(b, �)
.=
{
x� if b = 1
¬x� if b = 0

Let us assume that the cellular space is linearized into the range 1, . . . , N . Then,
a configuration is simply a tuple c = 〈〈1, w′

1〉, . . . , 〈N,w′
N 〉〉, where w′

i ∈ S′.
The encoding of c at instant t is defined then as follows:

Codc(c, t)
.= Codw(w′

1, 1.t) ∧ . . . ∧ Codw(w′
N , N.t)
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Thus, Codc(c, t) gives rise to a conjunction of literals over the set of predicate
symbols xb.p.t where b ∈ {1, . . . ,m}, p ∈ {1, . . . , N}.

Transition Rules. A CA local rule is usually given in form of a table: each row
is a transition rule for a generic cell in function of its state and one possible global
state of the neighborhood. Let us call Rp the set of rows of the table relative
to a cell in position p. Let us assume that the neighborhood is v1, . . . , vn. Let
R ∈ Rp be a rule that, at time t, operates on the neighborhood of a cell p, namely
〈〈p, w〉, 〈p+ v1, w1〉, . . . , 〈p+ vn, wn〉〉, and that updates its state into w′. Then,
the encoding of R is the formula

Codr(R, p, t)
.= Codw(w, p.t) ∧

n∧
i=1

Codw(wi, (p+ vi).t) ∧ Codw(w′, p.(t+ 1))

We can extend this encoding to Rp in the natural way:

CodR(Rp, t)
.=

∨
R∈Rp

Codr(R, p, t)

Using this disjunctive formula we can express one evolution step without having
to specify the initial configuration (we let open all possible choices of rules in
Rp).

CA-Evolution. Specifically, the formula EvA(N, k) that describes all possible
evolutions in k steps of a CA with N cells is defined as follows

EvA(N, k) .=
k−1∧
t=0

N∧
i=1

CodR(Ri, t)

The following properties formalize the connection between the evolution of a CA
and the formula EvA(N, k).

Proposition 1. Given a CA A, every assignment ρ that satisfies the proposi-
tional formula EvA(N, k) represents a possible evolution {ct}t≥0 of A such that
ρ satisfies Cod(ct, t) for any t ≥ 0.

As a consequence, we have the following link between k-reachability and satisfi-
ability of EvA(N, k).

Theorem 1. Given a CA A and two configurations c and c′, c′ is reachable in
k-steps from c if and only if the formula

REACHk
.= Codc(c, 0) ∧ EvA(N, k) ∧ Codc(c′, k) (1)

is satisfiable.

As a final remark, it is easy to check that the size of the encoding is polynomial
in the size of the cellular space, size of the neighborhood and in the number of
steps taken into consideration.
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4 SAT-Based Qualitative Reasoning

The formula EvA(N, k) represents an encoding of all possible CA-evolutions of
length k independently from any initial or target configuration. This property
allows us to encode in a modular way several interesting properties of CAs in
terms of satisfiability of a propositional formula. In the rest of the section we
will discuss some examples.
Reachability. By solving of the formula (1) we can decide whether c′ is reach-
able in k-steps from c. To compute all configurations reachable in at most k-steps
we first solve the satisfiability problem for the formula

CREACHk
.= Codc(c, 0) ∧ EvA(N, k)

and then extract the configurations ct for 0 ≤ t ≤ k from the resulting satisfying
assignment ρ.

(C)REACHk can be refined in order to be satisfiable only if the evolution is
acyclic, i.e. the assignment to predicates at time t is distinct from all assignments
at time t′ < t for any pair of values of t and t′ between 0 and k. Thus, for finite
CA we can explore all the reachable configurations by iterative deepening on k
until the acyclicity test fails.
Inverse Reachability With our encoding it’s easy to encode the inverse reach-
ability problems in terms of reachability. For instance, given a (sub)configuration
c and a configuration c′, we can decide whether c′ is a predecessor in k-steps of
c by solving the satisfiability problem for the formula

PREPk
.= Codc(c′, 0) ∧ EvA(N, k) ∧ Codc(c, k)

So we can find a solution for the Predecessor Existence Problem (PEP) solving
the formula PREP1. Finally, as for forward reachability, we can also compute
a possible trace in the CA-evolution (and the corresponding initial state) of k
steps that leads to an encoded configuration c at time k. We first solve the
satisfiability problem for the formula

IREACHk
.= EvA(N, k) ∧ Codc(c, k)

and then extract the configurations ct for 0 ≤ t ≤ k from the resulting satisfying
assignment ρ. In order to find the set of all predecessors of a configuration
c we can use the following procedure: (1) set F to IREACH1; (2) solve the
satisfiability problem for the formula F (that gives us as a result one possible
predecessor); (3) if the problem is unsatisfiable exit the procedure, otherwise
(4) extract the formula G corresponding to the computed predecessor, set F to
F ∧ ¬G and go back to (2).

4.1 Goal-Driven SAT-Encoding

Inverse reachability is the more difficult problem among the one listed in the
previous section. This is due to the non-determinism in the computation of the
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preimage of a given configuration. To reduce the complexity of the SAT-solving
procedure we can try to reduce the size of the SAT-formula encoding the CA-
evolution and specialize it to the goal we are looking for. For example we can
apply a version of the cone of influence introduced in [1] to statically compute
the set of variables that influence the evolution of a cell, if we want to study its
final or initial state. To limit the number of variables in the SAT-formula, we can
also exploit the fact that boundary cells never change state. Thus, we only need
to encode boundary cells at time zero and refer to this encoding in every step of
the construction of the SAT-formula. This optimization preserves the correctness
of the encoding. In the following section we will discuss a practical evaluation of
the proposed SAT-based methodology and related heuristics/optimizations.

5 Experimental Results

In order to test the effectiveness of the SAT-based analysis we have performed
several experiments using the SAT-solver zChaff [9]. The input for zChaff is
a CNF-formula written in DIMACS format. By using the structure-preserving
algorithm of [10], we have built a front end to put the formula resulting from the
encoding of a CA-evolution in CNF. The algorithm makes use of a polynomial
number of auxiliary variables (one per each row of a CA-table). All experiments
are performed on a Pentium4 2 GHz, with 1GB of RAM.

5.1 Tested Example

As main example we have considered a solution to the Firing Squad Synchro-
nization Problem (FSSP). Mazoyer [7] has given a six-state (plus a cell for the
boundary of the cellular space) minimal time solution defined via 120 interesting
rows.

5.2 Tested Properties

In Table 1 we illustrate the type of reachability properties we have tested on
FSSP. Specifically, we have considered reachability problems in which either the
initial and final configuration are completely encoded or part of them are left
unconstrained. For instance, I−n + F denotes a reachability problem in which
n cells of the initial configuration are left unconstrained (i.e. we considered a
subconfiguration of the initial configuration); F denotes a problem in which only
the final state is encoded. The properties nF+B and F+B+nL listed in Table 1
are related to special tricks we used to exploit an heuristic called VSIDS of zChaff
[9]. The heuristic VSIDS is used to choose a starting variable for the resolution
algorithm between those that appear most frequently in the formula. In order to
force the SAT-solver to choose the variables that encode a certain configuration,
we can either put n-copies of this encoding (like properties nF + B) or put n-
copies of the step of the formula representing the evolution that contains these
variables (like property F +B+nL). This way when computing predecessors of
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Table 1. List of reachability properties considered in the experiments.

Added to EvA Description
I Initial configuration (i.e. CREACH).
I−n Initial subconfiguration in which n cells are unconstrained.
F Final configuration (i.e. IREACH)
F 1 One cell of the final configuration.
I + F Initial and final configuration (i.e. REACH).
F + B Final configuration and boundary cells.
I−n + F Initial configuration without n cells and a final configuration.
F 1 + B Only one cell of the final configuration and boundary cells
nF + B Final configuration with n-copies of formula F .
F + B + nL F + B and n-copies of the last step of the evolution formula.

a configuration we force the SAT-solver to choose the variables that encode the
final configuration, i.e., those with the smaller number of occurrences in EvA

but with trivial truth assignment.

5.3 Experimental Evaluation

All the experiments require a preliminary compilation phase in which the SAT-
formula is built up starting from a CA rule table. The time required for the
biggest example is around 20 minutes due to the huge size of the resulting out-
put. In the following we will focus however on the performance of the solver on
SAT-formula of different size and on properties taken from Table 1.

I+F and I−n +F Properties [Table 2]. For this kind of problems, the size of
the formulas that zChaff manages to solve scales up smoothly to formulas with
one million variables. We considered then problems of the form I−n + F . Since
there might be several initial states (legal or illegal) containing the subconfig-
uration I−n and leading to the same final state F , the resulting SAT problem
becomes more difficult. As expected, on this new kind of problems the perfor-
mance of zChaff decreases with the number of cells n removed from I.

I and I−n Properties [Table 3]. In a second series of experiments we have
tested I-like properties that can be used to compute reachable states. Unexpect-
edly, the behavior of zChaff is quite irregular with respect to the growth of the
size of the SAT formulas. The average of the execution times tends to grow ex-
ponentially with the number of cells removed from the initial configuration until
the problem becomes trivial (i.e. when we do not have neither I nor F ). Other
examples we tested in [2] did not suffer from this anomaly.

F Properties [Table 4]. In the third series of experiments we have consid-
ered different types of F -like properties that can be used to compute predecessor
configurations, one configuration by step, of a given final configuration. This
is a hard problem in general. As expected, we had to reduce the size of the
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Table 2. Experiments on I + F -like problems.

Problem #Cells #Steps Input(MB) #Vars #Clauses ExTime
I + F 15 28 12.18 51708 655713 3s
I + F 29 56 51.76 199842 2535241 13s
I + F 40 78 101.8 383883 4870563 25s
I + F 50 98 165.57 602853 7649203 39s
I + F 70 138 340.21 1118393 15079683 1m 22s
I−1 + F 15 28 12.18 51708 655710 3s
I−2 + F 15 28 12.18 51708 655707 69s
I−3 + F 15 28 12.18 51708 655704 65s
I−4 + F 15 28 12.18 51708 655701 30m53s

Table 3. Experiments on I and I−n problems.

Problem #Cells #Steps Input(MB) #Vars #Clauses ExTime
I 15 28 12.18 51708 655668 3s
I 29 56 51.76 199842 2535154 13s
I 50 98 165.57 602853 7649053 40s
I 70 138 340.21 1118393 15079473 1m 06s
I−1 15 28 12.18 51708 655665 3s
I−2 15 28 12.18 51708 655662 7m 21s
I−3 15 28 12.18 51708 655659 4s
I−4 15 28 12.18 51708 655656 10s
I−5 15 28 12.18 51708 655653 3m 22s
I−7 15 28 12.18 51708 655647 35m 36s

SAT-formulas in order to get reasonable execution times. For a cellular space of
dimension 10 it takes about 9m to solve the problem F . Adding a constraint on
the boundary cells, i.e. property F +B, we dramatically decrease the execution
time (2m). The execution time further improves when forcing zChaff to select
the variables occurring in F with the trick discussed at the beginning of this sec-
tion. Specifically, when duplicating the last step of the formula EvA zChaff takes
35s to solve the same problem Similar results are obtained by simply copying F
10 times in the input formula given to zChaff. Tuning the heuristics might be
difficult (without modifying the code of zChaff) as shown by further experiments
(like 400F +B) where the performance gets worse again.

F 1 Properties [Table 5]. In order to study the effectiveness of the cone of
influence reduction we have also considered F 1 + B properties. The use of this
reduction alone does not improve much the execution time. However, when cou-
pled with the n-copy of the last step of EvA (to force the selection of variables
in F ) then it seems to work (see F 1 +B+ 10L with and without C.o.I. in Table
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Table 4. Experiments on F -like problems.

Problem #Cells #Steps Input(MB) #Vars #Clauses ExTime
F 10 18 5 22173 281010 9m 40s
F + B 10 18 5 22173 281013 2m 27s
F + B + 2L 10 18 5 22173 296623 35s
10F + B 10 18 5 22173 281043 39s
400F + B 10 18 5 22173 292983 1m 50s

Table 5. Experiments on F 1-like problems.

C.o.I.=Reduction of the SAT-formula via the Cone of Influence

Problem C.o.I. #Cells #Steps Input(MB) #Vars #Clauses ExTime
F 1 + B 10 18 5 22173 280987 1m 48s
F 1 + B

√
10 18 4 16773 241961 1m 59s

F 1 + B + 10L 10 18 5 22173 296605 2m 05s
F 1 + B + 10L

√
10 18 4 16773 257561 1m 40s

F 1 + B + 30L 10 18 5 22173 330962 54s
F 1 + B + 30L

√
10 18 4 16773 288791 59s

100F 1 + B 10 18 4 22173 281283 2m20s
100F 1 + B

√
10 18 4 16773 241961 2m

5). Copying the formula F does not seem to work well in this examples. Again
tuning the parameters used in heuristic like the number of copies n in . . .+ nL
might be difficult by simply using zChaff as a black box.

5.4 Other Examples

In another series of experiments we have randomly generated a 1-CA with 4096
table rows (16 states and nearest-neighbor) and tested on it I-properties of
increasing size. The aim here was to reach the limit of zChaff w.r.t. number
of variables and clauses generated by the encoding on an easy problem. zChaff
gets in trouble when the formula has more than one million variables and about
20 millions of clauses (15 cells, 20 steps), while it can handle problems with 17
millions clauses (15 cells, 17 steps) and 1 million of variables. This kind of analysis
can be useful to evaluate the size of CAs we can handle with non-specialized SAT
solvers.

6 Conclusions and Related Work

Although several CAs programming and simulation tools have been developed
(see e.g. the survey of [15]), we are not aware of general frameworks for perform-
ing qualitative analysis of CAs automatically. In this paper we have proposed
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a SAT-based methodology for attacking this problem. One of the advantages of
the proposed method is that, once the encoding of the CA-evolution has been
computed, several different reachability problems can be formulated as simple
propositional queries to a SAT-solver. The formula encoding the evolution can
then be reused in a modular way. Hard problems like inverse reachability can be
attacked then by using modern SAT-solvers like zChaff that seems to perform
well on problems with millions of variables and clauses. Although this seems a
new approach for checking properties of CAs, SAT technology is widely used for
computer aided verification of hardware and software design [1]. In our prelimi-
nary experiments we have obtained interesting results for CAs of reasonable size
(e.g. 70 cells, 140 steps, 120 rule rows). We believe that it might be possible to
manage larger problems by a specialization of the SAT-solving algorithm (and,
especially, of its heuristics) that could benefit from structural properties of CAs.
This might be an interesting future direction for our research.
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Abstract. The kernel theory drawn from the work on learning machines
is applied to the Hopfield neural network. This provides a new insight into
the workings of the neural network as associative memory. The kernel
“trick” defines an embedding of memory patterns into (higher or infinite
dimensional) memory feature vectors and the training of the network is
carried out in this feature space. The generalization of the network by
using the kernel theory improves its performance in three aspects. First,
an adequate kernel selection enables the satisfaction of the condition
that any set of memory patterns be attractors of the network dynamics.
Second, the basins of attraction of the memory patterns are enhanced im-
proving the recall capacity. Third, since the memory patterns are mapped
into a higher dimensional feature space the memory capacity density is
effectively increased. These aspects are experimentally demonstrated on
sets of random memory patterns.

1 Introduction

The Hopfield neural net (HNN) [1] is one of the most profusely studied neural
network models [2,3]. Research interest has mainly been focused on properties of
the network when implementing autoassociative content addressable memories.
Issues like the capacity of the network, its learning rules and learning dynamics
as well as the dynamics of pattern retrieval have been exhaustively studied [4,
5,6,7,8,9,10]. This solid theoretic background together with its characteristics
of emergent computation machine makes this model a very attractive object of
study. The purpose of this paper is to present a new insight on the workings of
this neural model with the application of the theory of Mercer kernels [11].

The Hopfield neural model consists on a network of N two state (Si = ±1)
neurons or processing units fully connected to each other through synaptic
weights wij . It conforms a dynamical system that evolves in discrete time ac-
cording to a relaxation dynamics. When used as an autoassociative memory it
is able to retrieve a previously learnt memory pattern from an example which is
similar to, or a noisy version of one of the memories. A pattern is represented
in the network by associating each of its components to one of the processing
units of the HNN. Memory recall proceeds by initially clamping the neurons to
a starting pattern S(t = 0). Then allowing the state of the network to evolve
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in time according to the dynamical rule towards the nearest attractor state, a
fix point of the dynamics. In consequence for the network to perform properly
as an autoassociative memory, the activity pattern of the attractor state must
correspond to a memory pattern. When this is the case it is said that S(t = 0)
lies in the basin of attraction of the corresponding memory pattern. Hence the
purpose of a learning algorithm for the HNN is to find a synaptic weight matrix
wij such that given p memory patterns, they become fixed points of the dynam-
ics and that patterns resulting from small deviations of the memories be in their
basin of attraction.

Large basins of attraction imply that the output activity of the processing
units must be robust against deviations of the inputs from the memory patterns
used in training. This is accounted for in the network by training the processing
units so as to maximize a stability operative criterion. The Adatron learning rule,
a perceptron like algorithm proposed in the statistical mechanics literature [7],
implements this maximum stability criterion. Hence learning in a HNN reduces
to the training of the N processing units with the Adatron algorithm so that
each one of them attain the maximum stability condition. It is noteworthy that
the procedure is fully local, each processing unit is trained individually and the
applied learning rule only depends on local information to the processing unit.
Recently [12] the Adatron algorithm has been generalized with the incorporation
of the kernel trick. In this way the implementation simplicity of the Adatron is
enhanced with the capability of working in a high dimensional nonlinear feature
space. The result is that each processing unit becomes a kernel machine with
maximum stability in a feature space. This is equivalent to a nonlinear stability
condition in input memory space.

The basic idea behind kernel machines is that under certain conditions the
kernel function can be interpreted as an inner product in a high dimensional
Hilbert space (feature space). This idea commonly known as the ”kernel trick”
has been used extensively in generating non-linear versions of conventional lin-
ear supervised and unsupervised learning algorithms [11]. In the present case,
the application of this procedure to the HNN defines an embedding of memory
patterns into (higher or infinite dimensional) memory feature vectors allowing
the training of the network to be carried out in the feature space. We refer to
this enhanced neural model as kernel-HNN. The result is that the performance
of the network is improved in three aspects. First, the condition that any set
of memory patterns be attractors of the network dynamics can be readily met
by the selection of an adequate kernel. Second, since the training procedure
produces optimal stability conditions on the processing units, the basins of at-
traction of the memory patterns are increased improving the capacity of recall of
the network. Third, the fact that the memory patterns are mapped into a higher
dimensional feature space effectively enlarges the memory capacity density.

Experimental simulation runs on a kernel-HNN trained with a set of uncor-
related random memory patterns for different memory loads and several kernel
functions are carried out. The experimental results show a significant perfor-
mance gain in the pattern retrieval dynamics with respect to the linear HNN
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model. Qualitative measures of the increase of the basins of attraction are re-
ported. The organization of the paper is as follows: in section 2 an introduction
to the the formalism of the HNN model is presented; in section 3, the Ker-
nel extension of the Adatron learning algorithm is described and in section 4
the kernel-HNN model introduced; in section 5 the experiments and results are
discussed and, in section 6, the conclusions are presented.

2 The Hopfield Associative Memory Network

The HNN consists on a network of N two state (Si = ±1) processing units
fully connected to each other through a matrix of synaptic weights wij , with
no self coupling (wii = 0). The exclusion of the self coupling terms enlarge the
basins of attraction [9]. The dynamics of such a system is taken to be a simple
zero-temperature Monte Carlo process

Si(t+ 1) = sign(
∑

j

wijSj(t)) = sign (〈wi · S(t)〉) (1)

where S(t) is the vector of activities of network at time t, wi the weight vector
of the ith processing unit and the brackets denotes dot product. The update of
the network can be performed either asynchronously or in parallel.

It is interesting to note that the HNN model shows several conceptual sim-
ilarities with Cellular Automata (CA) models. The HNN model implements a
sort of learning binary CA with a fully extended neighborhood. The synaptic
weight matrix, ”learned”, in the present case, from the memory patterns define
the transition rule in (1). The resulting dynamics of the model show much of
the emergent behavior evident in CA models.

The configuration of synaptic weights is adjusted by a learning algorithm
such that, the given p memory patterns

Y ν = (yν
1 , . . . , y

ν
N )T , yν

i = ±1, ν = 1, . . . , p (2)

become locally stable fix points of the dynamics. That is, the set of inequalities

yν
i h

ν
i = yν

i

∑
j

wij y
ν
j ≥ c > 0 (3)

must be satisfied for every memory pattern ν and processing unit i. Since the
diagonal elements of the weight matrix are null, the above set of inequalities
decouple and each processing unit can be treated independently. We can then
consider the case for one processing unit only, say i = 1, and omit the index i in
the following. The condition for the stability of the memories is then written

yνhν = yν
∑

j

wj y
ν
j = γν ≥ c > 0 (4)
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where wj denotes the jth component of the weight vector of a linear processing
unit with component wi = 0 (i is the index of the processing unit). In con-
sequence the training phase of the HNN can be carried out by perceptronlike
learning algorithms applied independently on each processing unit. The asso-
ciative memory network will be properly trained when each of the processing
units satisfy the stability condition. In another case the recall dynamics will be
unstable and converge to a pattern of activities different from a memory.

Fulfillment of inequality (4) is a necessary condition for the HNN to operate
as an associative memory but in addition large basins of attraction are desirable
for each memory pattern. Thus the fix points should be stable against many
component inversions of the activity patterns of the network in its time evolution.
In [6,7] it has been argued that it is desirable that the stabilities γν in (4)
should be large relative to the magnitudes of the synaptic weights. A normalized
measure of stability for the processing units, the stability coefficient, is then
defined as:

γ̂ = min
ν

(γ̂ν) γ̂ν =
γν

||w|| =
yν
∑

j wj y
ν
j

||w|| (5)

The Adatron algorithm is a learning algorithm which attains optimal normal-
ized stability, i.e. a configuration of weights with maximum stability coefficient
for a set of arbitrary memory patterns.

3 The Kernel Trick in the Adatron Algorithm

The basic idea behind the Adatron algorithm of Anlauf and Biehl [7] is to induce
a configuration of synaptic weights that maximize the normalized stability of the
processing unit (5). They assume a scale for the weight vectors where the positive
constant c in relation (4) is unity. In this way the algorithm is derived from the
problem of minimizing the norm of the weight vector subject to the restrictions
that the stability conditions of the memory patterns be greater or equal to unity:

minimize
1
2
||w||2 s.t. γν = yν

∑
j

wj y
ν
j ≥ 1 ∀ν = 1, . . . , p (6)

In the dual formulation of this optimization problem they show that the
solution has the form:

wj =
1
N

p∑
ν=1

αν y
ν
j Y ν (7)

where the αν are positive Lagrange multipliers which can be interpreted as a
measure of the information contribution that each memory pattern does to the
synaptic weights. These dual variables are learned, from a tabula rasa initial-
ization, by an iterative procedure where the memory patterns are presented
repeatedly and the following corrections are applied for each memory:

δαν = max{−αν , λ(1− γν)} (8)
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where λ is a suitable learning rate. The learning is done when the minimum
stability condition (4) equals unity.

The algorithm is presented with theoretical guaranties of convergence to the
optimal solution and of a rate of convergence exponentially fast in the number of
iterations, provided that a solution exists. An enhanced version of the algorithm
with the application of the kernel trick has been presented [12]. In this way the
learning proceeds in a high-dimensional memory feature space providing a non-
linear version of the conventional linear perceptronlike learning algorithm.

A symmetric function K(x,y) is a kernel if it fulfills Mercer’s condition, i.e.
the function K is (semi) positive definite. When this is the case there exists a
mapping φ such that it is possible to write K(x,y) = 〈φ(x) · φ(y)〉. The kernel
represents a dot product on a feature space F into which the original vectors are
mapped. In this way a kernel function defines an embedding of memory patterns
into (high or infinite dimensional) feature vectors and allows the algorithm to
be carried out in this space without the need of representing it explicitly.

Summarizing, in [12] is shown that the learning rule given in expression (8)
remains invariant when considering learning in feature space and the activity on
each processing unit of the network is given by

Si(t+ 1) = sign

(
p∑

ν=1

αν y
ν
i K(Y ν ,S(t))

)
(9)

Where K(Y ν ,S) is the kernel function and the αν are the Lagrange multipliers.
By introducing Kernels into the algorithm the measure of stability of the

processing units is maximized in memory feature space. That is, the inequalities
in (4) become nonlinear in input memory space. This allows that, with a suitable
kernel choice, sets of memory patterns for which the conditions (4) could not be
fulfilled in input memory space do satisfy them in memory feature space.

In the literature [11] the most common used kernels are the linear, poly-
nomial, and Gaussian kernels shown in relation (10). The linear kernel is the
simple dot product in input space whereas the other kernel functions represent
dot products in arbitrary feature space.

KL(Y ,S) = 〈Y · S〉
KP (Y ,S) = (〈Y · S〉+ b)n (10)
KG(Y ,S) = exp(−||Y − S||2/σ2)

In this work, experiments with the above three types of kernel functions are
carried out.

4 Kernel Hopfield Network

It is clear that expression (9) is a generalization of the dynamic equation in (1)
defining the dual representation of the dynamic of the HNN in feature space. A
similar generalized expression for the synaptic weights equivalent to relation (7),
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as a linear combination of the transforms of the memory patterns in feature space
is not provided by the formalism. The reason for this is simply that the explicit
mapping of the input memories into feature space is not known. Nevertheless
rewriting the definitions (10) of the kernel functions in terms of the products of
components of the involved vectors in input space an expression equivalent to
(7) for the weight vectors can be given as a generalized product of functions of
the memory components. It is shown in [11] that for the polynomial kernel this
is readily done. As an example let us consider a simple polynomial kernel with
n = 2. Equation (9) can be written

Si(t+ 1) = sign

(
p∑

ν=1

αν y
ν
i (〈Y ν · S(t)〉+ b)2

)

= sign

⎛⎝ p∑
ν=1

αν y
ν
i

⎛⎝ N∑
k=1

N∑
j=1

yν
ky

ν
j SkSj + 2b

N∑
k=1

yν
kSk + b2

⎞⎠⎞⎠ (11)

= sign

⎛⎝ p∑
ν=1

αν y
ν
i

⎛⎝ N∑
k=1

N∑
j=1

yν
ky

ν
j SkSj +

N∑
k=1

√
2b yν

k

√
2b Sk + b2

⎞⎠⎞⎠
It can be appreciated that the argument of the function sign in the last line of
expression (11) is a generalized inner product of feature vectors with components
up to second order in Sk and yν

k . From this generalized product a term depending
on the memory patterns and of similar form as expression (7) can be extracted.
The writing of an equivalent expression for the Gaussian kernel is a more involved
procedure that takes us out of the scope of this paper, but in general one such
expression can be written.

In conclusion the kernel trick allows a straightforward generalization of the
Hopfield network to a to higher dimensional feature space. The main advantage
of this procedure is that in principle all processing units can be trained to optimal
stability. Such a network of fully optimal processing units show several impor-
tant improvements that can be experimentally verified: larger memory capacity,
increased capacity of memory recall and bigger basins of attraction.

5 Experiments and Results

In order to investigate the kernel-HNN in a systematic fashion a statistical anal-
ysis of several simulations were carried out. A N = 100 processing unit network
was trained with the kernel-Adatron algorithm on several memory loads. Three
kinds of kernel functions were investigated: linear, polynomial with b = 0.1 and
n = 2; and Gaussian kernel. The parameter value of the Gaussian was established
experimentally. For every trained network, experiments on the recovery of each
memory pattern contaminated with a given percentage of random noise were
repeated 50 times. The dynamic of the network is synchronous in the one step
memory recall experiment. In the other experiments an asynchronous dynamics
was applied.
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5.1 Experiments on the Capacity of Memory Recall

In these experiments the fraction of correctly recovered memory patterns
were measured as a function of the magnitude of the initial distortion of
the memories (random noise contamination) for various values of the loading
parameter (α = p/N). The experiments were carried out for the three kernel
types and the results are depicted in the following figures.
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Fig. 1. Fraction of correctly recovered patterns as a function of the noise contamination
of the input stimuli for different kernel networks: (a) Linear (b) Polynomial, with
different values of the memory loading parameter: 0.10, 0.25, 0.5, 0.75, 1.0 and 2.0
(polynomial only)

In figure 1 the results for the linear and polynomial kernels are shown. It
can be seen that while for both kernels the basins of attraction shrink with
increasing values of the loading parameter, this effect is more pronounced for
the linear kernel. Already for loading parameter 0.75 the linear network barely
supports a slight contamination of the input stimulus. This is the typical behavior
of standard linear Hopfield Networks [9]. In contrast the polynomial network is
highly resistant to contamination. In this case a moderate decrease of the basins
of attraction with increasing values of memory loading is perceived but they
remain robust for loading parameter values as high as 2. The network is tolerant
to input contaminations as big as 40% for the highest memory load of 2.0. This
is indicative of the presence of large basins of attraction.

Figure 2 show the results for a network with Gaussian kernel. In this case two
different experiments were carried out. The first one, for the sake of establishing
an adequate value of the kernel parameter. The fraction of correctly recovered
memory patterns, in one dynamical step, are measured as a function of the pa-
rameter of the Gaussian for various values of the memory loading parameter
α = p/N (0.25, 0.5, 0.75). The experiments measure a sort of direct basin of at-
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Fig. 2. (a) Fraction of correctly recognized patterns in one dynamical step as a func-
tion of the parameter of the Gaussian kernel, for three values of the memory loading
parameter: 0.25, 0.5 and 0.75. (b) Fraction of correctly recovered patterns in a Gaus-
sian network as a function of the noise contamination of the input stimuli, for eight
values of the memory loading parameter: 0.10, 0.25, 0.5, 0.75, 1.0, 1.5, 2.0 and 3.0

traction of the memories. The kernel parameter is swept over several orders of
magnitude and the recall experiment is repeated 100 times for each memory. It
can be appreciated that the direct basins of attraction suffer a slight degrada-
tion with memory loading but remain essentially invariant over a broad range
(three orders of magnitude) of parameter values. Since greater parameter val-
ues produce sparser dual representations, the results suggest that a reasonable
good choice for the value of this parameter is σ2 = 25. This value is used in the
remaining experiments.

In the experiments of memory recall it can again be appreciated that the
basins of attraction of the Gaussian network decrease in a moderate way with
increasing values of memory loading but remain robust for loading parameter
values as high as 3. The Gaussian network results are also evidence for the
presence of large basins of attraction.

5.2 Normalized Stability Coefficients

In figure 3 histograms of the distribution of the normalized stability coefficients
for the three studied kernel networks and two values of memory loading pa-
rameter (0.25 and 1.0) are depicted. In each case the stability coefficients are
normalized by their respective average values so that the curves are centered
at unity. It can be appreciated that the histograms for the linear network are
considerably broader than those of the other networks much narrower. As the
value of the loading parameter is increased the shape of the histogram of the lin-
ear network is very much altered and the broadening seems to grow. In contrast
the shape of the histograms of the polynomial and Gaussian networks remain
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essentially unaltered. These facts reflect, the detrimental effect of the increase in
the values of the loading parameter on the distribution of stability coefficients
of the linear network and the contrasting robustness of the distribution for the
other kernel networks.
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Fig. 3. Histogram of the distribution of normalized stability coefficients for the three
kernel networks: Linear, Polynomial and Gaussian for two values of the memory loading
parameter: 0.25 and 1.0

Summarizing, this series of experiments and observations clearly show that
the kernel HNN model is superior to the standard linear model in several as-
pects: increased memory capacity, larger basins of attraction and hence a great
robustness to noise contamination of the stimuli patterns.

6 Conclusions

We have presented a generalization of the Hopfield auto-associative memory
network taking advantage of the kernel trick already well known in the Machine
Learning literature. It is experimentally shown the kernel-Hopfield networks are
clearly superior in performance to the standard linear model. Important ob-
servables of these models like memory capacity, recall capacity, noise tolerance
and size of the basins of attraction are clearly improved by the introduction
of the kernel formalism. That is, of an implicit mapping of the network to a
higher dimensional feature space. In this generalization procedure the learning
algorithm of the network remains in its simple form as it is applied to linear
networks. This means that the training complexity is by no means affected by
the generalization. This results stimulate the conduction of further theoretical
and experimental work on the model.
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Abstract. In flowering plant species con-specifics of distinct type may
cross-pollinate. The type of offspring that result depends on both the
pollen donor and the parent that produces the seed. Within a cellular
automaton framework, this process fundamentally requires consideration
of triplets of cells: a pollen donor, a seed producer, and a empty cell to
be colonised. Such a triplet process cannot be captured by the standard
second order analytical tool of pair approximation. We propose a general
cellular automaton model for an arbitrary number of inter-pollinating
con-specifics. Time scale separation between the dynamics of distinct
pollination and colonisation processes permits aggregation of variables
in mean field and pair approximation characterisations. The aggregated
pair approximation successfully captures the triplet processes at work in
the cellular automaton model.

1 Introduction

Continuous time probabilistic cellular automata are a useful tool for modelling
the spread and interaction of terrestrial plant species. Because plants are typ-
ically sessile, it is reasonable to build cellular automata models on the level of
the individual, see Iwasa (2000) for examples. Useful tools for analysing cellular
automaton behaviour are mean field and pair approximation characterisations,
which are systems of ordinary differential equations constructed to track densi-
ties of cells. The mean field ignores the role of space in the cellular automaton,
and often fails to correspond well with simulations. The pair approximation is
a second order approximation which concentrates on local interactions between
cells and can provide an analytically tractable characterisation which predicts
important aspects of a cellular automaton’s behaviour (Iwasa 2000, Satō & Iwasa
(2000). Familiarity with obtaining mean field and pair approximations will prove
invaluable to understanding our modelling procedure.

In biological systems of two or more con-specifics, one or more of the types
may produce fertile offspring when pollinated by another type. An example is
gynodioecy: a system of female and hermaphrodite con-specifics. Both types can
only produce offspring when pollinated by the hermaphrodite type. In such ex-
amples the colonisation of an empty cell requires consideration not only of neigh-
bouring occupied cells but of whether or not those cells have received pollen and
who the pollen came from. Thus colonisation is fundamentally a process involving

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 765–774, 2004.
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triplets of cells, which cannot be incorporated in a standard pair approximation.
Although mean field characterisation may be possible: Carrillo et al. (2002) treat
a system of sexuals and asexuals. The problem here is a general problem of ob-
taining second order approximations for cellular automaton on which processes
involve triplets. We present a resolution of this problem for a class of ecological
models which feature inter-pollinating con-specifics, and subsequently discuss
how this solution could be interpreted for applications in other fields

In this article we consider a one-individual-per-cell cellular automaton model
for N con-specifics. We establish separate pollination and colonisation processes
for the model. We assume that colonisation and death are slow seasonal processes
and by contrast pollen distribution and expiry is a fast within season process.
These assumptions about the time-scales of the two processes permit aggregation
of variables which allow us to analyse a simpler aggregated mean field and pair
approximations which correspond well to the complete characterisations. The
generalised procedure is followed by an example for a single species.

2 Modelling

We construct a cellular automata model with a neighbourhood size of z. For
each con-specific we require a family of unpollinated and pollinated cell states.
Our cell states are: O - Empty; Xj

i - Occupied with con-specific i pollen-status
j, for all i ∈ {1, . . . , N}, j ∈ {0, . . . , N}. Pollen-status indicates which con-
specific’s pollen is currently present in the cell. Pollen-status 0 indicates the
con-specific is unpollinated. We denote the set of all N(N + 1) + 1 cell states
X = {O,X0

1 , . . . , X
N
N }. Our pollination process consists in supposing that X•

j

cells (where • denotes pollen-status is not important) can set the pollen-status
of neighbouring unpollinated cells to j, so for example X0

i cells become Xj
i

cells. This occurs at rates pij/ε for all i, j ∈ {1, . . . , N}, where ε is our small,
positive time separation parameter. In counterpoint to the pollination process
we assume that pollen expires rapidly and that Xi

j cells revert to state X0
j

at rate ei/ε. Pollinated Xk
j cells (k > 0) colonise neighbouring empty cells,

so O cells are switched to state X0
i . This colonisation process occurs at rates

bijk for i, j, k ∈ {1, . . . , N}. X•
i cells switch to state O at death rate di. To

pursue our time separation assumptions we follow the aggregation of variables
technique suggested by Auger & Bravo de la Parra (2000), providing first the
complete characterisations and then obtaining equilibria for the fast dynamics
before presenting the aggregated characterisations.

2.1 Complete Mean Field and Pair Approximation

The mean field characterisation is composed by constructing cell density equa-
tions and then approximating neighbour probabilities to close moments. In
order to construct the cell density equations we must define the densities of
each cell type: ρO and ρXj

i
for i ∈ {1, . . . , N}, j ∈ {0, . . . , N}. We define:

ρO +
∑N

i=1
∑N

j=0 ρXj
i

= 1. For convenience we also make use of the standard
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Table 1. Cell density equations for complete mean field and pair approximation char-
acterisations

ε
dρX0

i

dt
=

− ρX0
i

N∑
j=1,k=0

pij qXk
j

/X0
i︸ ︷︷ ︸

pollination

+
N∑

j=1

ejρX
j
i︸ ︷︷ ︸

pollen expiry

+ ε
[

− diρX0
i︸ ︷︷ ︸

death

+
N∑

j,k=0

bijkρOqXk
j

/O

]
︸ ︷︷ ︸

colonisation

ε
dρ

X
j
i

dt
= +ρX0

i

N∑
k=0

pij qXk
j

/X0
i

− ejρX
j
i

+ ε
[

− diρX
j
i

]

notation qσ/σ′ to denote the probability that a randomly chosen neighbour of a
cell in state σ′ is in state σ. The terms of the the cell density equations are de-
termined by considering the processes on the cellular automata described above.
So for example the pollination process causes a loss to ρX0

i
determined by: the

probability that X0
i cells have occupied neighbouring cells; the pollination rates

from those occupied cells. We must sum over all possible neighbours so the loss is
given by: ρX0

i

∑N
j=1(pij/ε)

∑N
k=0 qXk

j
/X0

i
. By similar considerations we obtain all

other terms of the cell density equations for unpollinated and pollinated states
in Table 1. The rate of change of empty cells can be retrieved since the cell
densities have unit sum. To obtain the mean field characterisation we apply the
approximation:

qσ′/σ ≈ ρσ. (1)

The pair approximation is composed by constructing cell-pair density equations,
considering these together with the cell density equations in Table 1, and closing
moments by approximating cell-pair neighbour probabilities. We define cell-pair
densities: ρσσ′ where σ, σ′ ∈ X . The following relationships hold: ρσσ′ = ρσ′σ and
ρσO +

∑N
k,n=1 ρσXn

k
= ρσ. To establish the linearly independent cell-pair density

equations there are five sorts of pairs which we need to consider: OX0
i ; OXj

i ;
X0

i X
0
k ; X0

i X
m
k ; and Xj

iX
m
k , where j > i, m > k and i, j, k,m ∈ {1, . . . , N}. We

pursue the same considerations as with the cell density equations. However, we
must now respect whether a process is: proximal - between the cells in the pair;
distal - between one cell in the pair and a non pair cell in the neighbourhood. We
require the notation qσ/σ′σ′′ denoting the probability that the σ′ cell in a σ′σ′′

pair has a randomly chosen neighbour in state σ. The pair approximation treats
all configurations of triplets as equivalent, Satō & Iwasa (2000) give details. As
an example consider the rate at which an X•

j cells pollinate the X0
i cells of X0

i X
•
j

cell-pairs, this process occurs at the following rates:

proximally :
1
z

pij

ε
ρX0

i
X•

j
; distally :

(
z − 1
z

)
pij

ε
ρX0

i
X•

j

N∑
k=0

qXk
j

/X0
i
X•

j
.

Recall z is the neighbourhood size in the cellular automata. The proximal and
distal expressions are combined in the terms of the cell-pair density equations
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which are given for the five sorts of cell-pairs in Table 2. In total we obtain
1
2N(N+1)(N(N+1)+1) linearly independent cell-pair density equations. Taking
the equations of Tables 1 and 2 together we obtain the pair approximation by
taking:

qσ/σ′ =
ρσσ′

ρσ
, and qσ/σ′σ′′ ≈ qσ/σ′ , (2)

Notice that because we close moments at a higher order qσ/σ′ has a different
approximation depending on which characterisation we are considering.

2.2 Fast Equilibria

We define a fast timescale τ = t/ε, and we define the aggregated variables:

ρXi
=

N∑
j=0

ρXj
i
, and ρσXi

=
N∑

j=0

ρσXj
i

for σ ∈ X ∪ {X1, . . . , XN}. (3)

The aggregated variables are the densities and pair densities of con-specific types.
Notice that because of cancellation of terms: dρXi

/dτ =
∑N

j=0 dρXj
i
/dτ = O(ε)

and dρσXi/dτ =
∑N

j=0 dρσXj
i
/dτ = O(ε), and so on the fast timescale we do

not expect changes in the aggregated variables. We obtain the fast equilibria by
substituting in the fast time-scale, neglecting terms of order ε, and finding the
equilibria of the consequent fast system. The coupling between the equations
of the complete characterisations is severed, resulting in N independent fast
systems which we can examine for equilibria separately. For con-specific Xi the
fast dynamics of the density equations are given as follows for j ∈ {1, . . . , N}:

dρXj
i

dτ
= +ρX0

i

N∑
k=0

pij qXk
j

/X0
i
− ejρXj

i
. (4)

Note that we can retrieve the case j = 0 utilising 3. We form the fast mean field
with 1. For con-specific Xi the fast dynamics of the pair-density equations are
given as follows for j, k ∈ {1, . . . , N}:

dρXj
i
Xk

dτ
= ρX0

i
Xk
pij

(
δjk

z
+
(
z − 1
z

)
qXj/X0

i
Xk

)
− ejρXj

i
Xk
. (5)

Again we can retrieve the cases where j = 0 by utilising 3. We form the
fast pair approximation taking 4 and 5 together and applying 2. If the mean
field and the pair approximation fast dynamics have a single globally attract-
ing equilibrium for all N uncoupled fast systems then it is reasonable to pro-
ceed with the aggregation process. Only in this case can we be confident
that branch-switching between two or more fast equilibria does not occur on
the slow timescale for the complete dynamics. From here on we therefore as-
sume we can find such equilibria. We denote the mean field fast equilibrium
by: ρ̃MF

Xi
= (ρ̃X1

i
, . . . , ρ̃XN

i
), and the pair approximation fast equilibrium by:

ρ̃PA
Xi

= (ρ̃X1
i
, . . . , ρ̃XN

i
, ρ̃X1

i
X1
, . . . , ρ̃XN

i
X1
, . . . , ρ̃XN

i
XN

).
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Table 2. Complete cell-pair density equations, the below equations are required for all
i, j, k, m ∈ {1, . . . , N}. Note δij used below is the Kronecker delta.

ε
dρOX0

i

dt
=

−
(

z − 1
z

)
ρOX0

i

N∑
j=1,k=0

pijqXk
j

/X0
i

O︸ ︷︷ ︸
pollination

+
N∑

j=1

ejρOX
j
i︸ ︷︷ ︸

pollen expiry

+ ε
[ N∑

j=1,k=0

djρXk
j

X0
i︸ ︷︷ ︸

death

+ diρOX0
i︸ ︷︷ ︸

death

+
(

z − 1
z

) N∑
j,k=1

(
bijkρOOqXk

j
/OO−

N∑
m=0

bmjkρOX0
i
qXm

k
/OX0

i

)]
︸ ︷︷ ︸

colonisation

ε
dρ

OX
j
i

dt
=

(
z − 1

z

)
ρOX0

i

N∑
k=0

pijqXk
j

/X0
i

O − ejρOX
j
i

+ ε
[ N∑

k=1,m=0

djρXm
k

X
j
i

−diρOX
j
i

− ρ
OX

j
i

N∑
k=1

(
bkij

z
+
(

z − 1
z

) N∑
m,n=1

bkmn q
Xn

m/OX
j
i

)]

ε
dρX0

i
X0

j

dt
= −

(
z − 1

z

)
ρX0

i
X0

j

N∑
k=1,m=0

(pik + pjk)qXm
k

/X0
i

X0
j

+
N∑

k=1

ek

(
ρXk

i
X0

j
+ ρX0

i
Xk

j

)
+ ε
[

− (di + dj)ρX0
i

X0
j

+
(

z − 1
z

) N∑
k,m=1

(
bikmρOX0

i
qXm

k
/OX0

j
+ bjkmρOX0

j
qXm

k
/OX0

i

)]

ε
dρX0

i
Xk

j

dt
= ρX0

i
Xk

j

(
pij

z
+
(
1 − 1

z

) N∑
m=1,n=0

pimqXn
m/X0

i
Xk

j

)
+ρX0

i
X0

j

(
z − 1

z

) N∑
m=0

pjkqXm
k

/X0
j

X0
i

− ekρX0
i

Xk
j

+
N∑

m=1

emρXm
i

Xk
j

+ε
[

− (di + dj)ρX0
i

Xk
j

+ ρOXk
j

(
bijk

z
+
(

z − 1
z

) N∑
m,n=1

bimnqXn
m/OXk

j

)]

ε
dρ

X
j
i

Xm
k

dt
= ρX0

i
Xm

k
pij

(
δjk

z
+
(
1 − 1

z

) N∑
n=0

qXn
j

/X0
i

Xm
k

)
+ρ

X
j
i

X0
k

pkm

ε

(
δim

z
+
(
1 − 1

z

) N∑
n=0

q
Xn

m/X0
k

X
j
i

)
− (ej + em)ρ

X
j
i

Xm
k

+ε
[

− (di + dk)ρ
X

j
i

Xm
k

]
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2.3 Aggregated Mean Field and Pair Approximation

We take as our aggregated cell and cell-pair density equations the first term of the
outer asymptotic expansion of the complete cell and cell-pair density equations
around the equilibria ρ̃MF

Xi
or ρ̃PA

Xi
as ε → 0. We obtain N linearly independent

cell density equations which appear as follows for i ∈ {1, . . . , N}:

dρXi

dt
=

N∑
j=1

N∑
k=1

bijkρO q̃Xk
j

/O − diρXi , (6)

where for the mean field we use q̃Xk
j

/O = ρ̃Xj
i
, and for the pair approximation

q̃Xk
j

/O = ρ̃OXj
i
/ρ̃O. We obtain N linearly independent empty-occupied cell-pair

density equations which appear for i ∈ {1, . . . , N}:

dρOXi

dt
=
(
z − 1
z

) N∑
j,k=1

ρ̃OXk
j

ρO

(
bijkρOO −

N∑
m=1

bmjkρOXi

)

−1
z
ρOXi

N∑
k,j=1

bkij ρ̃Xj
i
− diρOXi +

N∑
j=1

djρXiXj ,

(7)

along with 1
2N(N − 1) linearly independent occupied-occupied cell-pair density

equations which appear for i < j with i, j ∈ {1, . . . , N}:

dρXiXj

dt
= ρOXi

( N∑
k=1

bjik

z
+
(
z − 1
z

) N∑
k,m=1

bjkm

ρ̃OXm
k

ρO

)
+ρOXj

( N∑
k=1

bijk

z
+
(
z − 1
z

) N∑
k,m=1

bikm

ρ̃OXm
k

ρO

)
− (di + dj)ρXiXj .

(8)

The dynamics of the aggregated systems are a good approximation of the dy-
namics of the complete systems after an initial short time period so long as ε
is small and the aggregated system is structurally stable (Auger & Bravo de la
Parra 2000). We require the initial short time period since the aggregated models
will not accept arbitrary initial conditions.

The procedure for obtaining aggregated mean field and pair approximation
characterisations for a cellular automaton with distinct pollination and coloni-
sation processes has been outlined above in complete generality. For specific
biological systems we may find there are i, j where pij = 0 in which case we
can remove the cell state Xj

i , since pollination of con-specific i by con-specific
j cannot occur. Similarly if bijk = 0 for all i ∈ {1, . . . , N} we can remove cell
state Xk

j because it is not a fertile state and so is irrelevant to the colonisation
dynamics.
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3 Application to Single Species

3.1 Complete Mean Field and Pair Approximation

As an illustration, we now apply our technique to a single species pollen limita-
tion model. Since all subscripts are 1 we drop them. Our cells types are therefore:
O - Empty; X0 - Occupied unpollinated; X1 - Occupied pollinated, the polli-
nation rate is p/ε and the colonisation rate is b. We fix pollen expiry at 1/ε
and assume the death process is unitary. Since at most recovering parameters e1
and d1 would involve scaling time and either p or b. Our complete cell density
equations are:

ε
dρX0

dt
= −p(qX0/X0 + qX1/X0)ρX0 + ρX1 + ε[−ρX0 + bqX1/OρO],

ε
dρX1

dt
= +p(qX0/X0 + qX1/X0)ρX0 − ρX1 + ε[−ρX1 ], (9)

To form the mean field we close moments with the approximation 1. The cell-pair
density equations appear as follows:

ε
dρOX0

dt
= −p( z−1

z )(qX0/X0O + qX1/X0O)ρOX0 + ρOX1 + ε[ρX0X0 + ρX1X0

−ρOX0 − b( z−1
z )qX1/OX0ρOX0 + b( z−1

z )qX1/OOρOO],

ε
dρOX1

dt
= p( z−1

z )(qX0/X0O + qX1/X0O)ρOX0 − ρOX1 + ε[ρX0X1 + ρX1X1

−ρOX1 − b( 1
z + ( z−1

z )qX1/OX1)ρOX1 ],

ε
dρX0X1

dt
= −p( 1

z + ( z−1
z )(qX0/X0O + qX1/X0X1))ρX0X1

+p( z−1
z )(qX0/X0X0 + qX1/X0X0)ρX0X0 + ρX1X1 − ρX0X1

+ε[−2ρX0X1 + b( 1
z + ( z−1

z )qX1/OX1)ρOX1 ], (10)

To form the pair approximation we close moments by taking 2.

3.2 Fast Equilibria

We define the aggregated variables: ρX = ρX0 + ρX1 ; and ρσX = ρσX0 + ρσX1

for σ ∈ {O,X0, X1, X}. We obtain the fast dynamics for the cell density and
cell-pair density equations on the fast timescale τ = t/ε:

dρX1

dτ
= pρXqX/X0 − ρX1 ,

dρX1X

dτ
= p( 1

z + ( z−1
z )qB/X0X)ρX0X − ρX1X . (11)

The mean field system has one globally asymptotically stable equilibrium:

ρ̃X1 =
pρ2

X

1 + pρX
, (12)

The pair approximation also has one globally asymptotically stable equilibrium:
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ρ̃X1 =
(p+ z)ρX + zpρXX

2(p+ 1)
−
√(

(p+ z)ρX + pzρXX

2(p+ 1)

)2

− pzρXρXX

p+ 1
,

ρ̃X1X = ρXX − ρ̃X1

p
. (13)

3.3 Analysis of Aggregated Mean Field

We take as our aggregated mean field the first term of the outer asymptotic
expansion about ρ̃X1 from 12 of the complete mean field 9 as ε→ 0:

dρX

dt
= ρX

(
bpρX(1− ρX)

1 + pρX
− 1

)
, (14)

Equation 14 has an equilibrium at ρX = 0 and also two non-trivial equilibria:

ρ̂±
X =

b− 1
2b
±
√(

1− b
2b

)2

− 1
pb
. (15)

We find ρ̂+
X is stable and attracting and ρ̂−

X is unstable. We see that ρ̂−
X is

a threshold population density below which extinction is predicted. This is a
typical arrangement for models with pollen-limited colonisation. So long as b > 1
this model has a finite bifurcation point at pCRIT = 4b/(1− b)2. For p < pCRIT
the two non-trivial equilibria disappear, and the model predicts extinction for
all initial conditions.

3.4 Analysis of Aggregated Pair Approximation

We take as our aggregated pair approximation the first term of the outer asymp-
totic expansion about (ρ̃X1 , ρ̃X1X) from 13 of the complete pair approximation
10 as ε→ 0:

dρX

dt
= bρ̃OX1 − ρX ,

dρXX

dt
= 2b( 1

z (1− ρX) + ( z−1
z )(ρX − ρXX))

ρ̃OX1

1− ρX
− 2ρXX ,

(16)

where:
ρ̃OX1 = ρ̃X1 − ρ̃X1X = p+1

p ρ̃X1 − ρXX ,

and ρ̃X1 is given in 13. Since all cell-pair densities must be positive: 2ρX − 1 ≤
ρXX ≤ ρX , so our region of interest # on the (ρX , ρXX)-plane is the triangle
with vertices (0, 0), (1/2, 0) and (1, 1). It is straight-forward to demonstrate that
# is invariant under 16. Considering ρ̇X = 0 we obtain two linear nullclines
which we write: ρXX = f±

X (ρX) = α±ρX . Up to two non-trivial equilibria may
occur in # corresponding to intersections of f±

X and the nullcline specified by
ρ̇XX = 0. We can compute the non-trivial equilibria ρ̂±

X directly:
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ρ̂±
X =

1− zα±

2− z − α± , (17)

For b > z/(z − 1) this model undergoes a saddle-node bifurcation at p = pSN
which occurs when f+

X = f−
X . Also the model undergoes a transcritical bifurca-

tion at p = pTC when α− = 1/z, at this point ρ̂−
X = 0.

pSN =
4bz(z − 1)

(b(z − 1)− z)2 , and pTC =
bz3

(b(z − 1)− z)2 . (18)

It is straight forward to see that pSN < pTC so long as z > 2. So (b, p)-parameter
space is divided into three regions: For p < pSN the two non-trivial equilibria
disappear, and the model predicts extinction for all initial conditions. For pSN ≤
p < pTC the (ρX , ρXX) phase-plane is divided into survival and extinction zones
by the stable manifold of the unstable equilibrium ρ̂−

X , see Figure 1(a). For
p ≥ pTC we find ρ̂−

X < 0 and the model predicts survival for all initial conditions
in the interior of #. Figure 1(b) illustrates these regions.

The pair approximation identifies two phenomena which the mean field can-
not detect. The first is the importance of spatial configuration for population
survival. Figure 1(a) indicates that when survival is conditional on initial condi-
tions, there is a threshold population density below which extinction is certain.
Above this density survival is subject to configurational constraints: If the popu-
lation is too sparse (ρXX is low) or if the population is too clustered (ρXX is high)
extinction is possible for initial population densities in excess of the threshold
density. The second phenomena is the region of parameter space where popu-
lation survival is unconditional, see Figure 1(b). This region is not too remote
for small neighbourhood sizes, and is attainable for species which produce a lot
of pollen and set a lot of seed. Invasion is possible from arbitrarily low initial
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Fig. 1. Parameters b = 3.9, p = 3.2, z = 4. (a) The survival and extinction regions of
the phase plane for the aggregated pair approximation, T marks the threshold popu-
lation density. (b) Parameter space for the aggregated pair approximation is divided
into three regions: A - p < pSN; B - p ∈ [pSN, pTC); C - p ≥ pTC.
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population densities, which contrasts with the predictions of pollen limitation
models which are non-spatial (the mean field model 14 for example) and with
diffusional models (Lewis & Kareiva 1993).

4 Discussion

The techniques detailed in this paper provide a method for obtaining pair ap-
proximation results for systems of plant con-specifics with complicated pollina-
tion interactions. The procedure, however, has applications to a more general
class of cellular automata problems. Here requiring information about pollen
donors makes colonisation a process fundamentally involving triplets of cells.
Such triplet processes cannot be effectively captured by pair approximation
methods. Our solution is to let cells record information about the constitution of
their neighbourhood. To do this each cell type must be split into sub-types, each
representing the presence of different types of neighbouring cells. A fast signalling
process between cells adjusts the sub-type of a cell to suit its neighbourhood. In
our models we call this process pollination, but in general the signalling process
need not have a phenomenological parallel. We can translate triplet processes
involving cell types into pair processes involving cell sub-types, and thus capture
these processes with a pair approximation. Since there are many sub-types for
each cell type, this pair approximation may have a large dimension. However,
by applying perturbation methods we can aggregate variables and reduce the
dimension of the approximation, whilst retaining a good correspondence with
the original cellular automaton model.
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Abstract. The present paper characterizes a specific class of comple-
mented group cellular automata (CA). The CA rule referred to as the
fundamental transformation divides the entire state space into smaller
spaces of equal lengths. Some interesting properties of this particular Cel-
lular Automata have been analyzed. The relations developed promise the
development of agreement theorems which shall be useful in constructing
key agreement algorithms.

1 Introduction

Cellular Automata (CA) was first introduced by J. von Neumann for modeling
self-reproducible configurations. Research in the field of CA was initiated as early
as 1950. Wolfram [1] suggested simplification of the Cellular Automata with local
interconnections. The CA structure he proposed consists of cells, each having
only two states with uniform 3-neighborhood connections. Various researcher’s
like ([2,3,4,5]) have carried out extensive study in the modeling of CA and finding
out better applications of the automata. Later Das et al [6] proposed a versatile
matrix algebraic tool for the analysis of state transition of CA with linear next-
state functions. The VLSI era has ushered in a new phase of activities into the
research of linear machines, and specially the local neighborhood CA structures.
The VLSI design community prefer simple, regular, modular and cascadable
structures with local interconnections. Tha CA provides a wonderful solution
in all these respects [7]. Also another advantage of CA is a class of machines
constructed by inverting the linear state functions.

With the ever increasing growth of data communication, the need for security
and privacy has become a necessity. CA based pseudorandom generator has been
studied in ([8,9,10,11,12,13]). Quality of randomness has been evaluated as per
the criterion set by Knuth[14]. The advent of wireless communication and other
handheld devices like Personal Digital Assistants and smart cards have made
the implementation of cryptosystems a major issue. One important aspect of
modern day ciphers is the scope for hardware sharing between the encryption and
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decryption algorithms. The Cellular Automata can be programmed to perform
both the operations without using any dedicated hardware.

In this paper a new class of complemented group CA has been explored.
The function determining the state transition of the CA is referred to as the
fundamental transformation. The relationship between the cyclic subspaces has
been established. It can be proved that the state space is divided into cycles which
are seemingly unrelated. But the apparent independence of the state transitions
of the fundamental transformations does not allow for the transition of states
from one cycle to the other. This leads to serious worries in applications like
encryption and key agreement where the entire state is to be effectively used.
No reported literature has provided a relation between the state transition cycles.
The present paper develops new rules which govern the transition between the
cycles. These properties promise the CA to function as a core of a CA based
cryptographic algorithm.

The outline of the paper is as follows: Section 2 details the characterization
of the complemented CA. The state spaces of the fundamental transformations
are related in section 3. Section 4 sketches a possible application of the existing
properties. The work is concluded in section 5.

2 Fundamental Transformations and Its State Spaces

A Cellular Automata (CA) consists of a number of cells arranged in a regular
manner, where the state transitions of each cell depends on the states of its
neighbors. The next state of a particular cell is assumed to depend only on itself
and on its two neighbors (3-neighborhood dependency). The state x of the ith

cell at time (t+ 1) is denoted as xi
t+1 = f(xi−1

t , xi
t, x

i+1
t ), where xi

t denotes the
state of the ith cell at time t and f is the next state function called the rule
of the automata [1]. Since f is a function of 3 variables, there are 223

or 256
possible next state functions. The decimal equivalent of the output column in
the truth table of the function is denoted as the rule number. The next state
function for three different rules are noted below:

Rule 90 : xi
t+1 = xi−1

t ⊕ xi+1
t

Rule 150 : xi
t+1 = xi−1

t ⊕ xi
t ⊕ xi+1

t

Rule 153 : xi
t+1 = xi

t ⊕ xi+1
t

One of the rules of fundamental transformations (T ) is the rule 153, [7].
The rule 153 represented as (x0 ⊕ x1), is the additive complement of rule 102
represented as (x0 ⊕ x1). It is known that if a cellular automata with rule 153
is fed with an initial seed of X, then the cellular automata produces an output
T (X) = T (X) + IF , where I is a unit matrix and F is all one vector. Hence,
we have X,T (X) and T

2
(X) members of the same cycle. Physically, an n-cell

uniform CA having rule 153 evolves with equal number of cyclic states.
The following existing lemmas are cited without proof for convenience.

Lemma 1. [15] If R is a space generated by a linear operator G (say), then the
space can be decomposed into cyclic subspaces

R = I1 + I2 + . . .+ It
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such that the minimal polynomial of each of these cyclic subspace is a power of
an irreducible polynomial.

Lemma 2. [16] If the degree of an irreducible polynomial is m, then the period
of this polynomial is (2m − 1).

Lemma 3. [17] If the period of an irreducible polynomial p(x) is k then the
period of [p(x)]j is kqr, where qr−1 < j ≤ qr, q being the modulus.

Theorem 1. The CA having rule T and number of cells ranging from (2k−1+1)
to 2k have maximum cycle length of m = 2k.

Proof. Let us consider the cycle structure of Y = T (X), where T is the nxn
matrix of rule 102.

T =

⎡⎢⎢⎢⎢⎢⎣
1 1 0 . . 0
0 1 1 . . 0
0 0 1 1 . 0
. . . . . .
. . . . . .
0 0 0 0 . 1

⎤⎥⎥⎥⎥⎥⎦
For the linear CA having characteristic matrix T , R is the space generated

by the linear operator T . The characteristic polynomial of an n-cell CA is given
by p(x) = (x + 1)n = [p1(x)]n, where p1(x) = (1 + x). Thus according to
Lemma 1, p2(x) is responsible for a cyclic subspace. Period of p1(x)=(1 + x) is
k = 21 − 1 = 1. Period of p2(x) can be found by Lemma 3. In this case, the
modulus q=2 and k = 1. So the period of p2(x) is 2r for an n-cell CA where,
2r−1 < n ≤ 2r

or, (log(n)) ≤ r < (log(n)) + 1. So, the maximum cycle length of the CA is
always some power of 2.

Let, n be the number of cells of the CA with rule T . From the inequality
2r−1 < n ≤ 2r, if n is of the form 2k, 2r−1 < 2k ≤ 2r. Thus, k=r and the length
of the linear machine is 2logn. If, n is of the form 2k + 1 , 2r−1 < (2k + 1) ≤ 2r.
Thus r > k. As the period is a power of 2, the period is 2k+1. The maximum
size of a CA that evolves cycle length of 2k is 2k. Thus the maximum size of the
CA that evolves cycle length of 2k−1 is 2k−1.

Thus, if the number of cells range from 2k−1 + 1 to 2k the maximum cycle
length is 2k.

For the sake of simplicity let the global state of a CA be simply represented
as X rather than ft(x).

Theorem 2. If T
p

denotes p times application of the complemented CA oper-
ator T , then,

T
p
(X) = (I ⊕ T ⊕ T 2 ⊕ . . .⊕ T p−1).F ⊕ T p.(X) (1)

where T is the matrix of the corresponding non-complemented CA.
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Proof. By definition (as stated in the preliminaries),

T .(X) = F ⊕ T.(X)

T
2
.(X) = F ⊕ T [F ⊕ T.(X)] = [I ⊕ T ]F ⊕ T 2.(X)

Thus, T
p
.(X) = [I ⊕ T ⊕ T 2 ⊕ . . .⊕ T p−1]F ⊕ T p.(X).

Hence, T
p

is expressible in terms of powers of T ( the corresponding non-
complemented version of the rule).

Inorder to evaluate the cycle structure of the complemented CA with rule T
the following lemmas are required.

Lemma 4. If for the linear CA characterized by operator T , the maximum cycle
length is k then the length of the cycles formed by the complemented CA is nk,
where n is a natural number.

Proof. Let, the length of the complemented CA be nk + r, where r < k.
Thus, T

nk+r
(X) = X and Tnk = I.

Hence, X = Tnk+r(X) + [I + T + T 2 + . . .+ Tnk+r−1]F
= T r(X)+[I+T+T 2+. . .+Tnk−1]F+Tnk[I+T+T 2+. . .+T r−1]F

or, (I + T r)X = [I + T + T 2 + . . .+ Tnk−1]F + Tnk[I + T + T 2 + . . .+ T r−1]F
or, (I + T )(I + T r)X = (I + T )[I + T + T 2 + . . .+ Tnk−1]F + (I + T )[I + T +
T 2 + . . .+ T r−1]F
or, (I + T r)(I + T )X = (I + Tnk)F + (I + T r)F
or, (I + T r)[(I + T )X + IF ] = 0.

If, (I + T r) �= 0, for solution of X to exist
rank(I + T )=rank(I + T, F ).
But the lower row of I + T is zero, so the rank is less than n, the order

of the matrix T . But F is an all one vector, so the ranks cannot be equal.
Thus, (I + T r)=0. Since r < k, hence this is not possible. Thus we arrive at a
contradiction. Thus the maximal cycle length is nk, where n is a natural number.

Lemma 5. If for the linear CA characterized by operator T , there exists a cycle
of length k then in the complemented CA characterized by T there will exist a
cycle of length k or 2k.

Proof. Let X be the current state. The state of the complemented CA after m
cycles is given by T

m
(X)=[I+T +T 2 + . . . Tm−1]F +Tm(X). If k is the order of

the group generated by T , then T k = I. Now to show T also generates a group it
is needed to show that there exists anm = k′ such that [I+T+T 2+. . .+T k′−1] =
0 and T k′

= I.
For k′ = 2k,

I + T + T 2 + T 3 + . . .+ T k−1 + T k + T k+1 + . . .+ T 2k−1

=[I + T + T 2 + T 3 + . . . T k−1] + [I + T + T 2 + T 3 + . . . T k−1]T k
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=[I + T + T 2 + T 3 + . . . T k−1][I + T k]
=0, sinceT k = I.
Also, T 2k = (T k)2 = I. So, the length of the cycles generated by T is less than
or equal to 2k. Thus combining with the previous lemma, the cycle length of the
complemented CA is either k or 2k.

Next, the condition for determining whether the order is k or 2k is stated.
If, both the linear CA (T ) and the complemented CA (T ) have length k, then
T

k
(X)=[I + T + T 2 + . . . T k−1]F + T k(X) = Y + T k(X). Thus, Y = 0, since

both T
k
(X) = T k(X) = X.

In other words the length of the state transition of T will have length 2k
when Y �= 0, otherwise the length is k.

Theorem 3. If the number of cells is not a power of 2, Y = 0. But if the number
of cells is a power of 2, Y �= 0.

Theorem 4. The length of cycle for an n-cell CA, having rule T , is

l =
{

2 n=2
2�logn�+1 n>2

(2)

Proof. The result is trivial for n = 2. Using the result that if the number of cells
range from 2k−1+1 to 2k the cycle length is 2k, the following table is constructed
(Table 1).

Table 1. Maximum Cycle Length

Range for the Maximum
number of cells Cycle Length

2 2
3 – 4 4
5 – 8 8
9 – 16 16
17 – 32 32

...
...

(2n−1 + 1) − (2n) 2n

Thus, length of the cycles generated by the linear CA is 2�log(n)�.
From theorem 8 if the number of cells is not a power of 2, Y = 0. Then if

the length of the linear CA is k, so is that of the complemented CA. But if the
number of cells is a power of 2 Y �= 0. Thus, the length of the complemented
CA is 2k. Now,

(log(n)) =
{ �log(n)�+ 1, n �= 2k

�log(n)�, n = 2k (3)
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Thus, the length of an n-cell complemented CA (n > 2) is formulated by

l =
{

2�log(n)� = 2�log(n)�+1 n�= 2k

2.2�log(n)� = 2�log(n)�+1 n= 2k (4)

This completes the proof for n > 2.
Based upon the above fundamentals the following theorems have been devel-

oped. Both ⊕ and + denote the exor operation.
The figure 1 shows the cycles generated by the finite states in a CA with

rule 153. The cycles are shown for a 5-bit CA, length of each being 8. The
total 32 states are thus divided in 4 non-intersecting (non-overlapping) cycles.
The following theorems find out an inter-relationship between these cycles. The
objective is to find out a new set of rules which can help elements to migrate
from any position of the state space to another. The relation between the state
spaces is hence searched for in the present paper.

   

   R1R1

  R2

 R2

R2
R2

R1 R1

 1

 2

 

 0

 3

Fig. 1. Cycles of a complementary CA and the interconnecting rules

3 Relation Between the State Spaces of Fundamental
Transformations

Theorem 5. Every element, X of a cycle generated by CA with rule T when
mapped by the rule, X ⊕ T (X)⊕ T 2

(X), also lie in a cycle.

Proof. Given X,T (X), T
2
(X) and T

3
(X) are members of the same cycle. In the

following equations, + means simple exor operation.

T (X) = T (X) + IF (5)

T
2
(X) = T 2(X) + (I + T )F (6)
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Let the rule map X to an element ε1, such that:
ε1 = X ⊕ T (X)⊕ T 2

(X).

or, ε1 = X + T (X) + T 2(X) + TF (7)

The same rule when applied on the next element, T (X) we have,
ε2 = [T (X) + IF ]⊕ [T 2(X) + (I + T )F ]⊕ [T 3(X) + (I + T + T 2)F ]

or, ε2 = T (X + T (X) + T 2(X) + TF )
ε2 = T (ε1)

Therefore, ε1 and ε2 are concyclic.

Theorem 6. If X, T (X), T
2
(X), . . . lie in one cycle, then X ⊕ T (X)⊕ T 2

(X),
T (X)⊕ T 2

(X)⊕ T 3
(X), . . . lie on another non-intersecting cycle.

Proof. From, theorem 5, ε2 = T (ε1), as they are members of the same cycle.
To prove that ε1 and X do not belong to the same cycle, it is required to

prove that no λ exists such that, ε1 = T
λ
(X).

In other words, there does not exist any λ such that, X+T (X)+T 2(X)+TF =
T

λ
(X) = Tλ(X)+[I+T+ . . .+Tλ−1]F . We prove the theorem by contradiction.
Case1: Let λ exist and be even.
LHS = X + T (X) + T 2(X) + TF =

(I + T + T2)(X) + TF =

⎡⎢⎣ . . . . . . . . . . . .
. . . 1 1 1
. . . . . . 1 1
0 0 . . . 1

⎤⎥⎦
⎡⎢⎣ x0

˙
˙

xn−1

⎤⎥⎦+

⎡⎢⎣ ˙
0
0
1

⎤⎥⎦ =

⎡⎢⎣ ˙
˙
˙

xn−1

⎤⎥⎦
RHS = T λ(X) + [I + T + . . . + T λ−1]F =

⎡⎢⎣ . . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
0 0 . . . 1

⎤⎥⎦
⎡⎢⎣ x0

˙
˙

xn−1

⎤⎥⎦+

(

⎡⎢⎢⎣
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
0 0 . . . 1

⎤⎥⎥⎦+ . . .+(even number of terms)+

⎡⎢⎢⎣
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
0 0 . . . 1

⎤⎥⎥⎦)F

=

⎡⎢⎢⎣
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
0 0 . . . 1

⎤⎥⎥⎦
⎡⎢⎢⎣

x0

˙
˙

xn−1

⎤⎥⎥⎦+

⎡⎢⎢⎣
˙
˙
˙
0

⎤⎥⎥⎦ =

⎡⎢⎢⎣
˙
˙
˙

xn−1

⎤⎥⎥⎦
Hence, we have a contradiction, that is xn−1 = xn−1.
Case2: Let λ be odd. It may be observed from the evolution of the CA that

the 0th bit of Tλ(X) can be represented as
(x0 + x1) + (λ−1

1 )(x1 + x2) + (λ−1
2 )(x2 + x3) + . . .+ (xλ−1 + xλ)

Hence, if λ is 4n+1, the 0th bit of Tλ(X) depends on x0, x1 but not x2. If, λ
is 4n+3, the 0th bit of Tλ(X) depends on x0, x1 and x2. Also, if λ is 4n+1, the
0th bit of [I + T + . . .+ Tλ−1](X) depends upon x0. If λ is 4n+3, the 0th bit of
[I + T + . . .+ Tλ−1](X) depends upon x0, x1, x2.
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Hence, we have for λ = 4n+ 1,⎡⎢⎢⎣
. . . . . . . . . . . .
. . . 1 1 1
. . . . . . 1 1
0 0 . . . 1

⎤⎥⎥⎦
⎡⎢⎢⎣

x0

˙
˙

xn−1

⎤⎥⎥⎦+

⎡⎢⎢⎣
˙
0
0
1

⎤⎥⎥⎦ =

⎡⎢⎢⎣
. . . . . . . . . . . .
. . . 1 1 0
. . . . . . 1 1
0 0 . . . 1

⎤⎥⎥⎦
⎡⎢⎢⎣

x0

˙
˙

xn−1

⎤⎥⎥⎦+

⎡⎢⎢⎣
˙
1
1
1

⎤⎥⎥⎦
Hence, we have a contradiction, that is
(xn−2 + xn−1) = (xn−2 + xn−1).
Similarly, we have for λ = 4n+ 3,⎡⎢⎢⎣

. . . . . . . . . . . .

. . . 1 1 1

. . . . . . 1 1
0 0 . . . 1

⎤⎥⎥⎦
⎡⎢⎢⎣

x0

˙
˙

xn−1

⎤⎥⎥⎦+

⎡⎢⎢⎣
˙
0
0
1

⎤⎥⎥⎦ =

⎡⎢⎢⎣
. . . . . . . . . . . .
. . . 1 1 1
. . . . . . 1 1
0 0 . . . 1

⎤⎥⎥⎦
⎡⎢⎢⎣

x0

˙
˙

xn−1

⎤⎥⎥⎦+

⎡⎢⎢⎣
˙
1
0
1

⎤⎥⎥⎦
Hence, we have a contradiction, that is
(xn−3 + xn−2 + xn−1) = (xn−3 + xn−2 + xn−1). This completes the proof.

Corollary 1. X+T (X)+T
2
(X), X+T (X)+T

3
(X), construct non-intersecting

cycles.

Construction of rules: The following operations are defined as rules:

R1(X) = X + T (X) + T
2
(X) (8)

and,R2(X) = X + T (X) + T
3
(X) (9)

Corollary 2. R1 and R2 are commutative i.e R1R2(X)=R2R1(X). Applying,
the rules on X shows that both the operations produce the same result.

Corollary 3. R1(T
a
(X)) = T

a
(R1(X)), where a is any index.

Corollary 4. T
a
R1R2(T

b
(X)) = T

b
R2R1(T

a
(X)), where a and b are indices.

Corollary 5.
R1(a+b) = R1(a) + R1(b) + TF
R2(a+b) = R2(a) + R2(b) + (T+T 2)F

The rules are used to migrate from one cyclic subspace generated by T to another.
The inter-relations promise the development of CA-based algorithms used in
encryption. A possible application is outlined in the next section.

4 A Possible Application

Key agreement protocols are mechanisms which establish the keys before the
onset of private key algorithms. The private key algorithms are used for bulk
data encryption. The shared key or secret is derived by two or more parties as
a function of the information provided by each party. Ideally the key should
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 a

b

  b
a

R1

R1R2

R2

         P1 (Agreement 1)

P2 (Agreement 2)

Fig. 2. Agreement Property of the State Spaces

not be derivable by either of the parties alone. Such partial key algorithms thus
establish key on the fly. Key freshness is important, that is the key should change
frequently. Thus less data is encrypted by the same key, thus the eavesdropper
has lesser probability of success. Further the amount of damage done due to the
revelation of a key is reduced if the key is frequently changed.

Recently many researchers have identified the CA as the core of security al-
gorithms [18,19]. But an essential requirement is that the cycle length of the CA
has to be small, so that ciphering (or deciphering) is performed at the expense of
few clock cycles. Moreover the length of the machines has to be equal so that the
number of cycles required to encrypt or decrypt is predecided. The specific class
of the complemented group CA dealt with in this paper (fundamental transfor-
mations) exhibit an interesting agreement property. The figure 2 shows the state
space cycles (as described for a Cellular Automata employing the fundamental
transformations). P1 is an initial point of agreement of two parties. After the
initial agreement both takes up different paths (as shown by the dashed and
the solid lines). It is certain from the above theorems and corollaries both the
paths converge again at P2 which is the second point of collision or agreement.
This property promises the development of an efficient agreement protocol us-
ing Cellular Automata. However for the development of a security protocol the
security aspect needs to be thoroughly investigated and is not the objective of
the current paper.

5 Conclusion

The present paper investigates the state spaces of the fundamental transforma-
tions of a cellular automata. New properties have been proved which relate the
state spaces of the cellular automata. The properties help to use the entire state
space. The new relations promise the development of new encryption and key
distribution protocols.
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Abstract. Cellular automata (CA) are highly parallel and discrete dynamical
systems, whose behavior is completely specified in terms of a local relation.
They were successfully applied for simulation of biological systems and physi-
cal phenomena and recently to design parallel and distributed algorithms for
solving task density and synchronization problems. In this paper CA are ap-
plied to construct cryptography algorithms. A new encryption concept based on
one dimensional, uniform and reversible CA is proposed. A class of CA with
rules specifically constructed to be reversible is used.

1   Introduction

Since the development of computers there has been strong demand for means to pro-
tect information and to provide various security services. The main aspects of infor-
mation security are privacy, data integrity, authentication, and non-repudiation. This
paper deals with encryption that is transformation of the message (plaintext) in to
ciphertext and the opposite process that is decryption. These two complementary
operations satisfy the demand of privacy. Cryptographic techniques are divided into
two categories [5]: symmetric-key and public key. If both sender and receiver use the
same key, or it is easy to obtain one form another then the system is referred to as
symmetric key encryption. If the sender and receiver each uses different key, ant it is
computationally infeasible to determine one form another without knowing some
additional secret information then the system is referred to as a public key encryption.
There are two classes of symmetric-key encryption schemes: block ciphers and
stream ciphers. A block cipher breaks up the message into blocks of the fixed length
and encrypts one block at a time. A stream cipher is one that encrypts data stream one
bit or one byte at a time.

Good overview of all major cryptography techniques can be found in [5]. Descrip-
tion of block ciphers including AES cipher is presented in [8]. This paper deals with
symmetric-key block encryption. CA have been used so far in both symmetric-key
and public-key cryptography. CA-based public cipher was proposed by Guan [2].
Stream CA-based encryption algorithm was first proposed by Wolfram [13] and later
it was developed by Tommassini et al. [10], and recently by Seredynski et al. [6].
Block cipher using reversible and irreversible rules was proposed by Gutowitz [3].
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This paper presents a new encryption concept based on a class of reversible rules
specially designed to be reversible.

The paper is organized as follows. The next section defines elementary and re-
versible CA. Section 3 presents the idea how a particular class of reversible CA can
be used for block encryption. Experiment results are presented in section 4. Section 5
concludes the paper.

2   Cellular Automata

2.1   Elementary Cellular Automata

One-dimensional CA is an array of cells. Each cell is assigned a value over some state
alphabet. CA is defined by four parameters: size, initial state, neighborhood, rule and
boundary conditions. Size defines number of cells. All cells update its value synchro-
nously in discrete time steps accordingly to some rule. Such rule is based on the state
of the cell itself and its neighborhood:

),,...,,,,...,( 11
1 t

ri
t
i

t
i

t
i

t
ri

t
i sssssRs ++−−

+ = (1)

where t
is is a value of i-th cell (the state of a cell) in step t and r is a radius of the

neighborhood. When dealing with finite CA, cyclic boundary conditions are usually
applied which means that CA can be treated as a ring. Changing values of all cells in
step t is called CA iteration. Before the first iteration can take place some initial val-
ues must be assigned to all cells. This is called the initial state of CA. By updating
values in all cells, the initial state is transformed into a new configuration. When each
cell updates its state according to the same rule, CA is said to be uniform. Otherwise
it is called non-uniform CA. The total number of rules for radius r neighborhood is

n2 , where 1*22 += rn . In this paper one-dimensional, uniform CA defined over

binary state alphabet (cells can be either in state 0 or 1) with neighborhood size two
and three is used.

2.2   Reversible Cellular Automata

By applying a rule to each cell is  of the configuration tq a new configuration 1+tq  is

obtained. This transformation can also be defined by a global transition function,

which as an input takes configuration tq  and results in a successive configuration

1+tq . A CA is reversible if and only if the global transition function is one-to-one that

is if every configuration not only has one successor but also has one predecessor.
Reversible rules that could by useful in cryptography should meet the following

criteria: they should be numerous and they should exhibit complex behavior. When
analyzing elementary CA it turns out that only a small number of rules have the prop-
erty of being reversible. For example, among all 256 radius 1 CA of only six are
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reversible. This is why class of CA with rules specially created to be reversible is
considered. Different reversible CA classes are presented in [9]. This paper presents
the idea of using reversible CA class presented by Wolfram [12]. In this class rule
depends not on one but on two steps back:

).,...,,,,,...,( 1
1

1
1 t

ri
t
i

t
i

t
i

t
i

t
ri

t
i ssssssRs ++

−
−−

+ = (2)

In the elementary CA value 1+t
is of i-th cell in configuration t+1 depends on the value

of the state of itself and r of its neighbors in configuration t. In this reversible class

additional dependency is added: the value of the central cell 1−t
is  in step t-1 is con-

sidered. Such a rule can be simply constructed by taking elementary CA rule and
adding dependency on two steps back. Example of such rule definition is shown on
Fig. 1.

Fig. 1. Reversible rule 236/19

Definition of the rule is now composed of two elementary rules. The first one is de-
fining state transition in case when in step t-1 cell was in a state 1, and the second one
when the cell was in the state 0. Figure 1 gives an example of two elementary rules:
236 and rule 19. These two rules are complementary to each other. Knowing one
value it is possible to calculate the second one using the following formula:

12 12 −−= RR d  , (3)

where 1*22 += rd , and r is radius of the neighborhood. Since a reversible rule de-
pends now on two steps back, an initial configuration must be composed of two suc-

cessive configurations 0q  and 1q . The same rule is used in forward and backward

iteration.

3   The Idea of Using Reversible CA for Encryption

First encryption and decryption algorithm of a single plaintext block is shown. When
using reversible CA described in the previous section, plaintext is encoded as part of
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initial state of a CA ( 1q ). Configuration 0q  is set up with some random data. Both

configurations form an initial state of CA. Encryption is done by forward iteration of
CA by fixed number of steps according to some reversible rule. This process is shown
on Fig. 2.

Fig. 2. Single block encryption using reversible cellular automata

Configuration 1−nq  is a ciphertext. The rule used during encryption is a secret key of

that transformation. There are two options on how to treat configuration nq  (called

final data) generated by the encryption process. The most secure one assumes that this

information is kept secret, which means that configuration nq becomes a part of the

key. The disadvantage of this option is that the key changes with each encryption.
This is because now the key is a function of a rule, plaintext and some initial data

(Rid). In the second option the final configuration nq  is encrypted using Vernam

encryption algorithm. This is done by applying logical bitwise operation XOR ( ⊕) on

the final configuration nq  and selected bits of the key.

Fig. 3. Single block decryption using reversible cellular automata

Decryption algorithm is shown on Fig. 3. The same operations as in encryption are
used in reverse order. Initial state is composed of the final data and the ciphertext. To
obtain final data for the decryption, XOR operation must be applied first to encrypted
final data and the key. Next, CA is iterated for the same number of steps as during
encryption with use of the same secret rule.
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    In practice plaintext is divided into many fixed size blocks. Each block is encrypted
separately. Typical block size for encryption algorithms is 64 or 128 bits. The algo-
rithm for successive blocks encryption is shown on the Fig. 4.

Fig. 4. Multiple block encryption scheme

Plaintext is divided into n fixed size blocks. For the encryption of the first plaintext
block random initial data is used. For the blocks number 2..n initial data is taken from
the encryption of the previous block. Final data generated by the encryption of the i-
th plaintext block is used for the encryption of the i+1 block. Final data produced by
the encryption of the last plaintext block can be either encrypted using XOR opera-
tion or kept secret.

4   Experiments

Desirable property of any encryption algorithm is that a small change in either plain-
text or the key should result in a significant change in the ciphertext. Changing value
of one randomly chosen bit in the plaintext or in the key should produce change of
nearly half of the values of the ciphertext. This is so called avalanche property. It was
introduced by H. Feistel in 1973 [1]. Later Kam and Davida gave the concept of com-
pleteness [4]. It says that for every possible key value, every output bit of the cipher-
text must depends upon all input bits of the plaintext and not just a proper subset of
the input bits. The concepts of completeness and the avalanche effect was combined
by Webster and Tavares. They defined so called strict avalanche criterion (SAC)
[11]. According to this property, each output bit should change with a probability of
one half whenever a single input bit is complemented.
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Number of iterations needed to achieve this property depends on the radius of the
rule and the size of CA. We have tested 32 and 64 cell CA. For each size radius 2 and
radius 3 rules were used. The following results are based on 10000 experiments for
each parameters set (CA size/radius/iteration number). For each experiment random
initial conditions and random rules were used.

The following figures show dependency between number of iterations and per-
centage of states changed after one bit was changed either in the plaintext or in the
ciphertext. Fig. 5 shows that dependency for 32 cell radius 2 CA while Fig. 6 shows it
for 64 cell radius 3 CA.
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Fig. 5. Avalanche property for 32 cell CA and radius 2 rule
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Fig. 6. Avalanche property for 64 cell CA and radius 3 rule
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Table 1. Result for one random bit changed in the plaintext

radius 2 radius 3
32 cells CA 19 8
64 cells CA 38 17

Table 2. Result for one random bit changed in the ciphertext

radius 2 radius 3
32 cells CA 12 20
64 cells CA 11 16

Table 1 shows number of iteration needed to achieve the state in which over 49 % of
cells change its value after changing one bit in the plaintext. Results are shown for 32
and 64 cell CA with neighborhood size 2 and 3.
    Number of iteration needed to achieve the same result after changing one bit in the
ciphertext is shown in Table 2.
    After iterating CA for number of steps given in Table 1 and Table 2 strict ava-
lanche effect is achieved. On average nearly half of cells are changed. The probability
that a single cell is going to change it’s value after that number of iterations is around
0.5. The example for 64 cell CA with radius 3 neighborhood is shown on the Fig. 7.
    For the other parameters the result is similar (0.48 - 0.52 interval).
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Fig. 7. Probability of cell state value change

5   Algorithm Properties

Our reversible CA-based algorithm works in a mode that is similar to CBC mode in
terms of achieved result. The same plaintext block that appears in the whole plaintext
more than once produces different block of ciphertext. This is because encryption of
each plaintext block starts with some initial data from the encryption of the previous
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block. In DES like ciphers there is still problem with encryption (using the same key)
of the same plaintext more than once, or when two encrypted plaintext begin with the
same information. In the first case the same ciphertext will be produced, while in the
second case both plaintext will be encrypted the same way until the first difference is
reached. It is possible to overcome this problem with encryption of some random data
block (called initialization vector) first. In the proposed cipher encrypting the same
plaintext with the same key will always result in a different ciphertext. This is
achieved because of use of randomly generated data in the first phase of each encryp-
tion session. This data needs not to be remembered.

6   Conclusions

In this paper we have proposed a new encryption concept based on reversible CA. It
ensures that strict avalanche criterion is achieved. Encryption using a single reversible
CA does not provide enough security. Multiple reversible CA should be used for
encryption of a single plaintext block. Detailed description of a block cipher based on
this concept can be found in [7].
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Abstract. In soil science we need complex porous media models. Usually these
media present discontinuous characteristics with random space distribution. So
we propose to study a medium based on a cellular model. In this work we
represent the soil as a compact matter associated with vacuum areas. Under
these conditions we study the flux of water through this medium. We formulate
the hypothesis that it is composed of a mixture of two different permeability
values. The medium is discretized with tetrahedral cells and we dedicate
permeability to each cell with a random space distribution. We associate to each
cell an inner and an outer physical law and we test the flux of water through this
medium. So we introduce a physical consideration in a cellular model. We also
present a study for several scales of the problem.

1 Introduction

Many models of flux through porous media are based on partial differential equations
[1]. There results that these models based on the resolution of a partial differential
problem become inefficient because we have non-derivable functions [2] [3] in the
case of such a complex porous medium as a soil. Stochastic approaches based on the
resolution of partial differential problems notably pose the questions of the continuity
of the functions representing the medium’s physical properties. To solve this problem,
discretized approaches based on a cellular model are used. We can find in
bibliographies for example LBM and LBA [4] [5] methods based on the statistical
mechanics. We propose a cellular model of complex porous media by the introduction
of two laws:

- an inner law for the filtration model through the cell,
- an outer law for communication with the connected cells.

As an example, we propose the Darcy law for filtration inner law; other laws are
possible [2]. We study the case of a saturated medium, so as to preserve the flux
balance through the sides of the tetrahedral cells.

______________________
* This work was supported by French National Program in Hydrology (PNRH/ACI).
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2   Theoretical Approach

If V is the local velocity and vQ  a source term, the conservative law of the flow in

domain (Ω) can be written:
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0... dvQdSnV v                                                   (1)

Through the application of Green’s theorem, we obtain:
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The application of Green’s theorem is possible if velocity V is derivable and if
pressure P is a continuous function. Under these conditions we obtain:
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The usual boundary conditions in our problem are:
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This approach is based on the continuous and derivable functions. In the case of
complex property K, the validity of Green’s theorem (2) is not obvious in regard to the
partial differential model. It is in this context that we propose our approach.

2.1 The Principle

We build a set of physical, mathematical and numerical models. We divide domain
(Ω) in sub-domains (Ωi) called cells. So we have:

                            ( ) ( ) ( ) ( ) )( jiand jii ≠∅=ΩΩΩ=Ω                           (5)

By introduction of the inner law, the mathematical model for each cell (Ωi) becomes:
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Here we do not consider a volumic source. So the variational formulation of the
problem for the full domain can be written:
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With Green’s theorem we obtain the classical expression:
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In the second integral in formula (8), it is possible to introduce the outer law for each
side of the cells. For this reason this method differs from the finite element
formulation. Under this condition and for the inner sides, these terms are zero. For the
other sides associated with the outer boundary of (Ω) it depends on the applied
boundary conditions. So we can see that this variational formulation contains the two
laws of the cellular model. In fact scalar field P is computed with a technique similar
to the finite element method [6].

2.2 The Numerical Model

For the numerical model we choose a medium (a soil for example) made up of
compact matter and a few vacuum areas. So we consider a mixture of two media with
respective permeability values:

- K1  low dimensionless value for compact matter
-  K2 high dimensionless value for vacuum

To build this mixture we introduce in medium 1 a small volumetric ratio α of medium
2. Under these conditions we can study the 3D flow through a cubic cavity to which
we apply a unit difference of pressure between two opposite sides. The other sides are
waterproof [7].
In each cell we use a linear approximation of the pressure by using the vertex of the
tetrahedral cells as nodal interpolation. So the pressure is a continuous function in full
domain (Ω).
So it is possible to transform the variational formulation into a linear system with the
nodal value of the pressure. For resolution of this, we use a classical sky-line storage
associated with a direct (L) (U) method [6].

3 Numerical Study

Tests are performed in the cubic cavity and we compute the following flux through
entrance surface (S):

                                       dSnPgradKdSnV
S

n

S

.....
)()(

−==φ                                     (9)

We define an equivalent permeability coefficient   Keq   by formula (10):

                                                     ).( 12 PPKeq −=φ                                                 (10)

The exact solution in a homogeneous medium with property K is:

                                             ( ) KandxKP =−−= φ1.                                       (11)
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For an α-value we build 1000 successive random space distributions of (K1-K2) in
each test. So we obtain a probability accuracy of 0.1%.

3.1 The 3D-Model

To do so, we construct a cubic volume of normalized length side, and we apply a unit-
difference of pressure between two opposite faces. A random α-distribution (K1-K2)
of element property of the mixture is done. Calculations of the corresponding flux and
the equivalent permeability are carried out. For the cubic volume, we build a regular
meshing [2] with a number of cells 40,000–320,000. In Figure 1, we can see the
meshing of the cube.

Fig. 1. The meshing.

In a first approach the K1 and K2-values present a ratio of 106. It is possible to find
these values in porous media. In Figure 2 we note a percolation-like effect close to
3.5-4 % [8] [9] [10]. It is interesting to study this transition flow more specifically.

We note a very large scale of flux values. So we use a logarithmic scale for the
data analysis. Figures 3 show profiles of log (φ) respectively for α-values of 3, 3.5 and
4%. We notice the cohabitation of very distinct regimes of the flux in the shape of two
different gaussian curves. The theorem of the central limit shows the presence of two
probability laws for flow through the cavity.

After analysis of the post-processing iso-values of P, the left curve merely
corresponds to a diffusive flux while the right curve corresponds to the presence of a
preferential flow area (Figure 4). This set of curves shows the transition between a
merely diffusive regime and a regime of preferential flow. Beyond 4%, the flow
essentially translates in the shape of a preferential flow, and beyond 3%, the flow is
practically always a diffusive phenomenon. In fact the corresponding probability
becomes very weak, but it is not equivalent to zero.
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Fig. 2. Flux evolution according to volumetric ratio.

 

                Fig. 3a. Gaussian profile (α=3 %)          Fig. 3b. Gaussian profile (α=3.5 %)

Fig. 3c. Gaussian profile (α=4 %)
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 It can also be interpreted physically. Indeed, in the case of a merely diffusive flow,
elements (K2) distribute themselves more or less regularly, while the preferential flow
corresponds to agglomerates of elements putting the two faces of the cube in quasi-
communication. The illustrations presented in Figure 4 show the large diversity of the
flows.

Fig. 4.  Preferential flow.

Fig. 5.  Transition flow.
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We notice that the introduction of some high permeability cells in a medium that is
relatively weak, introduces a very important disruption. In the transition area, we
observe a chaotic behaviour of the iso-pressure surfaces, therefore of the filtration
speed, notably in the case of a preferential flow. Beyond the percolation area, the flux
becomes regular with only one gaussian distribution (Figures 6).

Fig. 6.  Flux distribution for volumetric ratios α = 2 % and α =30 %.

3.2   Normal Flow

Figures 6 present the permeability probability law respectively for an α-ratio below
and beyond the transition threshold [11]. We notice in both cases a log-normal
distribution for permeability with a correlation coefficient greater than 0.97.
So we obtain the empirical law used by hydro-geologists [2]. We establish that a soil
with a log-normal distribution of permeability can be modelized by a mixture of
several media with constant permeability. We can thus deduce that the physical
approach of soil permeability is more realistic with our model.

3.3 Other Cases

Now we can study the problem for different values of ratio K2/K1, which corresponds
to different physical problems. It is interesting to examine the nature of the flow in the
area of a transition threshold of 3.5%. Figures 7 present the distribution of the fluxes
for ratios 109, 106 and 105. We notice the increasing proximity of the two regimes of
flux, then their fusion when ratio K2/K1 becomes lower than 106, also the progressive
disappearance of the preferential flow. In fact we hereby demonstrate that we have a
critical value of ratio K2/K1 below which we cannot distinguish two distinctive flows.
The proximity of the two values of K does not allow us to work out the nature of the
flow anymore, and in particular, the concept of preferential flow disappears. This
phenomenon can exist in porous media and electrical conduction whereas the thermal
model is at the frontier of this peculiarity. Above the limit value of K2/K1 we notice
that fluxes inferior to 1 disappear.
Figures 7 show the evolution of the flux distribution according to ratio K2/K1. The left
gaussian curve is set at flux φ0 and the right gaussian curve comes closer when the
preceding ratio decreases. Both curves coincide if the ratio is lower than the following
critical value:
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Fig. 7.  Evolution of the flux distribution according to ratio  K2 /K1.
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As regards the physical problem, these are the situations that we may come across. We
can mention the example of the porous environment met in soil science, an
environment which is constituted of earth and cavities [1]. The doping of the
semiconductors is another example in the domain of electric conductivity [10].
Another qualitative example concerns the cardiac muscle. Indeed, if some cells of the
heart present abnormal electric conductivity, some important unrests of the rhythm
appear. A few sick cells destroyed by the surgeon will allow the patient’s heart to go
back to normal [13].

    For electrostatic problems, where K2/K1 ratio is at a maximum of 81, the probability
of two regimes is not detectable. This is what is noted in practice [14].
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Fig. 8. Evolution of ratio K2/K1 .

4 Conclusion

In this study, the finite element method is used in a specific approach. It facilitates the
construction of a numerical model without being representative of the approximate
solution of the partial differential equations. The mathematical model is only a
temporary support permitting the elaboration of a weak formulation. The consistency
of this approach resides in the fact that the weak formulation preserves, in a rigorous
way, the physical principle that allowed the constitution of the mathematical model. In
the examples concerned, we have used a vector model with a conservative flux. This
approach applies particularly well to a survey of surroundings with complex physical
properties that notably present strong discontinuity. The interest is reinforced in the
particular case of percolation phenomena. This method allows a new approach of the
survey of the porous media’s complex features. In the latter case, we used the Darcy
model. Many authors agree and say that this model does not give entire satisfaction,
but our approach confers a new interest to the Darcy model. However, it is clear that
the approach used in this work does not limit itself to this type of models. Besides, for
convenience reasons, some spatial correlations permit to take in account a more
realistic shape of the properties of porous media. To speak only of the porous media,
we can apply the same process to Richard’s equation used, in particular, for
unsaturated porous media. In a more general way, many physical models based on a
balance between conservative and non conservative fluxes can be studied thanks to
this method.

Acknowledgment. The authors would like to thank Ralph Beisson for his contribution
to the English composition of this paper.
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Abstract. We describe two improvements made to CD++, a tool for modeling
and simulation of cellular models based on the Cell-DEVS formalism. The
modifications described in this work remove some limitations existing in the
previous implementation. These modifications allow the cells to use multiple
state variables and multiple ports for inter-cell communication. The cellular
model specification language has been extended to cover these cases, making
CD++ a more powerful tool.

1   Introduction

The Cell-DEVS formalism [1] was defined as an extension to Cellular Automata
combined with DEVS (Discrete Event systems Specification) [2], a formalism for
specification of discrete-event models. The DEVS formalism provides a framework
for the construction of hierarchical modular models, allowing for model reuse, re-
ducing development and testing times. In DEVS, basic models (called atomic) are
specified as black boxes, and several DEVS models can be integrated together form-
ing a hierarchical structural model (called coupled). DEVS not only proposes a
framework for model construction, but also defines an abstract simulation mechanism
that is independent of the model itself. A DEVS atomic model defined as:

DEVS = < X, Y, S, δext,δ int, λ, ta>

In the absence of external events, a DEVS model will remain in state s∈S during
ta(s). Transitions that occur due to the expiration of ta(s) are called internal transi-
tions. When an internal transition takes place, the system outputs the value λ(s) ∈ Y,
and changes to the state defined by δint(s). Upon reception of an external event, δext(s,
e, x) is activated using the input value x∈X, the current state s and the time elapsed
since the last transition e. Coupled models are defined as:

DN = < X, Y, D, {Mi}, {Ii}, {Zi,j}>

Coupled models consist of a set of basic models (Mi, atomic or coupled) connected
through the models' interfaces. Component identifications are stored into an index
(D). A translation function (Zij) is defined by using an index of influencees created
for each model (Ii). The function defines which outputs of model Mi are connected to
inputs in model Mj.
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Cell-DEVS defines a cell as a DEVS atomic model and a cell space as a coupled
model. Each cell of a Cell-DEVS model holds a state variable and a computing func-
tion, which updates the cell state by using its present state and its neighborhood. A
Cell-DEVS atomic model is defined as:

TDC=< X, Y, S, N, delay, d, δINT, δEXT, τ, λ, D >

A cell uses a set of N input values to compute its future state, which is obtained by
applying the local function τ. A delay function is associated with each cell, after
which, the new state value is sent out. There are two types of delays: inertial and
transport. When a transport delay is used, every value scheduled for output will be
transmitted. Inertial delays use a preemptive policy: any previous scheduled output
will be preempted unless its value is the same as the new computed one. After the
basic behavior for a cell is defined, a complete cell space can be built as a coupled
Cell-DEVS:

GCC = < Xlist, Ylist, I, X, Y, n, {t1,...,tn}, N, C, B, Z >

A coupled Cell-DEVS is composed of an array of atomic cells (C), each of which
is connected to the cells in the neighborhood (N). The border cells (B) can have a
different behavior than the rest of the space. The Z function defines the internal and
external coupling of cells in the model. This function translates the outputs of mth out-
put port in cell Cij into values for the mth input port of cell Ckl. Each output port will
correspond to one neighbor and each input port will be associated with one cell in the
inverse neighborhood. The Xlist and Ylist are used for defining the coupling with
external models.

Fig. 1. Informal definition of a Cell-DEVS model [3]

Using Cell-DEVS has different advantages. First, we have asynchronous model
execution, which, as showed in [3], results in improved execution times. Timing con-
structions permit defining complex conditions for the cells in a simple fashion, as
showed in [4, 5]. As DEVS models are closed under coupling, seamless integration
with other types of models in different formalisms is possible. The independent
simulation mechanisms permit these models to be executed interchangeably in single-
processor, parallel or real-time simulators without any changes.

The CD++ tool [6] was created for the simulation of DEVS and Cell-DEVS mod-
els based on the formal specifications in [1]. This version of the tool and the formal-
ism was used to study a variety of models including traffic, forest fires, biological
systems and experiments in chemistry [4, 5, 7, 8]. While developing these models, we
found that Cell-DEVS formal specifications and CD++ implementation lacked on
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expressiveness when defining very complex applications. We were able to solve some
of these problems with the n-dimensional Cell-DEVS definition presented in [9],
which permitted us to store different state variables in each dimension of a cell space.
Nevertheless, as this organization require extra work from the modelers, and is time-
consuming, we decided to add new facilities to CD++. We will show how to define
different state variables for each cell, and to declare and use multiple inter-cell ports
to communicate with the neighbors, which permitted to improve the definition of
complex models.

Other cellular automata languages as CARPET [10] and Cellang [11] include these
features which are new to CD++. However, these languages use different approaches
from the one used in CD++. CARPET is a procedural language while CD++ is logical
(as Prolog is) and Cellang is a mix. With the new extensions to CD++, it is leveraged
in capabilities to these two languages.

2   The CD++ Toolkit

CD++ [6] is a tool built to implement DEVS and Cell-DEVS theory. The tool allows
defining models according to the specifications introduced in the previous section.
DEVS atomic models can be incorporated into a class hierarchy in C++, while cou-
pled models are defined using a built-in specification language. The tool also includes
an interpreter for a specification language that allows describing Cell-DEVS models.

The behavior specification of a Cell-DEVS atomic model is defined using a set of
rules, each indicating the future value for the cell's state if a precondition is satisfied.
The local computing function evaluates the first rule, and if the precondition does not
hold, the following rules are evaluated until one of them is satisfied or there are no
more rules. The behavior of the local computing function is defined using a set of
rules with the form: VALUE DELAY { CONDITION }. These indicate that when
the CONDITION is satisfied, the state of the cell changes to the designated VALUE,
and its output is DELAYed for the specified time. The main operators available to de-
fine rules and delays include: boolean, comparison, arithmetic, neighborhood values,
time, conditionals, angle conversion, pseudo-random numbers, error rounding and
constants (i.e., gravitation, acceleration, light, Planck, etc.) [12].

[ex]
width : 20     height : 40    border : wrapped
neighbors : (-1,-1) (-1,0) (-1,1) (0,-1)  (0,0)  (0,1)
neighbors : (1,-1)  (1,0)  (1,1)
localtransition : tau-function

[tau-function]
rule: 1 100 {(0,0)=1 and (truecount=8 or truecount=10)}
rule: 1 200 {(0,0) = 0 and truecount >= 10 }
rule: (0,0) 150 { t }

Fig. 2. A Cell-DEVS specification in CD++
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Figure 2 shows the specification of a Cell-DEVS model in CD++. The specifica-
tion follows Cell-DEVS coupled model's formal definitions. In this case, Xlist = Ylist
= { ∅ }. The set {m, n} is defined by width-height, which specifies the size of the cell
space (in this example, m=20, n=40). The N set is defined by the lines starting with
the neighbors keyword. The border B is wrapped. Using this information, the tool
builds a cell space, and the Z translation function following Cell-DEVS specifications.
The local computing function executes very simple rules. The first one indicates that,
whenever a cell state is 1 and the sum of the state values in N is 8 or 10, the cell state
remain in 1. This state change is spread to the neighboring cells after 100 ms. The
second rule states that, whenever a cell state is 0 and the sum of the inputs is larger or
equal to 10, the cell value changes to 1. In any other case (t = true), the result remains
unchanged, and it is spread to the neighbors after 150 ms.

3   Expanding CD++ Architecture

CD++ only supported one state variable per cell. To work around this problem, mod-
elers usually defined extra planes in their cell space, creating as many layers as state
variables needed. For instance, when one state variable was needed in a planar cell
space, the solution was to create a three-dimensional cell space with two planar layers
[7]. State variables are declared as follows:

StateVariables: pend temp vol
StateValues: 3.4 22 -5.2
InitialVariablesValue: initial.var

The first line declares the list of state variables for every cell, the second one the
default initial values, and the last one provides the name of a file where the initial
values for some particular cells are stored, using the following format:

(0,0,1) = 2.8 21.5 -6.7
(2,3,7) = 6 20.1 8

The values are assigned to the state variables following the order in which they are
listed in the sentence StateVariables. Here, the first line assigns 2.8 to pend, 21.5 to
temp, and -6.7 to vol in the cell (0,0,1). The second line will assign respectively the
values 6, 20.1 and 8, to the variables pend, temp and vol in the cell (2,3,7).

State variables can be referenced from within the rules that define the cells’ be-
havior by using its name preceded by a $.

rule: {(0,0,0)+$pend} 10 { (0,0,0)>4.5 and $vol<22.3 }

The identifier ‘:=’ is used to assign values to a state variable. Assignments must be
placed in a new section in the rules (a list of assignments, separated by semi-colons).

% <value> [ { <assignments> } ] <delay> <condition>
rule: { (0,0,0)+1 } { $temp:=$vol/2; $pend:=(0,1,0); }

10 { (0,1,0) > 5.5 }
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In the example, if the condition (0,1,0)>5.5 is true, the variable temp will be as-
signed half of vol value, and pend will be assigned the value of the neighbor cell
(0,1,0). These assignments are executed immediately (they are not delayed).

A second limitation was that the previous implementation of CD++ only used one
port for inputs (neighborChange) and one for outputs (out), which are automatically
created with the cell. The use of different I/O ports provides a more flexible definition
of the cell behavior, as the rules can react in different ways according to inputs arriv-
ing in different ports. Therefore, our second extension supports the use of multiple I/O
ports, which are defined as follows:

NeighborPorts: alarm weight number

The input and output ports share the names, making possible to automatically cre-
ate the translation function: an output from a cell will influence exclusively the input
port with the same name in every cell in its neighborhood. When a cell outputs a
value through one of the ports, it will be received by all its neighbors through the in-
put ports with the same name. A cell can read the value sent by one of its neighbors,
specifying both the cell and port name, separated by a tilde (~), as follows:

rule : 1 100 { (0,1)~alarm != 0 }

In this case, if the cell receives an input in the alarm port from the cell to the right,
and that value is not 0, the cell status will change to 1, and this change will be sent
through the default output port 100 ms after. As one might need to output values
through many ports at the same time, the assignment can be used as many times as
needed (each followed by a semi-colon), as follows:

% <port_assigns> [ <assignments> ] <delay> <condition>
rule: { ~alarm := 1; ~weight := (0,-1)~weight; } 100

{ (0,1)~number > 50 }

In this example, if we receive a value larger than 50 in the port number on the cell
to the right, we wait 100 ms, we generate an output of 1 in the alarm port, and we
copy the weight value received from the cell to the left to the weight output port.

The rules defining the models are translated into an executable definition. Each of
the rules is represented with a structure <value, assignations, delay, condition>, each
represented by a tree. Rules are evaluated recursively form the tree that represents the
condition. If the result of the evaluation is True, it then evaluates the trees corre-
sponding to the value and the delay, and the result of these evaluations are the values
used by the cell. The complete language grammar and details about the tool imple-
mentation are described in [13].

4   Using the Extensions in a Model of Fire Spread

In [14], we described a fire model using Cell-DEVS. Figure 3 represents the specifi-
cation of this model in CD++.
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[ForestFire]
dim : (100,100,2)    border : nowrapped
neighbors : (-1,0,0) (0,-1,0) (1,0,0)
neighbors : (0,1,0)(0,0,0)(0,0,-1)(0,0,1)
zone : ti { (0,0,1)..(99,99,1) }
localTransition : FireBehavior

[ti]
rule:{ time/100 } 1 { cellpos(2)=1 AND (0,0,-1)>=573

AND (0,0,0) = 1.0 }

[FireBehavior]
rule: {#unburned} 1 {(0,0,0)<300 AND (0,0,0)!=26
     AND (#unburned>(0,0,0) OR time<=20)} %Unburned
rule: {#burning} 1 {cellpos(2)=0 AND ( ((0,0,0) >
    #burning AND (0,0,0)>333) OR (#burning> (0,0,0)
       AND (0,0,0)>=573) ) AND (0,0,0)!=209 } %Burning
rule: {26} 1 { (0,0,0)<=60 AND (0,0,0)!=26 AND 

(0,0,0)>#burning } %Burned
rule : { (0,0,0) } 1 { t }   %Stay Burned or constant

#BeginMacro(unburned)
(0.98689 * (0,0,0) + 0.0031 * ( (0,-1,0) + (0,1,0) +
(1,0,0) + (-1,0,0) ) + 0.213 )
#EndMacro

#BeginMacro(burning)
(0.98689*(0,0,0)+.0031*((0,-1,0)+(0,1,0)+(1,0,0)+
  (-1,0,0))+2.74*exp(-.19*((time+1)*.01-(0,0,1)))+.213)
#EndMacro

Fig. 3. Fire spread model specification.

We first define the Cell-DEVS coupled model (including neighborhood, dimen-
sion, etc.). Then, the ti rules show how to store ignition times: if a cell in plane 0
starts to burn, we record the current simulation time in plane 1. To make this happen,
we include a clause specifying to identify the layer in which the current cell is located
(cellpos(2)=x). Then, we show the rules used to compute the cells’ temperatures. The
model specification was simplified using macros containing rules corresponding to
the temperature calculus when the cell is in unburned or burning phase.

As described in Figure 4, we used two planes representing the different variables in
our model. The first plane stores the cell’s temperature. The second plane stores the
ignition time of the cells in the propagation plane.

In the example, we need n x m x 2 cells (double the size of simulated field). Using
the new simulator, the temperature is stored as the cell’s value and the ignition time in
a state variable (temperature is stored in the cell’s value because it must be passed to
the neighbor cells, while the ti value is only used internally to the cell). The first step
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Fig. 4. Cell’s neighborhood specification

was to add a state variable ti, to remove the higher layer of cells and to replace all the
references to this layer by references to the state variable. The original burning and ti
rules in Figure 5 were replaced as follows:

rule: {#burning} 1 {((0,0)>#burning AND (0,0)>333) OR
      (#burning>(0,0) AND (0,0)>=573) AND (0,0)!=209}

rule : { (0,0) } { $ti := time/100; } 1 { (0,0)>=573
 AND $ti = 1.0 }

The direct translation has a problem: in some cases, both conditions can be true at
the same time. For instance, when $ti = 1.0, (0,0) >=573 and #burning > (0,0), both
rules apply. In order to solve this problem, the burning rule was factorized into two
simpler rules, as follows:

rule : { #burning } 1 { (0,0) > #burning AND (0,0)> 333
AND (0,0) != 209 }

rule : { #burning } 1 { #burning > (0,0) AND (0,0)>=
573 AND (0,0)!= 209 }

We can see that in both rules we need (0,0) != 209, and (0,0) > 333 and (0,0) ≥ 333
 (0,0) ≠ 209. Hence, (0,0) != 209 is redundant, and so it can be removed. Rule ti

overlaps with the second part of the rule burning, so they were merged. To shorten the
execution time, the number of rules was reduced and the clauses in the rules’ condi-
tion reordered. The two rules were merged in one rule that will assign the new value
to $ti depending on $ti’s original value:

rule : { #burning } 1 { (0,0)> 333 AND  ( (0,0)< 573 OR
 $ti != 1.0) AND (0,0)>#burning }

rule : { #burning }{ $ti := if($ti = 1.0, time/100,
 $ti); } 1{ (0,0)>=573 AND #burning>=(0,0) }

rule : { #burning } { $ti := time / 100; } 1 { $ti=1.0
 AND (0,0)>=573 AND #burning<(0,0) }
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A second step optimization is based on the fact that CD++ is capable of using
short-cut evaluation (in the same style as the C programming language). When the left
expression of an and operation evaluates to false, the whole operation will evaluate to
false, so it is useless to evaluate the right expression. Similarly, when the left expres-
sion of an or operation evaluates to true, the whole operation will evaluate to true,
and so there is no need to evaluate the right expression of the operation. By simply
reordering the operations and their parameters, we can save execution time. The idea
is to execute the simplest conditions first, while leaving the more complex ones to the
end.

%Unburned
rule : { #macro(unburned) } 1
       { (0,0) != 209 AND (0,0) < 573 AND
         ( time <= 20 OR #macro(unburned) > (0,0) ) }
%Burning and ti
rule : { #macro(burning) } 1
       { (0,0) > 333 AND ( (0,0) < 573 OR $ti != 1.0 )
         AND (0,0) > #macro(burning) }
rule : { #macro(burning) }
       { $ti := if($ti = 1.0, time / 100, $ti); } 1
       { (0,0) >= 573 AND #macro(burning) >= (0,0) }
rule : { #macro(burning) } { $ti := time / 100; } 1
       { $ti = 1.0 AND (0,0) >= 573 AND
         #macro(burning) < (0,0) }
%Burned
rule : { 209 } 100
       { (0,0) != 209 AND (0,0) <= 333 AND
         (0,0) > #macro(burning) }
%Stay Burned or constant
rule : { (0,0) } 1 { t }

In the FireSpread model the cells can be in one of four phases: inactive, unburned,
burning and burned. An unburned cell's temperature is lower than 573 degrees. A cell
starts burning at 573 degrees and its temperature increases for a while and then start
decreasing as the fuel mass is consumed. When the temperature gets lower than 333
degrees, the cell enters the burned phase. In the simulation this is signaled by a con-
stant temperature of 209 degrees.

 The first rule applies to unburned cells, whose temperature in the next step will be
higher than its current one or the simulation time is smaller than twenty (transient
period). The second rule is based on the same principles but applies to burning cells.
The third rule is used when the cells start burning to modify the temperature and the
ignition time (depending on its value). Fourth rule updates the ignition time and the
temperature of burning cells when their temperature is decreasing. The fifth rule sets
the burned flag (temperature equals 209 degrees) when a burning cell crosses down
the 333-degrees threshold, and the sixth rule keeps the burned cells constant.

This problem can also be solved using multiple ports to replace the extra plane.
When we use multiple ports we do not need to store internally the values, but to
transmit them through the ports. So, there is not need to set values, but just send them
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out though the port. In this case, two ports are declared: temp and ti. The port temp
exports the cell s temperature (the old lower layer), while the port ti exports the igni-
tion time (the higher layer).

%Unburned
rule : { ~temp := #unburned; } 1
       { (0,0)~temp!=209 AND (0,0)~temp<573 AND
         (time<=20 OR #unburned>(0,0)~temp ) }
%Burning and ti
rule : { ~temp := #burning; } 1 { (0,0)~temp>333 AND
         ( (0,0)~temp<573 OR (0,0)~ti!=1.0 ) AND
         (0,0)~temp > #burning }
rule : { #burning } 1
       { (0,0)> 333 AND ( (0,0)< 573 OR $ti != 1.0) AND
         (0,0)>#burning }
rule : { #burning }
       { $ti := if($ti = 1.0, time/100, $ti); } 1
       { (0,0)>=573 AND #burning>=(0,0) }
rule : { #burning } { $ti := time / 100; } 1
       { $ti=1.0 AND (0,0)>=573 AND #burning<(0,0) }
%Burned
rule : { ~temp := 209; } 100
       { (0,0)~temp > #macro(burning) AND
         (0,0)~temp <= 333 AND (0,0)~temp != 209 }
%Stay Burned or constant
rule : { } 1 { t }

This model behaves exactly the same as the previous one. As the initial value for
both ports is the same and this model needs different values, it can solved by assign-
ing negative initial value that will never appear during the simulation and adding two
rules that generate the real initial state when the cell has this special values.

5   Conclusions

A new implementation of CD++ was presented, which allows using state variables
and multiple neighbor ports in each cell of a cellular model. These new features add
great power to the specification language to the simulator, simplifying the modeling
task.

Cell-DEVS simplifies the construction of complex cellular models by allowing
simple and intuitive model specification. The CD++ logic rules facilitate the debug-
ging phase and, consequently, reduces development time. Complex model modifica-
tions can now be easily and quickly integrated to the current model of fire spread even
by a non-computer specialist.

Models can now be written more clearly, and their simulation consume less mem-
ory and file descriptors (than those models with extra cell layers), which allow for
larger cell spaces to be simulated.
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Abstract. This paper reports characterization of reach-
able/nonreachable states of 3-neighborhood non-homogeneous Cellular
Automata (CA). An efficient scheme to identify nonreachable states in
O(n) time is proposed. It also computes the number of such states in
O(n) time. The reported characterization of nonreachable states pro-
vides the theoretical background to identify and synthesize a reversible
CA in linear time.

1 Introduction

The study of homogeneous structure of cellular automata (CA) was first initiated
by J. von Neumann [1]. Since then the CA has been used for modeling physical
systems [2,3]. Stephen Wolfram [2] proposed a simplified structure, each CA cell
having only two states, with uniform 3-neighborhood interconnection. It is hard
to assume that the interacting objects in a dynamical system obey the same
interconnection structure (local rule) during its evolution. For such systems, an
effective modeling tool can be the non-homogeneous CA (hybrid CA).

Characterization of a specific class of hybrid CA has been proposed in [3]
for a number of applications in V LSI domain. However, it is limited only to
a specific class of CA referred to as linear/additive CA. It limits the search
space while modeling a solution. Further, the CA researchers put emphasis to
adopt nonlinear CA as the generalized modeling tool [4,6]. However, available
results on characterization of nonlinear hybrid CA are too insignificant. In this
work, we report an analysis to characterize the reachable/nonreachable states
of a CA and to identify the special type of CA having only reachable states.
Wolfram proposes a method to check the nonreachability condition of a state in
a uniform CA [5]. Wuensche proposes a method [6] to compute the predecessors
of a CA state that further can be extended to check its nonreachability condition.
However, the complexity of this approach is not estimated.

The current work, targeting characterization of states of a nonlinear hybrid
CA, reports the simple linear time solutions for the above mentioned problems.
The major contributions of this work are (i) characterization of nonreachable
states of hybrid CA in O(n) time, (ii) identification of all the nonreachable

P.M.A. Sloot, B. Chopard, and A.G. Hoekstra (Eds.): ACRI 2004, LNCS 3305, pp. 813–822, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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states of a given CA, (iii) computation of the number of nonreachable states
in O(n) time, and (iv) a linear time solution to identify and synthesize the
reversible or group CA.

The introduction to CA is provided in Section 2. Section 3 reports charac-
terization of reachable/nonreachable states. Characterization and synthesis of a
reversible CA are presented in Section 4.

2 Cellular Automata

Each cell of a CA consists of a discrete variable. The value of it at time t is
defined as the present states of the cell. The next state of a cell at (t + 1) is
evaluated from the present state of the cell and in its neighborhood. In this
work, we concentrate on 3-neighborhood one dimensional CA, each cell having
two states - 0 or 1; where the next state St+1

t of a cell depends only on the present
states St

i , S
t
i−1, and St

i+1 of itself, its left, and right neighbors respectively. That
is,

St+1
i = fi(St

i−1, S
t
i , S

t
i+1) (1)

where fi is the next state function for cell i.
The collection of states of the cells at time t is the state St = (St

1, S
t
2, · · · , St

n)
of a CA at t. Therefore, the next state of the CA is determined as

St+1 = (f1(St
0, S

t
1, S

t
2), f2(St

1, S
t
2, S

t
3), · · · , fn(St

n−1, S
t
n, St

n+1)) (2)

If St
0 = 0 and St

n+1 = 0, then the CA is a null boundary CA.
If fi is expressed in the form of a truth table, then the decimal equivalent of

its output is referred to as the ‘Rule’ Ri [2]. Three such rules 90, 150, and 75
are illustrated in Table 1. The first row lists the possible 23 (8) combinations of
the present states of (i − 1)th, ith and (i + 1)th cells at time t. In a two state
3-neighborhood CA, there can be 256 rules.

Table 1. Truth Table for Rule 90, 150 and 75

PS : 111 110 101 100 011 010 001 000 Rule
(RMT ) (7) (6) (5) (4) (3) (2) (1) (0)
(i) NS : 0 1 0 1 1 0 1 0 90
(ii) NS : 1 0 0 1 0 1 1 0 150
(iii) NS : 0 1 0 0 1 0 1 1 75

Note: PS, RMT and NS stand for Present State, Rule Min Term and Next State.

The next state logics for the rules 90 and 150 employ XOR function. There
are only 14 rules with XOR/XNOR logic and are referred to as linear/additive
rules. Other rules (say, 75) are non-linear rules.

The set of rules that configures the cells of an n−cell CA is called rule vector
R =< R1,R2, · · · ,Ri, · · · ,Rn >. If all Ris (i = 1, 2, · · · , n) are linear/additive,
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the CA is a linear/additive CA, otherwise it is a nonlinear CA. Moreover, ifR1 =
R2 = · · · = Rn, then it is a homogeneous or uniform CA; otherwise the CA is
called non-homogeneous or hybrid. An analytical framework to characterize CA
rules (linear/additive or non-linear) is reported in the subsequent discussions.

Definition 1. A rule is Balanced if it contains equal number of 1s and 0s in
its 8−bit binary representation; otherwise it is an Unbalanced rule.

The rules shown in Table 1 are balanced. Each of the rules has four 1s and
four 0s in its 8-bit binary representation. On the other hand, rule 171 with five
1s in its 8-bit representation (10101011) is an unbalanced rule.

13
10

4

1

1412

9

6

0

8

52

11

73

15

Fig. 1. A group CA with rule vector
< 105, 177, 170, 75 >
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12
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3 11
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Fig. 2. A non-group CA with rule vec-
tor < 105, 177, 171, 75 >

Rule Min Term (RMT ): The set of present states (1st row of Table 1) can
be viewed as the Min Term of a 3-variable (St

i−1, S
t
i , S

t
i+1) switching function.

Therefore, each column of the first row of Table 1 is referred to as the Rule Min
Term (RMT ). The column 011 in the truth table (Table 1) is the 3rd RMT .
The next states corresponding to this RMT are 1 for Rule 90 and 75, and 0 for
Rule 150. The proposed characterization is based on the analysis of the RMT s
of the CA rules.

A reversible CA (also called group CA) contains only cyclic states (Fig.1)
– that is, each state is reachable from some other states of the CA. Whereas,
an irreversible CA (also called non− group CA) contains both cyclic and non-
cyclic states (Fig.2). There are a number of states in a non-group CA that
are nonreachable (5 and 13 of Fig.2) – that is without having a predecessor.
Further, in a non-group CA, some states may have more than one predecessors.
For example, the states 15 and 7 of Fig.2 have more than one predecessors.
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3 Characterization of Nonreachable States

To characterize a CA state S we adopt an approach to find its predecessor. The
scheme first evaluates a condition (say C) assuming that the given state S is
reachable. The condition C is so framed that the true value of C implies, the
CA state S can not have a predecessor and, therefore, S is nonreachable.

Let us consider the CA < 105, 177, 171, 65 > and a state 1101 (13). Assume
that 13 is a reachable state. Therefore, it should have predecessor state(s). Con-
sider, Sp is one of the immediate predecessors of 13. That is, the state transition
Sp− > 1101(13) follows the RMT s of the rules noted in Table 2. As we are
considering null-boundary CA, some of the RMT s of rule 105 and 65 are set to
don’t care (d). For example, the RMT s 7, 6, 5 & 4 of rule 105 are don’t cares.

To get the first bit (MSB) ’1’ of 1101 from Sp, the left most cell of the CA
have to follow either 0th or 3rd RMT , as the 0th and 3rd RMT of rule 105 can
result in 1 (Table 2). It indicates that the two MSBs of Sp are either 00 or 11.
We denote these two effective RMT s as S1 = {0, 3}.

The candidate RMT s that can generate the 2nd MSB of S = 1101 are 0,
1, 6 and 7 (Table 3) of the rule 177. However, the 1st and 6th RMT s result in
0. Therefore, the 2nd MSB (1) of 1101 should effectively be reached from Sp

following any one of the RMT s of set S2 = {0, 7}. Similarly, S3 = {6} – that is,
RMT 6 of the 3rd cell rule (171) is effective for the transition Sp to 1101. Once
the RMT 6 is identified for the 3rd cell, it signifies the 3rd and 4th (LSB) bit
of Sp are 1 and 0 respectively. Therefore, the 4th and 5th RMT s for the rule 65
may be effective. As the 5th RMT is don′t care and since the value of RMT 4
is 0 (Table 2), the LSB (1) of 1101 can’t be generated from Sp. Therefore, the
assumption is wrong – that is, Sp does not exist and hence 1101 is a nonreachable
state.

Table 2. Binary values of the CA, < 105, 177,
171, 65 >

RMT 111 110 101 100 011 010 001 000 Rule
(7) (6) (5) (4) (3) (2) (1) (0)

Firstcell d d d d 1 0 0 1 105
Secondcell 1 0 1 1 0 0 0 1 177
Thirdcell 1 0 1 0 1 0 1 1 171
Fourthcell d 1 d 0 d 0 d 1 65

Table 3. Transition of RMT s

RMT at RMT s at
ith rule (i + 1)th rule
0 or 4 0, 1
1 or 5 2, 3
2 or 6 4, 5
3 or 7 6, 7

The above discussion reports that to check the existence of predecessor of a
CA state St, we should identify (i) the set of RMT s (S′

i+1) for each CA cell
rule Ri+1 on which the cell (i + 1) can change its state, and (ii) the set S′′

i+1
containing the RMT s which generate the (i+1)th bit of St. Table 3 gives the set
of RMT s (S′

i+1) at (i+1)th cell rule on which the cell can change its state for an
RMT chosen at the ith cell rule for state change. If the selected RMT of the ith
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rule is k, then (i+1)th cell is to be changed following either the RMT 2k mod 8
or (2k + 1) mod 8. While Si = S′

i ∩ S′′
i = φ, for any i, the St is nonreachable.

For the current example, S′
1 = {0, 1, 2, 3} and S′′

1 = {0, 3} (to satisfy Sp− >
1101). So, S1 = S′

1∩S′′
1 = {0, 3}. Similarly, S′

2 = {0, 1, 6, 7} and S′′
2 = {0, 4, 5, 7}.

That is, S2 = S′
2 ∩ S′′

2 = {0, 1, 6, 7} ∩ {0, 4, 5, 7} = {0, 7}. The S′
3 = {0, 1, 6, 7}

and S′′
3 = {2, 4, 6}. Therefore, S3 = S′

3 ∩ S′′
3 = {0, 1, 6, 7} ∩ {2, 4, 6} = {6}.

Finally, for the last cell S′
4 = {4} and S′′

4 = {0, 6}. It results in S4 = S′
4 ∩ S′′

4 =
{4} ∩ {0, 6} = φ. The complete algorithm to test the reachability condition of a
CA state is presented next.

Algorithm 1. FindNonReachable
Input: Rule[n][8], state[n], n. Output: 1 if nonreachable; 0 otherwise
Step 1: Find S1 where Rule[1][j] = state[1], j = 1, 2, 3, 4.

If S1 = φ, return 1 as the state is not reachable.
Step 2: For i = 2 to n − 1

(a) Find S′
i such that if k ∈ Si−1, ((2k) mod 8) and ((2k + 1) mod 8) are in S′

i.
(b) Find S′′

i , where S′′
i = {j} and Rule[i][j] = state[j], j = 0, · · · , 7.

(c) Find Si = S′
i ∩ S′′

i .
(d) If Si = φ, return 1 as the state is nonreachable.

Step 3:
(a) Find S′

n such that if k ∈ Sn−1, ((2k) mod 8) and ((2k + 1) mod 8) are in S′
n.

(b) Find S′′
n, where S′′

n = {j} and Rule[i][j] = state[j], j = 0, 2, 4, 6.
(c) Find Sn = S′

n ∩ S′′
n.

(d) If Sn = φ, return 1 as the state is not reachable.
Step 4: The state is reachable. Return 0.

Algorithm 1 contains only a single loop (Step 2). In each iteration, it de-
mands constant, (say T ) time unit. Therefore, the computation time to test the
reachability condition of a state is T ∗ n – that is, O(n).

3.1 Identifying the Nonreachable States

To find the list of all nonreachable states of a given CA, a recursive algorithm is
proposed. It traverses all possible paths of a tree referred to as the Reachability
Tree.
Reachability Tree: Each node of a reachability tree (Fig.3) can have maximum
2 outgoing edges – 0-edge (left edge) and 1-edge (right edge). For an n−cell CA,
its number of levels is (n+ 1). The number of leaf nodes denotes the number of
reachable states. A sequence of edges from the root to a leaf node, representing
an n−bit binary string, is a reachable state.

Fig.3 is the reachability tree for a CA with rule vector < 105, 129, 171, 65 >.
The RMT values of a rule for which we follow an edge are noted in bracket. For
example, as the RMT s 1 & 2 are 0 and RMT s 0 & 3 are 1 for the 1st rule (105),
the corresponding RMT s are noted in 0-edge and 1-edge respectively. Similarly,
if the 1st bit of the next state is determined by RMT 1 or 2, then the 2nd bit
of the next state is to be generated following the RMT s 2, 3, 4 or 5 of the rule
129 (Table 3). The RMT values of all these 4 for rule 129 are 0. These RMT s
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Table 4. Binary values of the CA, < 105, 129, 171, 65 >

RMT 111 110 101 100 011 010 001 000 Rule
(7) (6) (5) (4) (3) (2) (1) (0)

Cell 1 d d d d 1 0 0 1 105
Cell 2 1 0 0 0 0 0 0 1 129
Cell 3 1 0 1 0 1 0 1 1 171
Cell 4 d 1 d 0 d 0 d 1 65

are noted against the 0-edge of the 2nd node. Hence, there is no 1-edge (dotted
line) for this node. It signifies – the states started with 01 are nonreachable.

3.2 Finding List of Nonreachable States

To find the complete set of nonreachable states, we construct the reachability
tree for a CA. For a terminated path (length< n), the proposed scheme reports
all the states that follow the path as nonreachable. For example, the 24−2 = 4
states 0100, 0101, 0110 and 0111 of the CA < 105, 129, 171, 65 > (Fig.3) started
with 01, are nonreachable.

The complexity of the scheme depends on the number of nodes in the reach-
ability tree. The best case is – all the states, except one, of an n−cell non-group
CA are the nonreachable. For such cases, each node except the leaf nodes of the
reachability tree is having exactly one outgoing edge. Therefore, the number of
nodes in the tree is n. Hence, the complexity is O(n). In the worst case, all the
states of an n−cell CA are reachable. For such a case, the reachability tree is a
complete binary tree. The number of nodes in the tree is 2n+1−1. Therefore, the
complexity is O(2n). However, in average case, the number of reachable states
of an n−cell non-group CA is m < 2n. Since to identify a reachable state, the
algorithm demands O(n) time, the complexity is O(mn).

4 Group CA

The following theorems characterize a group CA.

Theorem 1. The reachability tree of a group CA is balanced.

Proof. Since all states of a group CA are reachable, the number of leaf nodes in
the reachability tree of such an n−cell CA is 2n. Therefore, the tree is balanced
as it is a binary tree with (n+ 1) levels.

Theorem 2. The reachability tree for a 3-neighborhood CA is balanced if each
edge of the tree follows exactly two RMT s of a rule.

Proof. Let us consider, an intermediate edge ei of the reachability tree that fol-
lows single RMT (k) of a rule. Therefore, the following two cases may arise:
(i) the ei is the predecessor of the edge el connecting a leaf node (leaf edge)
– therefore, each of the next edge should follow either 2k mod 8 or from
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(2k+1) mod 8. But (2k+1) mod 8 does not exit since the CA is a null boundary
and the next edge is the leaf edge el. Hence the tree is unbalanced.
(ii) the ei is any intermediate edge – for this case, the very next edges of the
edge ei should follow RMT 2k mod 8 or RMT (2k + 1) mod 8. If both the
RMT s result in the same value for that particular rule, the tree becomes unbal-
anced. Otherwise, there exists two edges and each follows a single RMT . This
consideration is true for all the nodes until we reach to the predecessor of a leaf
node. That is, the tree may remain balanced up to the predecessor of leaf nodes.
For that case, there are a number of edges, whose next edge is the leaf, follow a
single RMT . Hence the tree is unbalanced.

The reachability tree, as shown in Fig.3, is unbalanced. The 0-edge at level
1 follows four RMT s. On other hand, the reachability tree of Fig.4 depicts a
balanced tree.

4.1 Identification of Group CA

Since the reachability tree for a group CA is balanced, there are 2i number of
nodes at the ith level. However, only 8C2 = 28 combinations of RMT s (taking
exactly two RMT s in a combination) are possible. Further, the RMT s 0 and 4
of a rule are equivalent since these two result in the same set of RMT s (0 and
1) for the next level (Table 3). Similarly, RMT s 1 & 5, 2 & 6, and 3 & 7 are
equivalent. Therefore, number of possible nodes in the reachability tree at any
level is 4C2 = 6.

The following algorithm scans a CA rule vector from left to right and notes
an edge in the reachability tree, having <> 2 RMT s. If such an edge exists, the
CA is non-group.

Algorithm 2. CheckGroup
Input: n, Rule[n][8]. Output: group or non-group.
Step 1: Find (a) S[1] = {j}, where Rule[1][j] = 0 and 1 ≤ j ≤ 3, (b) S[2] = {j}, where
Rule[1][j] = 1.

Set nos := 2. If |S[1]| �= |S[2]|, then
report the CA as non-group and exit.

Step 2: For i = 2 to n − 1
2.1 For j = 1 to nos

Determine 4 RMT s for the next level using Table 3 of S[j].
Distribute these 4 RMT s into S′[2j] and S′[2j +1], such that S′[2j] and S′[2j +1]

contain the RMT s that are 0 and 1 respectively for Rulei.
If |S′[2j]| �= |S′[2j + 1]|, then report the CA as non-group and exit.
2.2 Replace RMT s 4, 5, 6 and 7 by 0, 1, 2 and 3 respectively for each S′[k].

2.3 If |S′[k]| becomes 1, report the CA as non-group and exit.
2.4 Remove duplicate sets from S′ and assign the sets of S′ to S.
2.5 nop := number of sets in S.

Step 3: For j = 1 to nos

Determine next 4 RMT s of S[j], of which 2 are invalid since it is the last rule.
If both RMT s are 0 or 1 for the rule, then report the CA as non-group and exit.

Step 4: Report the CA as group.
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Fig. 3. Reachability Tree for the CA
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Fig. 4. Reachability tree for the CA <
90, 15, 85, 31 >.

Table 5. Binary values of the CA, < 90, 15, 85, 31 >

RMT 111 110 101 100 011 010 001 000 Rule
(7) (6) (5) (4) (3) (2) (1) (0)

First cell d d d d 1 0 1 0 90
Second cell 0 0 0 0 1 1 1 1 15
Third cell 0 1 0 1 0 1 0 1 85
Fourth cell d 0 d 0 d 1 d 1 31

Example 1. Let consider the CA < 90, 15, 85, 31 > of Table 5. From Step 1 of
Algorithm 2, we get S[1] = {0, 2} and S[2] = {1, 3}.
In Step 2, when i = 2 we obtain –

S′[1] = {4, 5}, S′[2] = {0, 1}, S′[3] = {6, 7} and S′[4] = {2, 3}.
Since each set of S′ contains exactly 2 RMT s, decision at this stage is the CA
is nongroup. Now S′ can be modified as

S′[1] = {0, 1}, S′[2] = {0, 1}, S′[3] = {2, 3} and S′[4] = {2, 3}.
Here each set of S′ contains exactly 2 RMT s, so S′ is reduced removing the
duplicates and assigned to S. Therefore, S[1] = {0, 1} and S[2] = {2, 3}.
When i = 3, S′[1] = {1, 3}, S′[2] = {0, 2}, S′[3] = {5, 7} and S′[4] = {4, 6}.
Hence the modified S′: S′[1] = {1, 3}, S′[2] = {0, 2}, S′[3] = {1, 3} and S′[4] =
{0, 2}. Further, assigning reduced S′ to S, we get S[1] = {1, 3} and S[2] = {0, 2}.
Now Step 3 results in S′[1] = {2}, S′[2] = {6}, S′[3] = {0} and S′[4] = {4}.
Each set of S′ contains a single RMT , that is, number of 0s and 1s in RMT s
{2, 6} and {0, 4} are the same. So, the CA is a group (Step 4). The reachability
tree (Fig.4) also shows that the CA is a group as the tree is balanced.

Algorithm 2 is having the main loop in Step 2. It contains a subloop with
expected number of iterations depends on nos. The maximum value of nos is a
constant (6). Therefore, the execution time of the algorithm only depends on n.
Hence the complexity is O(n).
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4.2 Synthesizing a Group CA

The following algorithm synthesizes the rule vector for a group CA in such a
way that the reachability tree for the CA is balanced.

Algorithm 3. SynthesizeGroup
Input: n. Output: An n−cell group CA.
Step 1: Distribute two 0s and two 1s arbitrarily in first 4 RMT .
Consider, S[1] = {j} for Rule[1][j] = 0 and S[2] = {j} for Rule[1][j] = 1 (1 ≤ j ≤ 3).

Set nos := 2
Step 2: For i = 2 to n − 1

2.1 For j = 1 to nos

Determine 4 RMT s for the next level using Table 3 of S[j].
Distribute two 0s and two 1s arbitrarily in these 4 RMT s. If there are RMT s

0 and 4, 1 and 5, 2 and 6, or 3 and 7 simultaneously in those 4 RMT s, 0 and 1 are
to be distributed in such a way that those RMT pairs are not 0 or 1 simultaneously.

Suppose that S′[2j] and S′[2j + 1] contain RMT s that are 0 and 1 respectively.
2.2 Replace RMT s 4, 5, 6 and 7 by 0, 1, 2 and 3 respectively for each S′[k].
2.3 Remove duplicate sets from S′ and assign the sets of S′ to S.
2.4 nop := number of sets in S.

Step 3: For j = 1 to nos

Determine next 4 RMT s of S[j], of which 2 are invalid since it is last rule.
Distribute 0 and 1 randomly in two RMT s.

Step 4: Report the CA as an n−cell group CA.

The complexity of the algorithm is obviously O(n).

4.3 Computation of the Number of Nonreachable States

The following algorithm is the generalization of Algorithm 2 that computes the
number of nonreachable states in a CA.

Algorithm 4. CalNonReachable
Input: n, Rule[n][8]. Output: number of nonreachable states.
Step 1: Find S[1] = {j}, where Rule[1][j] = 0 and 1 ≤ j ≤ 3.

Similarly find S[2] = {j}, where Rule[1][j] = 1.
If S[i] = φ, Nonreachable := 2n−1, oldWeight[1] := 2n−1 and nos := 1, where

i = 1, 2.
Otherwise oldWeight[1] := oldWeight[2] := 2n−1 and nos := 2

Step 2: For i = 2 to n − 1
2.1 For j = 1 to nos

Determine RMT s for the next level using Table 3 and S[j].
Distribute these RMT s into S′[2j] and S′[2j+1], such that S′[2j−1] and S′[2j]

contain those RMT s that are 0 and 1 respectively for Rulei.
Set newWeight[2j-1] := newWeight[2j] := oldWeight[j]/2.
If S′[k] = φ, Nonreachable := Nonreachable + newWeight[k], where k =

2j − 1, 2j.
2.2 Replace RMT s 4, 5, 6 and 7 by 0, 1, 2 and 3 respectively for each S′[k].
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2.3 If S′[k] = S′[k′] for any k′, then set oldWeight[k] := newWeight[k] +
newWeight[k’]; otherwise set oldWeight[k] := newWeight[k].

2.4 nop := number of sets in S.
Step 3: For j = 1 to nos

Determine next RMT s of S[j], of which 2 are invalid since it is last rule.
Distribute these RMT s into S′[2j] and S′[2j+1], such that S′[2j−1] and S′[2j]

contain those RMT s that are 0 and 1 respectively for Rulen.
If S′[k] = φ, Nonreachable := Nonreachable +oldWeight[k]/2, where k = 2j −1, 2j.

Step 4: Report the value of Nonreachable as the number of nonreachable states.

Algorithm 4 contains the main loop that depends on n and the subloop
dependent on nos. The maximum value of nos is 6. Therefore, the complexity
of the algorithm is O(n).

5 Conclusion

This work presents characterization of reachable/nonreachable states of a 3-
neighborhood hybrid CA. The characterization enables the design of linear time
solution to identify and synthesize reversible or group CA.
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Abstract. Ensembles of classifiers have the ability to boost classification accu-
racy comparing to single classifiers and are a commonly used method in the
field of machine learning. However in some cases ensemble construction algo-
rithms do not improve the classification accuracy. Mostly ensembles are con-
structed using specific machine learning method or a combination of methods,
the drawback being that the combination of methods or selection of the appro-
priate method for a specific problem must be made by the user. To overcome
this problem we in-vented a novel approach where an ensemble of classifiers is
constructed by a self-organizing system applying cellular automata (CA). First
results are promising and show that in the iterative process of combining classi-
fiers in the CA, a combination of methods can occur, that leads to superior ac-
curacy.

1   Introduction

A large variety of problems arising in engineering, physics, chemistry and economics
can be formulated as classification problems [1, 2, 8]. Although classification repre-
sents only a small part of the machine learning field, there are a lot of methods avail-
able. To develop a general method that at the same time exposes different aspects of a
problem and produces “optimal” solution is unfortunately impossible, due to the so
called  “no free lunch” theorem [6]. Therefore a standard local optimization technique
is to use multi-starts, by trying different starting points and running the processes of
classification independently from each other and selecting the best result from all
trials. Moreover ensembles [4] of classifiers are often used since they have the ability
to boost classification accuracy comparing to single classifiers. However, single clas-
sifiers just like ensembles of classifiers can often find solutions near local optima, but
are not so successful in global exploration of search space. Therefore different popu-
lar methods for global exploration of the search space are used, like simulated an-
nealing, genetic algorithms and lately also a theory of self-organization systems that
could gain some diversity leading to possible better solutions.

During the last few years, the scientific area of self-organizing systems became
very popular. The field seeks general rules about the growth and evolution of sys-
temic structure, the forms it might take, and finally methods that predict the future
organization that will result from changes made to the underlying components. A lot
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of work in this field has been done using Cellular Automata (CA), Boolean Networks,
with Alife, Genetic Algorithms, Neural Networks and similar techniques. In this pa-
per we propose a new method for nonlinear ensembles of classifiers that exploit the
ability of self-organization applying CA in search for an optimal solution. The aim is
to combine different single classifiers in an ensemble represented by a CA. We show
how improved accuracy can be obtained by interaction of neighborhood cells con-
taining different kind of classifiers.

The paper is organized as follows. In Sec. 2 and 3 the process of classification and
the basics of CA is shortly introduced. In Sec. 4 we discuss how to design a CA as
classifier. Sec. 5 presents experiment setup and in Sec. 6 first results are discussed.

2   Classifier Systems and Classification

As mentioned before in this research we are focused on solving classification tasks.
Classification is a process in which each sample is assigned with a predefined class.
Classifier systems were introduced in 1978 by Holland as a machine learning meth-
odology, which can be taught of syntactically simple rules.

For learning a classifier a training set, which consists of training samples, is used.
Every training sample is completely described by a set of attributes (sample proper-
ties) and class (decision). After learning a classifier a testing set is used to evaluate its
quality. The testing set consists of testing samples described with the same attributes
as training samples except that testing samples are not included in the training set. In
general the accuracy of classifying unseen testing samples can be used for predicting
the efficiency of applying the classifier into practice.

3   Cellular Automata

CA are massively parallel systems [3] obtained by composition of myriads of simple
agents interacting locally, i.e. with their closest neighbors. In spite of their simplicity,
the dynamics of CA is potentially very rich, and ranges from attracting stable con-
figurations to spatio-temporal chaotic features and pseudo-random generation abili-
ties. Those abilities enable the diversity that can possibly overcome local optima by
solving engineering problems. Moreover, from the computational viewpoint, they are
universal, one could say, as powerful as Turing machines and, thus, classical Von
Neumann architectures. These structural and dynamical features make them very
powerful: fast CA-based algorithms are developed to solve engineering problems in
cryptography and microelectronics for instance, and theoretical CA-based models are
built in ecology, biology, physics and image-processing. On the other hand, these
powerful features make CA difficult to analyze - almost all long-term behavioral
properties of dynamical systems, and cellular automata in particular, are unpredict-
able. However in this paper the aim was not to analyze the process of CA rather to
use it for superior classification tasks.
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4   Cellular Automata as a Classifier

Our novel idea is to exploit benefits of self-organization abilities of cellular automata
in classification and its possible use in the extraction of new knowledge. Our first task
was to define the basic elements (content of the cells) and transaction rules that would
result in a learning ability of cellular automata and representing gained classification
knowledge in its structure. Most obvious choice is to define a cell in the classification
cellular automata (CCA) as a classifier. In a simplified view we can look at cellular
automata as on an ensemble of classifiers. In each cell we have to build a classifier
that has different and eventually better abilities than already produced ones. Contrary
if all cells would have the same classifier there would be no diversity and it would be
quite unreasonable to use any trans-action rules on such automata, because all cells
would classify in the same way. Thus we must ensure the most possible diversity of
classifiers used in different automata’s cells to benefit from the idea of CCA.

4.1   Initializing Automata

The most desirable initial situation in a CCA is having a unique classifier in each of
its cells. We can ensure that by using different methods but the problem is (especially
when the CCA has a lot of cells) that the number of different methods is limited.
Nevertheless, even if there is only one method available we can still use so called
fine-tuning. Namely, almost all machine-learning methods used for classification
have multiple parameters that affect classification. Therefore with changing those
parameters different classifiers can be obtained. Parameters can be randomly selected
or defined by using for example evolutionary algorithms for determining most appro-
priate parameters. An-other possibility is by changing expected probability distribu-
tions of input samples, which may also result in different classifiers, even by using
the same machine learning method with the same parameters. Still another approach
is the feature reduction/selection. That technique is recommended when a lot of fea-
tures are presented.

4.2   Transaction Rules

Transaction rules must be defined in such a way to enforce the learning process that
should lead to generalization abilities of the CCA. Successful cells should therefore
be rewarded, but on the other hand cells with not so good classifiers shouldn’t be
punished too much, to preserve the diversity of the CCA. Each classifier in a cell can
classify a single learning sample or can generate unknown tag to signal that it cannot
assign any class to current sample. From the transaction rules point of view a classifi-
cation result can have three outcomes: same class as the learning sample, different
class or cannot classify. Cannot classify tag plays important role when combining
partial classifiers that are not defined on the whole learning set. In that case CCA
becomes a classifier system i.e. when using if-then rules in CCAs cells. Therefore a
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cell with unknown classification for current learning sample should be treated differ-
ently as misclassification. Beside the cells classification ability also the neighborhood
plays a very important role in the self-organization ability of a CCA. Transaction
rules depend on the specific neighborhood state to calculate new cell’s state. In gen-
eral we want to group classifiers that support similar hypothesis and have therefore
similar classification on learning samples. Even if sample is wrongly classified, the
neighborhood can support a cell classifier by preventing its elimination from auto-
mata. With that transaction rule we encourage creation of decision centers for a spe-
cific class and in this way we can overcome the problem of noisy learning samples –
another CCAs advantage.

4.3   Learning Algorithm

Input: training set with N training samples
Number of iterations: t=1,2,…T
For t=1,2…T:

- choose a learning sample I
- fill the automaton
- each cell in automaton classifies the learning

sample I
- change cells energy according to the transac-

tion rules
- a cell with energy bellow zero does not survive

Output: CCA with highest classification accuracy on
the training set

Once the CCAs classifier diversity is ensured, transaction rules are continuously ap-
plied. Beside its classifier information, each cell contains also statistical information
about its successfulness in a form of cell’s energy. Transaction rules can increase or
decrease energy level dependent on the successfulness of classification and cells
neighbors. If energy drops below zero the cell is terminated. New cell can be created
dependent on learning algorithm parameters with its initial energy state and a classi-
fier used from pool of classifiers or newly generated classifier dependent on neigh-
borhood classification abilities and modifying expected probability distribution and/or
used features. When using second approach we create local boosting algorithm to
assure that misclassified samples are correctly classified by the new cell. Of course if
cell is too different from the neighborhood it will decently die out and the classifier
will be returned to the pool. The learning of a CCA is done incrementally by supply-
ing samples from the learning set. Transaction rules are executed first on the whole
CCA with a single sample and then continued with the next until the whole problem
is learned by using all samples - that is a similar technique than used in neural net-
works [5, 7]. Transaction rules do not directly imply learning, but the iteration of
those rules creates the self-organizing ability. Of course this ability depends on classi-
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fiers used in CCAs cells, and its geometry. Stopping criteria can be determined by
defining fixed number of iterations or by monitoring accuracy.

4.4   Inference Algorithm

Input: a sample for classification
Number of iterations: t=1,2,…V
For t=1,2…V

- each cell in automaton classifies the sample
- change cells energy according to the transac-

tion rules
- each cell with energy bellow zero does not sur-

vive
Classify the sample according to the weighted voting
of the survived cells

Output: class of the input sample

Inference algorithm differs from learning algorithm, because it does not use self-
organization. Simplest way to pro-duce single classification would be to use the
majority of the cell voting. On the other hand some votes can be very weak from the
transaction rule point of view. If transaction rules are applied using only
neighborhood majority vote as sample class those weak cells can be eliminated. After
several irritations of transaction rules only cells with strong structural support survive
on which majority voting can be executed. Weighted voting algorithm can be used by
exploiting energy state of classifier in a cell.

5   Experiment Setup and Results

To test the presented idea of the CCA we implemented simple cellular automata and
used simple if-then rules in the cells. Rule form is as follows:

if (attribute value) then decision ;

where decision is a class of a current sample.

The following transaction rules were used:
-   If a cell has the same classification as the sample class:

• if majority neighbourhood vote is the same as learning sample class the in-
crease cell‘s energy

• if majority neighbourhood vote differs the dramatically increase energy of
the cell;
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-   If a cell classification differs from the learning sample class
• if neighbourhood majority vote is the same as learning sample class then de-

crease energy of the cell
• if neighbourhood majority class is the same as the cell class then slightly de-

crease energy of cell;
-   If a cell cannot classify learning sample then leave the energy state of the cell un-
changed.

Through all iterations all cells use one point of energy (to live). If the energy level
of a cell drops below zero the cell is terminated.

The presented CA Simple approach was tested on five databases from UCI re-
pository. We compared the results with the following commonly used methods for
decision tree induction that are able to use more complex conditions as our CA Sim-
ple:

- greedy decision tree induction based on different purity measures (Quinlan’s
ID3, C4.5, C5 and Decrain),

- genetically induced decision trees – a hybrid between genetic algorithms and
decision trees (Vedec) and

- boosting of decision trees – a method for generating an ensemble of classifi-
ers by successive re-weighting of the training instances. AdaBoost algo-
rithm, introduced by Freund and Schapire was used.

The predicting power of induced classifiers was evaluated on the basis of average
accuracy (Eq. 1) and average class accuracy (Eq. 2).

objectsallofnum

objectsclassifiedcorrectlyofnum
accuracy

.
= (1)

cclassinobjectsallofnum

cclassinobjectsclassifiedcorrectlyofnum
accuracyc .

=

classesofnum

accuracy
accuracyclassaverage c

c

.
=

(2)

Table 1. Accuracy of the induced classifiers on the test sets.

Dataset
C 4.5 C5

C5
Boost ID3

Decrain
ID3 Vedec

CA
Simple

BreastCancer 96.4 95.3 96.6 92.7 95.7 96.1 97.4
GlassType 71.8 83.6 92.7 69.1 83.6 87.3 81.8
Hepatitis 80.8 82.7 82.7 78.8 82.7 78.8 86.5
Iris 97.0 94.0 94.0 94.0 94.0 96.0 96.0
Pima 76.2 75.8 81.3 70.7 76.6 77.3 75.7
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Table 1 shows the results in the terms of the CCAs total accuracy on unseen cases
compared to some very popular decision trees approaches. We can see that even this
very simple CCA can outperform more prominent methods. The average class accu-
racy is presented in Table 2 which once again shows that the simple CCA performed
best on two databases. Even in all other cases the results are comparable with the
results obtained with other approaches in the terms of total accuracy and also in aver-
age class accuracy. That shows that the ability of self-organization, is very promising
and that more elaborate CCAs can produce even better results.

Table 2. Average class accuracy of induced classifiers on the test sets.

Dataset
C 4.5 C5

C5
Boost ID3

Decrain
ID3 Vedec

CA
Simple

BreastCancer 94.4 95.0 96.7 90.2 96.1 96.8 98.1
GlassType 80.1 82.3 93.1 69.2 83.5 86.0 78.8
Hepatitis 58.7 59.8 59.8 63.7 59.8 75.7 50.0
Iris 94.2 94.2 94.2 94.2 94.2 96.1 96.1
Pima 73.0 70.5 79.2 66.1 70.4 76.0 72.0

6   Concluding Remarks and Future Work

The aim of this paper was to present the use of self-organization ability of cellular
automata in classification. This way we combined classifiers in an ensemble that is
eventually better than individual classifiers or traditional ensembles generated by
boosting or bagging methods. We empirically showed that even a very simple CCA
can give superior results as more complex classifiers or ensembles of those classifiers.
This is very promising and taking into account the simplicity of the tested CCA we
can foresee a lot of room for improvements. The advantages of the resulting self-
organizing structure of cells in CCA is the problem independency, robustness to noise
and no need for the user input. The important research direction in the future are to
analyze the resulting self-organized structure,   impact of transaction rules on classifi-
cation accuracy, introduction of other social aspect for cells survival and enlarging
the classifier diversity by more complex cells classifiers.
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Abstract. We investigate a system of interacting agents which play
3-person Prisoner’s Dilemma game on a regular 2-dimensional lattice.
The agents can choose between All-D, All-C, and TFT strategies. The
peculiar structure of 3-person interactions gives rise to two different TFT
strategies, which have different influence on the temporal evolution of the
system. We introduce a formal setting for the relevant cellular automaton
with the 3-person interactions, compare different TFT strategies, and
discuss various properties of the 3-person games on the lattice.

1 Introduction

In many scientific disciplines, which investigate macroscopic systems of entities
(individuals, agents) with microscopic interactions, the theoretical description
of such systems is based on binary contests. The multi-player game theory is,
both mathematically and conceptually, much more complicated than the theory
for two-player games; quantitative considerations of multi-player interactions
started only recently. However, in the real world the multi-player contests, in
which more than two players are in conflict, are common. Such interactions are
important in the biological world as well as in the economy or for the description
of human behavior. The payoffs from such multi-player contests can be different
from binary ones. In the former case all the players take part in one, simultaneous
contest. In symmetric contests the payoff of each player depends on the number
of other players who use specific strategies allowed in the game. Such multi-
player contests can significantly change the time evolution and the equilibrium
properties of emerging stationary states of the population.

One of the most popular and important for applications games is the Pris-
oner’s Dilemma (PD) game. It has been studied for many years as a paradigm
for the evolution of cooperation in social, biological and other contexts, cf. e.g.
Hoffman 2000 for recent review. The multi-person PD has been also studied in
various contexts, cf. e.g. Schweitzer et al. 2002, and references cited therein.

We investigate the system of interacting agents playing iterative three-person
PD games on a regular 2D lattice, with opponents from their first order von
Neumann neighborhood.
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In this note we concentrate on the case with only 3 strategies available for
each agent: All-C (always cooperate), All-D (always defect), and TFT (Tit For
Tat: Play C in the first iteration, then repeat the action of the opponents).

An interesting feature of 3-person interactions is that they give rise to two
different types of TFT strategies, which we call TFT-1 (optimistic/naive Tit For
Tat) and TFT-2 (pessimistic/sceptic Tit For Tat). In TFT-1 the agents respond
C if one opponent played C and another one played D, whereas in TFT-2 they
respond D in the same situation (and C for CC actions, D for DD actions of the
opponents). Thus, we shall study and compare the time behavior of two systems:

I. All-C, TFT-1, All-D,
II. All-C, TFT-2, All-D.

We compare results for various realizations of the payoff matrix for 3-person
PD, and for both TFT strategies. We investigate the emergence of cooperation
for different realizations of the considered games.

In the next section we introduce the spatial structure, interaction neighbor-
hood and dynamics for the proposed cellular automaton, then we discuss results
of simulations and some generalizations.

2 The Model

2.1 3-Person PD Games

We define the stage 3-person PD game as the one-shot simultaneous contest
between three indistinguishable agents, each playing one of two admissible ac-
tions : C (cooperate), or D (defect). The players receive payoffs, which depend
on their actions as well as on the number (but not the ordering) of defectors (or
cooperators) in this group.

It follows that the payoff matrix for each player has 6 values, which form a
6-parameter vector, which we call the payoff vector PV of the stage 3-person
PD game:

(R,S′, S′′, T ′′, T ′, P )

where R,S′, S′′ are the payoffs of cooperator if the opponents played CC, CD
(=DC), DD, respectively, and T ′′, T ′, P are the relevant payoffs for defector if the
opponents played CC, CD (=DC), DD, respectively. This notation generalizes
the standard notation for the 2-person PD, where R corresponds to Reward, S to
Sucker, T to Temptation, and P to Punishment strategy, with T > R > P > S,
and 2R > T + S.

We shall consider iterated 3-person PD games, in which each stage game
between the same three agents is played (at one time step or round) a certain
finite number of times, NI. This leads to considerations of strategies rather than
actions for the players.

As discussed in the introduction, agents can choose between the following
strategies: All-C, All-D, and one of the two types of the Tit-For-Tat strategies:
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Naive Tit-For-Tat, and Sceptic Tit-For-Tat, which are defined for the 3-person
interactions, in which three agents have to choose simultaneously one of the two
actions: cooperate or defect, at each time step of the game.

In general the parameters of the payoff vector may belong to some intervals,
as long as the essence of the PD game is preserved, cf. Yao and Paul 1994, and
Schweitzer et al. 2002 for a discussion of admissible numerical values of the pay-
offs for general n-person games. We note that usually the setting and payoffs
of the underlying 2-person games is used in this context, and the payoff of the
agent in the 3-person (n-person in general) game is calculated as the accumulated
(and/or averaged) payoff of two (n-1 in general) 2-person games, that would be
played independently, at the same time. We refer to this case as to the ”Average
Payoffs” case.

In this note the numerical values for the Average Payoffs case are defined on
the basis of the underlying 2-person PD game with the payoffs: 3 (0) for C if the
opponent plays C (D), 5 (1) for D if the opponent plays C (D), cf. Axelrod 1999.
Thus, the vector

(R,S′, S′′, T ′′, T ′, P ) = (3.0, 1.5, 0.0, 5.0, 3.0, 1.0)

is the payoff vector in the Average Payoffs case.

2.2 Spatial Structure of Interactions

The agents are located in the nodes of a regular, square, finite 2-D lattice. Each
cell of the lattice is identified with one agent, and periodic boundary conditions
are imposed.

The agents interact (play) only locally, i.e. with oponents in their neighbor-
hood. In this note we use the von Neumann closest neighborhood (size 1 vN
neighborhood). Let us consider the following spatial arrangement (the agents
are denoted by their numbers) for the square lattice:

1 2 3 4 5 6

7 8 9 10 11 12
13 14 15 16 17 18

19 20 21 22 23 24

25 26 27 28 29 30

31 32 33 34 35 36

Fig. 1. Interaction neighborhood of agent no. 16, agents are denoted by their numbers.
Only the relevant part of the lattice is shown.

We are interested in the number of stage games played by agent no. 16. The
size 1 vN neighborhood of agent 16 contains the agents: 10, 15, 17, and 22. Agent
16 initiates the following six games: (16, 10, 15) (16, 10, 17) (16, 10, 22) (16, 15,
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17) (16, 15, 2) (16, 17, 22), cf. Fig. 1. These are called the first hand games of
agent 16.

However, agent 16 plays not only with its closest neighbors, but also with
other agents, since it gets challenged by agents in their size 1 vN neighborhood
(since these are the agents whose size 1 vN neighborhood includes agent 16).
Thus, agent 16 is also involved in the following – second hand – games: (the first
member of the triple is always the challenger, i.e. the agent that initiates the
game; the order of the last two members is arbitrary.) (17, 11, 16), (17, 16, 18),
(17, 16, 2), (10, 4, 16), (10, 9, 16), (10, 11, 16), (15, 14, 16), (15, 9, 16), (15, 16,
21), (22, 16, 21), (22, 16, 23), (22, 16, 28).

In sum, agent 16 plays 18 games. It initiates 6 games itself, and accepts
three challenges from each of its neighbors. Moreover, it never plays the same
game (i.e., with exactly the same participants) twice in a round. However, it
plays more than once with the same opponents, except that the ’third party’
is different in such games; the ’additional’ (third) players come from the size 2
vN neighborhood. Note that the frequency of games decays with distance. For
example, agent 16 plays 6 times with each of its neighbors ( 10, 15, 17, and 22),
twice with the agents in its size one Moore neighborhood, that are not in its
size 1 vN neighborhood (9, 11, 21, and 23). Finally, it plays only once with the
agents in the ‘farthest poles’ of its size 2 vN neighborhood (4, 14, 18, and 28),
cf. Fig. 1.

2.3 Description of the Algorithm

Let’s introduce the following terminology: an agent ’acts’ when it has the op-
portunity to start a game. When the acting agent starts a game, we say that it
’challenges’ two of its neighbors to play. Furthermore, we will use the term round
to denote one time-step of the simulation, when each agent has the chance to act
once (in randomized order). A game consists of a certain number of iterations
of the basic stage game.

Using this terminology, the model’s algorithm can be described as follows. In
each round,

1. Each agent gets to act once, in a randomized order (randomization is done
at the beginning of each round).

2. When an agent ’acts’, it creates a list of all unordered pairs of its neighbors
(i.e., from the agents in its size 1 vN neighborhood), and challenges each
of these pairs. The challenged agents always accept the challenge, and the
three agents play a game.

3. During these games, all participants receive payoffs, independent of their
position (i.e., whether they are challenged or challenging).

4. When each agent had the chance to ’act’, they each adapt. Adaptation is
done in the same randomized order as above, but using double buffering, so
agents adapting first will not corrupt the adaptation process of those coming
later in the line. Adaptation is done by observing the performance (average
accumulated payoff) of all opponents in the round, independent of whether it
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was the given agent who initiated the play or it was challenged. ’First hand’
and ’second hand’ games are treated equally, the adaptation neighborhood
of the agents is the same as their interaction neighborhood, as exemplified
in Fig. 1.

3 Results

3.1 TFT-1 Versus TFT-2

First we compared, for the same initial conditions, the final states of two systems:

I. All-C, TFT-1, All-D,
II. All-C, TFT-2, All-D,

for the Average Payoffs case. Initial configurations were created randomly,
with 1/3 proportion of each of admissible strategy in both considered cases.
Simulations were performed for various system sizes (typically 25 x 25) and
number of iterations (in the range from 4 to 100) in each round.

In general in the system I All-D emerges as the unique strategy of all agents
in the final (i.e. after sufficiently many time steps) state, whereas in the system
II TFT-2 (i.e. the sceptic Tit For Tat) wins in most of the cases. Thus, when
comparing both TFT strategies one can say that being sceptic rather than naive
furthers cooperation in the system.

To get more insight into the behavior of TFT strategies we also carried out
simulations for the following system:

III. All-C, TFT-1, TFT-2, All-D,

i.e. with four strategies. Initial configurations were created randomly, with 1/4
proportion of each strategy. In most of the cases, the finally evolving state has
been composed of TFT strategies and – for some initial configurations – All-C
strategy. Thus, the presence of two TFT strategies prevented invasion of defec-
tion.

Then we manipulated the system by raising the payoff P , i.e. increasing the
individual profit from three simultaneous defections. It turned out that still All-
D can be expulsed from the final state if the number NI of iterations in each
round was big enough. Analogous ”interplay” between payoffs for simultaneous
defection and NI has been found for the system II. A more detailed study of the
dependence of finally evolving states on the structure of payoffs will be reported
elsewhere.

3.2 Quasi-Periodic Structures of Cooperation

We observed, for the payoff vector

(R,S′, S′′, T ′′, T ′, P ) = (3.0, 1.5, 0.0, 5.0, 3.0, P ), P ∈ [0, 1],
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T

1 2 3 4 5 T

7 8 9 10 11 12 T

13 T 15 16 17 18

19 20 T 22 23 24

25 26 27 T 29 30

31 32 33 34 35 36

Fig. 2. Spatial configuration after the first step, when in the zeroth step only agents
11 and 16 played TFT-1, all the others played All-D. T stands for TFT-1, all the other
indicated agents play All-D.

T

1 T 3 4 5 6

T 8 9 10 11 12

T 13 14 15 16 17 18

19 20 21 22 23 24 T

25 26 27 28 29 T

31 32 33 34 T 36

T

Fig. 3. Spatial configuration after the second step, zeroth step and notation are as in
Fig. 2. Note that some of the ”after-the-second-step” TFT-1 players are not displayed.

propagation of regular patterns, lines, of TFT-1 players in the otherwise uniform
sea of All-D players for various initial configurations with 33 % All-C, 33% TFT-
1, and 34% of All-D. Such patterns, which we call ”waves”, are more frequent
in larger worlds, for larger values of NI, and for lower values of P.

To get some idea about the generation of ”waves” let’s assume that the TFT-
1 players are placed at positions 16 and 11. Below we show that this setup yields
6 TFT-1 players, 2 sets of ’diagonally adjacent’ TFT-1 players (at 14, 21, and 28;
and symmetrically, at 6 and at two of its diagonal neighbors, outside of Figure
1), and that in the next step such a structure generates another pair of ”diagonal
lines” of TFT-1 players, cf. Figs. 2 and 3. To this end we calculate the payoffs
of a number of important game settings. First, let’s calculate the payoff of a
TFT-1 player, playing with two All-D opponents. In the first play, ’our’ player
cooperates, and receives 0 payoff. Since in this, and in all the following rounds
the opponents play D, in the remaining games ‘our’ player plays D and receives
payoff 1. This yields

PO(TFT-1,All-D,All-D) = 0 + (NI − 1) ∗ 1 (1)

Based on similar arguments we get (in our notation, the order of the last two
members of the triple is arbitrary, given the fact that our payoff matrix assigns
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the same values to CD and DC situations):

PO(TFT-1,TFT-1,All-D) = 1.5 + (NI − 1) ∗ 1.5 (2)

PO(All-D,All-D,All-D) = NI ∗ 1 (3)

PO(All-D,TFT-1,All-D) = 3 + (NI − 1) ∗ 1 (4)

PO(All-D,TFT-1,TFT-1) = 5 ∗NI (5)

Now, let’s turn back to our imaginary setting with TFT-1 at 16 and 11,
and All-D in all other places. Agent 16 plays 18 games, twice with 11 involved
(a TFT-1, TFT-1, All-D situation), and 16 times with two All-D opponents.
Therefore, from (1) and (2) it follows that the payoff of agent 16 will be:

PO(16) = 2 ∗ (1.5 + (NI − 1) ∗ 1.5) + 16 ∗ (NI − 1) = 19 ∗NI − 16
However, adaptation is based on the average payoff of agents, which average

is taken over the number of plays the agent played, in our case 18 ∗ NI. The
average payoff of agent 16 is the following: APO(16) = 19∗NI−16

18∗NI .
Let’s now turn towards the neighboring All-D players (i.e., 10 and 17). They

play an All-D, TFT-1, TFT-1 game once; ten times an All-D, TFT-1, All-D
game, and seven times an All-D, All-D, All-D game. This yields the payoffs:

PO(10, 17) = 1 ∗ 5 ∗ NI + 10 ∗ (3 + NI − 1) + 7 ∗ NI = 22 ∗ NI + 20, and
APO(10, 17) = 22∗NI+20

18∗NI .
Obviously, APO( 10, 17) is greater than APO( 16), and thus, agent 16 will

adapt the All-D strategy. However, some All-D players will be worse off than their
TFT-1 opponent, so they will change to TFT-1. To see this, let’s turn towards
agent 21 (or 6). It plays two games with 16, and none with 11. Therefore, the
rest of its 16 games are with All-D opponents. This yields the following payoffs:

PO(21) = 2∗ (3+NI−1)+16∗NI = 4+18∗NI, and APO(21) = 18∗NI+4
18∗NI .

On the other hand, agent 28 (and 14) plays once with agent 16, and zero
times with 11. Therefore, they play one All-D, TFT-1, All-D game, and 17 All-
D, All-D, All-D games. That is, they have the following payoffs:

PO(28, 14) = 3+NI−1+17∗NI = 18∗NI+2, and APO(28, 14) = 18∗NI+2
18∗NI .

In Fig. 4 we plot these (average) payoffs against various values of parameter
NI. For completness note that agents 15 and 22 play three games with agent 16,
and none with 11. Therefore, they play 3 All-D, TFT-1, All-D games, and 15
All-D, All-D, All-D games. Their payoff is then:

PO(15, 22) = 3 ∗ (3 +NI − 1) + 15 ∗NI = 6 + 18 ∗NI, and APO(15, 22) =
18∗NI+6
18∗NI

We note that other similar initial configurations of e.g. two ”close” TFT-1
players in the sea of All-D players do not generate waves of TFT-1. This is for
example the case of (10, 16) or (15, 17) or (11, 21) initial TFT-1 players sur-
rounded by All-D ones. We also note that in larger systems the initial (random)
configuration is more likely to yield two ’diagonally adjacent’ TFT-1 players in
a ”neighborhood” of All-D agents. Analogous analysis of the next steps of the
evolution yields the following observation: parallel ’lines’ of diagonally adjacent
TFT-1 players in a sufficiently large All-D neighborhood (i.e., the parallel ’lines’
are at least two cells apart) yield perpendicular ’lines’ formed by three TFT-1
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Fig. 4. Average payoffs versus values of NI

Fig. 5. Average payoffs versus values of NI

players at both ends of each line. The operation of this ’rule’ is illustrated on
Figure 6, where letters denote TFT-1 players. Note that cooperators in the sec-
ond step form a true subset of those playing TFT-1 in the 6th step. Thus, both
F’s and B’s denote the latter. Figure 6 provides a suggestion of the explanation
for the evolution of the ’waves’ observed. It is important to notice, however,
that since the model operates with periodic boundary conditions, the expanding
’lines’ will sooner or later overlap. Such overlaps cause interferences and give rise
to more irregular shapes than simple lines.

Notes and Comments. We presented the mathematical formalism and some
results of simulations for the 2-D cellular automaton describing the spatially
extended system of agents playing 3-person PD games with a general payoffs
matrix. We discussed the structure of the local interactions in the system, and
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E F

E

F E D F

F D F

F C D E F

F C E

F C B E D F

E F C B D

E C A B C D E

E D C B A C E

D B C F E

F D E B C F

E C F

F E D C F

F D F

F D E F

E

F E

Fig. 6. Evolution of ”waves”. Letters denote TFT-1 players. A’s, B’s,... stand for
cooperation in the first, second,... step. Cooperators in the 6th step are those denoted
by F and B).

compared performance of two different TFT strategies which can be defined for
such games, in the presence of All-C and All-D strategies.

There are many ways to generalize the proposed model, and to include dif-
ferent types of effects, some of them peculiar for multi-person interactions, cf.
Platkowski 2004 for the replicator equations approach to mixed games.

The model investigated in this paper is – except the choice of initial condi-
tions – deterministic. In a more general setting one can study effects of noise,
adaptation abilities or idiosyncratic behavior of agents, as well as more irregular
networks, e.g. those with rewirings, cf. Gulyás 2004.

One can also study the influence of memory of agents and possibilities of
accumulation of payoffs on the choice of actions, strategy oriented rules of ac-
tion choice rather than the agent oriented rules, influence of network structure
(Gulyás and Dugundji 2003), etc. Study of robustness of final states with respect
to changes of the payoffs matrix could also be of interest.
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Abstract. We have investigated a problem where the goal is to find
automatically the best rule for a cell in the cellular automata model.
The cells are either of type OBSTACLE, EMPTY or CREATURE. Only
CREATURE can move around in the cell space in one changeable direc-
tion and can perform four actions: if the path to the next cell is blocked
turn left or right, if the path is free, i. e. the neighbor cell is of type
EMPTY: move ahead and simultaneously turn left or right. The task of
the creature is to cross all empty cells with a minimum number of steps.
The behavior was modeled using a variable state machine represented
by a state table. Input to the state table is the neighbors state in front
of its moving direction.
All combinations of the state table which do not expect a trivial or bad
behavior were considered in software and in hardware in order to find
out the best behavior. The best four-state algorithm allows the creature
to cross 97 % empty cells on average over the given initial configurations.
As software simulation, optimization and learning methods are very time
consuming, parallel hardware is a promising solution. We described this
model in Verilog HDL. A hardware synthesizing tool transforms the
description into a configuration file which was loaded into a field pro-
grammable gate array (FPGA). Hardware implementation offers a sig-
nificant speed up of many thousands compared to software.

1 Introduction

We are presenting results of the project “Behavior of Artificial Creature and their
Simulation under Massively Parallel Hardware”. The general goal of the project
is the design of a massively parallel model which allows describing many moving
and learning creatures in artificial worlds. The simulation of such models is very
time consuming and therefore the model should be massively parallel in such a
way that it can efficiently be supported by special hardware or multiprocessor
systems. There are many fields of applications for such artificial worlds:

– Computational worlds: Creatures are considered as active moving objects.
Passive objects contain data. Creatures are programmed or are able to learn
to solve a complex algorithmic problem.

– Synthetic worlds: Games, genetic art, optimization of the behavior of the
creatures to reach global goals, social behavior, self organization.
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2 Previous Work

Cellular Automata (CA). The popular CA model dates back to J. von Neu-
mann. Well known is the self replication rule of Von Neumann and Conways
rule of LIFE. In our group the language CDL [6] was defined to describe such
rules in an easy and concise way. CDL was enhanced to CDL++ [8] in order to
describe moving objects and features to resolve conflict situations. A number of
FPGA-based configurable special processor were developed to support the CA
model in hardware (CEPRA family) [7]. We have shown that CA can efficiently
be implemented in FPGA logic reaching speed-ups up to thousands compared
to software implementations on a PC [9][10].

Global Cellular Automata (GCA). [3, etc.] For the simulation of arti-
ficial worlds direct communication between arbitrary cells should be available.
The CA model offers only local communication. Global communication between
remote cells has to be emulated step by step through local communication. A
new massively parallel model called GCA was defined, which allows direct ac-
cess to any remote cell. The model is more complex than the CA, but it can
still be computed in a synchronous parallel way like the CA because there are
no write conflicts. As the model allows long distance communication it is better
suited for complex Artificial Life problems. This model will not be used for the
presented problem but is well suited for problems where creatures can move and
communicate over long distances in one time step.

Other Work. This work is related to the general research field Artificial
Life. Steven Levy gives in his book [5] an overview over this field. Thomas Ray
[4], an American environmentalist and bio-scientist has developed a simulation
program allowing the simulation of artificial individuals. The individuals are
able to mutate and they survive only if they have certain fitness. He developed
the language TIERRA to describe the behavior of the individuals by simple
programs based on 32 different instructions. Individuals are able to learn and to
use program parts from other individuals.

There is a lot of other relevant work which will not be discussed here in
detail, like Genetic Algorithms, Neural Networks, Classifier Systems, and Rule
Based Learning Models. The task to find a path to all cells is also related to
space filling curves like the Hilbert curve and to the snake tiling problem [11].
In [12] an agent learns smart behavior which is stored in a FSM table using a
reinforcement learning procedure.

3 The Problem: Optimal Algorithm for Checking the
Environment

We have studied a simplified problem in order to perceive the open questions
and to find some first solutions in the context of learning creatures. The problem
is defined as follows.

Consider a two-dimensional grid of cells. A cell can be of the type empty or
of the composed type “object”. There are two kinds of objects scattered in the
space: obstacles and creatures. Border cells are also modeled as obstacles.



Optimizing the Behavior of a Moving Creature in Software and in Hardware 843

All these objects act according to a given set of rules which are as follows:
Creature is variable in nature, it can move within the space from one place

to other but a creature cannot go to a cell where a border cell or an obstacle is
placed. At any time the creature can look in a certain direction one cell ahead
and it will move in that direction if possible.

The actions. The creature may perform four different actions.
R turn right
L turn left
Rm (Right Move) move forward and simultaneously turn right
Lm (Left Move) move forward and simultaneously turn left
If the path (one cell ahead) is not free because of obstacle or border, either

action R or L will be performed. If the path is free, either action Rm or Lm is
performed (fig. 1).

Fig. 1. The actions of the creature

Initial configuration. At the beginning the creature is placed in a certain
start position with a start direction. Also at the beginning the number and the
placement of the obstacles will be given.

Goal. The goal is to find an optimal and simple local algorithm for the
creature to cross a maximum number of empty cells with a minimum number of
time steps for a given set of initial configurations.

3.1 The Model of Moving Creature

To keep the problem simple, the moving of the creature is emulated in the
CA model according to the following rules (in simplified pseudo code; only
the changing values are printed). The type of a cell is EMPTY, CREATURE
or OBSTACLE. The border cells are of type OBSTACLE. The center cell is
called I.
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Rule for I.Type = EMPTY
(a1) {CASE Free}

if (Neighbor.Type = CREATURE) and (Neighbor.Direction points to I)
then

I.Type := CREATURE //create (move by copy)
I.Direction := TurnRight/Left(Neighbor.Direction) //new direction

Rule for I.Type = CREATURE
(a2) {CASE Free}

if (ahead Neighbor.Type= EMPTY) then I.Type:= EMPTY //delete
(b) {CASE not free}

I.Direction := TurnRight/Left(I.Direction) //only turn R, L

In case a1, a2 where a creature can move in its direction, it changes its own
type to EMPTY (case a2) and at the same time a new creature will be created
by the empty cell ahead (case a1). In case b where the cell cannot move, it will
only turn right or left.

3.2 Creature with Intelligence

The behavior of the creature can be either fixed or variable. We have experi-
mented with a variable behavior in order to find optimal solutions for our prob-
lem. In our first approach we use a variable state machine for that purpose.
The state machine can also be seen as control logic, intelligence or brain of the
creature.

To study the basic problems with variable behavior (fig. 2) we reduced the
intelligence to a minimum. The intelligence is stored in a state machine with
two state tables called TableFree and TableNotFree. Input to the tables is the
state S which is either 0 or 1 (if the brain is modeled with two states). TableFree
is selected if the creature is able to move (condition CreatureCanMove) and
TableNotFree is selected if the creature cannot move because an obstacle or
border is in front.

There are totally 256 different two-state algorithms, because each table con-
sists of four bit. The tables can be concatenated to one table with 8 bit informa-
tion. These 8 bit can be represented as a number. E. g. the algorithm 57 shown
in fig. 2 is abbreviated 0R1L-1R0L. The number 57 is the decimal equivalent to
0011-1001, where R is coded with 0 and L is coded with 1. The first part 0R1L
is the line by line contents of TableNotFree, the second part is the line by line
contents of TableFree. The second part can also be written as 1Rm0Lm, where
Lm means: turn left and move, Rm means: turn right and move. The algorithm
can be represented clearer as a state graph (fig. 2(c)).

3.3 Finding the Optimal Behavior

We have investigated two-state and four-state behaviors. The two-state table
contains 8 bit of information. Each code corresponds to a certain algorithm.
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Fig. 2. Table driven state machine (a, b); two-state algorithm 57 as state graph (c)

Input to the state-machine algorithm is the old control state S and the signal
X=CreatureCanMove. Output is Y=L/R. In case of X=true the creature turns
left or right and moves forward, in case X=false the creature turns left or right
without moving.

The creature can learn and optimize the algorithm by itself. Before imple-
menting the procedure in hardware we used a software simulation which tried
out all possible algorithms by enumeration and evaluated them.

for all algorithms do
for all configurations do

count the cells which are crossed
compute the percentage of cells which are crossed related to all cells on
average.

All algorithms were tested for the following five configurations (fig. 3).

Fig. 3. The initial configurations 1 to 5 from left to right

In order to reduce simulation time, algorithms (tables) were deleted in ad-
vance if not all possible states are used. Also the further simulation was aborted
when a path turned out to be a loop or the number of crossed cells did not
increase after a certain time.
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Two-State Algorithms. The best average algorithms found are algorithm
57 with 61 % crossed cells and algorithm 108 with 60 % crossed cells (table 1).
The number of time steps (generations) was big enough that no improvement
over time was possible. It can be realized, that no two-state algorithm exists,
which is able to cross all cells for all these configurations. Therefore the “capacity
of intelligence” (COI) has to be increased for better results. In our model the
COI was defined as the number of bits used in the state tables.

Table 1. Algorithm 57 = 0R1L 1R0L and Algorithm 108 = 0L1R 1L0R (two states)

crossed cells config. 1 config. 2 config. 3 config. 4 config. 5 % average
maximum 50 64 58 53 48
algorithm 57 50 22 28 34 34 61%
algorithm 108 50 28 10 36 41 60%

Another result of the analysis is that only 144 of the 256 algorithms are real
two-state algorithms, where both states are reached or used. Before simulation
an algorithm can formally check the bit pattern if it is a real two-state algorithm
or if it is trivial. By this technique the simulation time was significantly reduced.
Only 19 of the 144 algorithms allow the creature to cross 42 – 61 % of the empty
cells. Many of the algorithms yield bad or unacceptable results mainly because
they cyclically cross the same cells in a loop without any improvement after
having visited a certain number of cells.

Four-State Algorithms. As expected the four-state algorithms lead to bet-
ter results. The algorithms with four states, one input and one output can be
represented by a 24 bit table, meaning that 224 different algorithm have to be
checked.

The five best algorithms found are:

– A: Algorithm 0944085 = 0R1L2R3R 1L3L1R2L
– B: Algorithm 8260210 = 1L3L2R0R 2L0L3R1R
– C: Algorithm 2010316 = 0R3L2L1R 3R1L0L2R
– D: Algorithm 2009329 = 0R3L2L1R 2R1L3R0L
– E: Algorithm 9825748 = 2R2L1L3R 3R3L1R2R

For each algorithm a number of equivalent algorithms were found, which
only differ by the state encoding. However, the initial state is always state 0.
The state graphs for the algorithms A and B are shown in fig. 4.

Algorithm A is not able to reach all cells of the configuration 2 and 3. Algo-
rithm B is not able to reach all cells of the configuration 4, even if the number
of generations (computation steps in the CA model) is very high (tested for
40 000). Algorithms C and D are not able to reach all cells of the configuration
2 and 4. Algorithm E is not able to reach all cells of the configuration 1, 2, 3,
and 4. Only the algorithm B is able to reach all cells of the empty configuration
2 of size 8× 8.
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Fig. 4. The best four-state algorithms

Table 2. Four-state Algorithms

crossed cells config. 1 config. 2 config. 3 config. 4 config. 5 % average
maximum 50 64 58 53 48
algorithm A 50 60 56 53 48 97 %
algorithm B 50 64 58 50 48 97 %
algorithm C 50 60 58 48 48 96 %
algorithm D 50 60 58 47 48 95 %
algorithm E 48 60 47 48 48 91 %

Note that the performance of the algorithm strongly depends on the starting
position and starting direction of the creature, the size of the field and on the
number and arrangement of the obstacles.

Another criterion for the performance of the algorithms is the speed, meaning
how fast the cells are crossed. The diagram fig. 5 shows the number of crossed
cells vs. the number of generations for the configuration 1. We would expect from
the best algorithm that only k generations are necessary, where k is the number
of empty cells. This lowest bound of k could only be reached if the creature
could also move straight forward without turning, which is not the case here.
So the lower bound in our case is larger than k, but is guessed not to be larger
than 2k (upper bound). The lower bound could not be reached with the four-
state algorithm because of three reasons: (1) The creature cannot move straight
forward directly, and (2) the creature sometimes turns too often on a site in order
to find a free way and (3) already crossed cells are crossed repeatedly which is
due to the limited capacity of intelligence (number of states).

Figure 5 shows for the first configuration with many scattered obstacles that
the five algorithms differ in their speed. Algorithm E is the fastest, but it is not
able to cross all cells. Algorithm B is slower than E, but it can cross all cells.
The other algorithms are even slower and cannot cross all cells.

For the second (empty) configuration around three steps (generations) are
necessary to find a new empty cell which was not crossed before. So the num-
ber of crossed cells grows almost linear, with slight differences between the five
algorithms.
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Fig. 5. The speed of the algorithms for the first configuration

The optimizations needed minutes to days on a regular PC, depending on
the field size, number of initial configurations, and the capacity of intelligence.
In order to speed up the optimizations significantly, the problem was mapped
into programmable FPGA logic.

3.4 Implementation in Hardware

One of our goals is to speed up the computation by means of special hardware
using field programmable gate arrays (FPGA). In our case the hardware for
the cell field was described in the hardware description language Verilog and
synthesized into basic logic, which can be loaded into a FPGA. Figure 6 shows
the logic in principal of a cell with connections to the horizontal neighbor cells.
The connections to the vertical neighbors are left out for clarity and have to be
completed. This logic represents the behavior of a cell for the different types (T
= CREATURE, EMPTY) and the direction D of a creature.

The rule is described by a logical function. The cell state contains the di-
rection, type, and control state. The control state cstate controls the actual be-
havior. It changes its state depending on its old state, the condition Icanmove,
and the table tableNextcstate which holds the behavior. The new direction of
the creature depends on cstate and tableAction. The behavior of the creature,
represented by the actual state and the tables tableNextcstate and tableAction
is automatically modified in the hardware in order to yield an optimum.

We used the Altera chip EPF10K70RC240-4 and the MAX+plus II Tools for
the synthesis. The parallel implementation of 16 kernel cells in the FPGA needs
784 logic cells, which is 20 % of all the total amount of cells. The maximum
clock frequency which was achieved is around 20 MHz for this chip. This means
that in every clock cycle 16 cells can be updated. The recent technology of
Altera FPGA device EP2S180 offers 179 400 logic elements operating at a clock
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Fig. 6. The principal logic of a cell

frequency around 400 MHz. This device is large enough to hold a cell array of
size 60 × 60 = 3 600. The time to update one generation in hardware will be
1/400 MHz = 2.5 ns. The software simulation needs around 25 cycles to update
one cell. The time to update 3 600 cells is 25× 3 600/2 GHz = 45 μs, assuming
an operating clock frequency of 2 GHz for a PC. Thus the speed-up gained by
the use of the recent FPGA logic technology will be around 18 000 to find out
the best algorithm. With a storage of all results and a resulting clock rate of
350 MHz the speed-up is around 15 750.

4 Conclusion and Future Work

We implemented a learning moving creature both in software and in hardware.
The creature has the task to cross as many as possible empty cells using a local
algorithm. This algorithm can be seen as the brain of the creature which imple-
ments a certain behavior. A variable state machine was used for the hardware
and software implementation of the algorithm. The synthesized hardware allows
to work massively parallel yielding to speed-ups of many thousands compared
to software simulation on a PC.

All 256 two-state algorithms and all 214 four-state algorithms have been
investigated systematically. Only one four-state algorithm was found, which is
able to cross all cells of the 8× 8 empty configuration 2. The best algorithms A
and B cross 97 % of the cells on average.

The goal is to discover better algorithms using a higher capacity of intelli-
gence. The capacity intelligence can be enhanced by increasing the number of
states, the number of inputs from the environment or the number and type of
outputs (actions).
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There is a lot of interesting future work to do, like:

– Find efficient and robust behaviors for a higher capacity of intelligence.
– Analyze and evaluate the performance of the algorithms.
– Speeding up the optimizing procedures.
– Use more complex worlds and tasks.
– Improve the hardware architectures.
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Abstract. Cellular Automata (CA) are widely applied in variety of fields, and
this made generalised simulation environments become increasingly important
for the development of CA-based scientific applications. In this paper we dis-
cuss the fact that many real phenomena require strong relaxation of classical
CA assumptions in order to be adequately modelled, and that brings about
limitations of existing modelling and simulation environments, often based on
insufficiently generalised CA formulations. These considerations have induced
us to develop a modelling environment based on a largely generalised CA for-
mulation. The environment has proven to be particularly suitable for modelling
and simulation of spatial urban, territorial and environmentally-oriented phe-
nomena.

1 Introduction

In the recent years, cellular automata approach [1] has been successfully applied in
different fields including ecology, biology, geology, medicine, urban studies, chaos
theory and many others.

The interdisciplinary nature of CA-based modelling is an important challenge, re-
sulting in an increasing demand for dedicated Problem Solving Environments (PSEs)
suitable for supporting educational, research and industrial activities. The main ob-
jective of such software environments is to relieve the researcher from low-level
operational and programming activities, allowing him/her to concentrate efforts on
the modelling itself. Furthermore, the visualisation and data analysis features usually
available in PSEs make the CA modelling-calibration-validation cycle much faster
and effective. As a main consequence of all this, PSEs are of particular use in cases
where an integration of different interdisciplinary knowledge is required, which in
CA modelling of real systems typically corresponds to the involvement of researchers
from various scientific areas, and not only computer scientist.

As pointed out by Worsh [2], there exist a number of software packages for CA-
based simulations. Some of these implement variations and generalisations of the
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classical definition of CA, which have proven to be useful for modelling of real phe-
nomena. On the other hand, many studies related to the application of CAs to the
simulation of dynamic processes in geography [3], [4], have stressed the necessity of
a stronger relaxation of classical CA assumptions with respect to those usually im-
plemented in available CA environments.

First of all, even if great majority of CA applications successfully adopt a strict lo-
cal neighbourhoods, spatial interactions in geographical phenomena can often take
place over greater distances. Hence, the CA model presented hereby is partially based
on the notion of proximal space, deriving from research in ‘cellular geography’ [5]
which set the basis for the so called geo-algebra approach proposed by Takeyama
and Coucleis [6]. In this later work, the relaxation of some of the main assumptions of
the classical CA theory has been suggested: namely, the spatial regularity of the lat-
tice and the homogeneity of the cells’ neighbourhoods. Thus, in geo-algebra every
cell has a different neighbourhood, defined by relations of nearness between spatial
entities (i.e. cells), where nearness can means both topological relation or generic
“behavioural” (e.g. functional) influence. Following the described approach, in the
present work we define neighbourhoods as generic sets of cells whose state can influ-
ence, in some way, the variation of the current cell’s state. Another relaxation we
have adopted regards the temporal stationariness of neighbourhoods which, differ-
ently from classical CAs, can change with time.

In comparison with the most CA models, we have introduced a further variation
inspired by the observation that simulation of complex systems is often founded on
the interaction between quite different sub-systems. Such modelling might require
different sub-systems’ dynamic be based on knowledge from different disciplines,
and can require different spatial and temporal granularity. Thus, likewise in [7], it
appears useful and effective to organise the 2D-physical domain in more distinct
layers. Cells can have both a horizontal neighborhood, a subset of cells belonging to
the same layer, as well as several vertical neighborhoods with cells belonging to other
layers.

Moreover, with respect to the classical CA formulation, the proposed model in-
cludes many of the well known generalisations and modifications (e.g. [8]), such as
parametric dependence of transition rules, which simplify global steering of CA (i.e.
global-to-local influence), and cell states decomposition in sub-states.

Another relevant issue is the integration and interoperability of available geo-
graphical data infrastructures with CA environments. The integration of CA engines
into existing GIS systems has been proposed (e.g. loose coupling based on the Re-
mote Procedure Call paradigm or other proprietary protocols) [9], [10]. However, for
the hereby proposed CA reference model, loose coupling with proprietary GIS is hard
to obtain both for the required flexibility, especially in the modelling phase, and due
to low computational efficiency. Therefore, we have opted for the development “from
scratch” of a programmable simulation environment. The software, based on the
generalised reference model illustrated in the next paragraph, has limited GIS-like
functionalities and can support a wide variety of hypothetical as well as real applica-
tions.
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2   Model Formalisation

The Cellular Automaton (CA) is defined as:

>=< LPAC GG ,, f (1)

where:

• (1) (2) ( )g
G G G GP P P P= × × ×  is the finite set of values assumed by the vector of global

parameters;
• { }(1) (2) ( ), , , g

G G G Gf f f=f  is a vector of global parameters’ updating functions;

• { }1 2, , , nL l l l=  is a set of n cells layer.

A layer is defined as:

>=< LiLiii PCl f,, (2)

where:

• 
iC  is a set of cells;

• (1) (2) ( )r
Li Li Li LiP P P P= × × ×  is the finite set of values assumed by the vector of layer

parameters;
• { }(1) (2) ( ), , , r

Li Li Li Lif f f=f  is a vector of the layer parameters’ updating functions.

A cell belonging to a layer il  is defined as:

>=< iiCiiCiii OPSc ,,,,, φf (3)

where:

• (1) (2) ( )q
i i i iS S S S= × × ×  is the finite set of values assumed by the cell state vector.

Each scalar component of si∈Si represents a cell sub-state.
• (1) (2) ( )m

Ci Ci Ci CiP P P P= × × ×  is the finite set of values assumed by the cell parameters

vector.
• { }(1) (2) ( ), , , n

i i i iσ σ σ=  is the vector of n neighbourhood functions defined as:

[ ( ) ]( ) : ( ), 1
kCk

i k Li G ki C C P P C k nσ × × × →℘ = (4)

where ℘(Ck) is the set of subsets belonging to Ck, and | Ck | is the total number of

cells of the k-th layer. Thus, σi

(k) represents the neighbourhood of the cell ci, as a
subset of cells belonging to the k-th layer. In particular, we define horizontal neigh-
bourhood of the cell  c∈Ci as a subset of Ci defined by a function σi

(i). Likewise, we
define vertical neighbourhood of the cell c∈Ci as a subset of Cj defined by a func-
tion σi

(i), where j ≠ i.
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• { })()2()1( ,,, m
CiCiCiCi fff=f  is a vector of local parameters’ updating functions. Gener-

ally the vector ip evolves according to the function Cif  defined as:

( )
( )

1

:
k

i
n

Ci k G Li Ci Ci
k
k i

S P P P P
σ

=
≠

× × × →∏f (5)

where PCi is the set of values PC related to the layer li and | σi

(k)| represents the total
number of cells belonging to the vertical neighbourhood σi

(k), with ki ≠ . Cell’s pa-
rameters can, via updating functions, acquire information about cells belonging to
other layers and therefore serve for its inclusion into vertical neighbourhood.

• 
iφ  is the transition rule of a generic cell belonging to layer il , and is defined as:

[ ( ) ] iCiLiGii SPPPS
i

i →×××
)(

: σφ (6)

• Oi is a finite set of geometrical objects, characterised by an adequate graphical
vector description (i.e. cells).

Fig. 1. Relations between cells and layers in the proposed model

The parameters’ updating functions of a generic layer il  are defined as:

[ ( ) ] LiLi
C

iLi PPS i →×:f (7)

where |Ci| is the total number of layer’s cells. Such definition permits the layer’s pa-
rameters assume values depending on actual configuration of the whole layer, offer-
ing hence a possible mechanism for a global steering of the layer’s evolution.

With regard to the k-th component fG

(k) of global parameters’ updating functions,
the model includes both the possibility it be provided by an independent calculation
model evolving in parallel with the cellular automaton, as well as to have fG

(k) update
the value of the global k-th parameter based on values assumed by other global pa-
rameters and all the layers’ parameters:

( ) ( )

1

:
n

k k
G Lk G G

k

P P P
=

× →∏f (8)

Relations (5), (7) and (8), show us the possibility a layer’s evolution is “controlled”
based on the global configuration of other layers.
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3 The Architecture of the Software Environment

CAGE (Cellular Automata General Environment) has been developed for an effica-
cious implementation of multi-layer cellular automata illustrated above. The fig. 3
shows a typical screen-shoot of the environment.

Internally, CAGE generates C++ source code according to the visual definition of
the CA structure and the flow-chart diagrams of transition rules. The later can also be
directly coded in a C-like language which comprises specific constructs and an ex-
tended library of predefined function. Furthermore, different scenario editing tools
are available, as well as simulation evolution monitoring and analysis features.

It can be seen from the fig. 2 that CAGE has a base class implementing the gener-
alised CA described in the paragraph 2, which gets instanced as a specific model
object designed by the user. The environment should be coupled with a C++ compiler
in order to generate the so called CA kernel (the CA execution programme).

Fig. 2. Modelling and simulation in CAGE

Once the CA kernel is compiled, the environment can execute it as a child process.
The kernel reads the initial scenario data and starts the simulation. During the simula-
tion the kernel constantly pushes back to the environment, via a named pipe inter-
process communication, the current state of the scenario for the real-time evolution
visualisation. If necessary, the kernel can be executed autonomously, avoiding thus
the overhead related to the communication with the environment.

3.1 Making the CA Structure

Within the environment, the CA structure can be designed via an efficacious and
user-friendly graphical interface (see fig. 3) where all components of the CA (layers,
parameters, sub-states, functions, neighbourhoods and graphical objects) are organ-
ised in a tree structure. Properties of elements can be inserted and modified through a
specific input forms. If a function (updating, transition or neighbourhood) gets se-
lected, the software provides an adequate graphical (flow-chats diagram) or textual
(source code) representation.

The design of a CA passes through the specification of layers’ space tessellation
and the type of neighbourhood. The space tessellation can be regular or irregular.
Regular tessellation (rectangular, triangular, hexagonal cells) is obtained automati-
cally by the environment, while in case of irregular tessellation, the graphical objects
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can be imported from a GIS database or manually designed in the environment. In
case of regular tessellation, it is possible to use one of the classical horizontal neigh-
bourhoods (Moore, Von Neumann, etc.). Otherwise, user can define a horizontal
neighbourhood based on a specific query.

Per each parameter (global, layer’s, cell’s) and sub-state, it is required an alpha-
numeric identifier and the data type (integer, real, char). The parameters can be con-
stant or variable function-based (thus updated during the simulation).

Per each function (of parameters, sub-states, neighbourhoods update), it is required
an identifier, the execution frequency and probability, and a condition the execution
is subordinated to. The definition of a transition rule or an updating function can be
achieved through a visual design of the flow-chart diagram (see fig. 3). Normally, it is
not necessary to code expressions directly, but simply to select functions, variables
and conditions from the tree-structure these are organised in. Finally, CAGE will
generate the source code of the designed flow-chart diagram.

3.2 The Rules Programming Language and the Standard Function Library

The creation of a CA requires the coding of transition rules, parameters’ updating
functions, and the neighbourhood queries. In CAGE, functions are coded in a C-like
language enriched with specific constructs, library functions and operators. Available
functions and operators are those frequently used in the CA development, and accept
as arguments parameters, sub-states, graphical objects or constant values. The user
can extend the library with his/her own functions. Besides a series of classical
mathematical functions, the following are main available function “families”:
- geometrical functions: operate on and with graphical objects representing cells.

For example, the function dist(obj1, obj2)returns the distance between
two cells, while the function perimeter(obj) returns the length of the pe-
rimeter of a cell;

- aggregation functions: return values related to sets of cells. For example, the
function NeighCell[lay].NEqVal(var, val) returns the number of
cells belonging to the neighbourhood of the current cell on layer lay whose vari-
able var assumes the value val. Analogous sum, minimum, maximum, mean, etc.
functions are available.

Furthermore, the language allows the use of particular geometric operators such as
“Contains”, “Intersect” and “Within” permitting the formulation of logical proposi-
tions based on the cell’s position in the space.

3.3 Query-Based Neighborhood Generation

The neighbourhood of a cell from i-th layer on k-th layer, defined by the function σi

(k),
is generally the result of a query on the sets of cells, where operators, as well as logi-
cal, mathematical and geometrical functions are used. The neighbourhood is not in-
evitably stationary with time, but can vary, since queries can be reiterated with given
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frequencies and probabilities. The function σi

(k) can be specified through the definition
of a logical proposition p(c), which associates the value “true” to every cell, from the
set c, that has to be included in the neighbourhood. The definition of this proposition
can in CAGE be made in the specific form for conditions generation, using available
library functions and operators. For example, with the use of function dist(obj1,
obj2) and area(obj1) we can generate a neighbourhood made of all cells less
that 200 units far from the current cell whose area is smaller that 2500 square units:

dist(Obj,Cell[Lay].Obj)<200 and area(Cell[Lay].Obj)<2500

where Obj is the graphical object of the current cell, while Cell[Lay].Obj is the
target object of the cell candidate for the inclusion into the neighbourhood.

4 An Example of a Rapid Model Development

CAGE has already been used for the development of dynamic urban simulations [11].
Due to space restrictions, in this paper we will try to prove the efficacy of the model-
ling and simulation environment by presenting a conceptually simple prey-predator
model with the use of multi-layer features. Since the pioneering studies by Lotka and
the work of Volterra [12], many models have been proposed for prey-predator sys-
tems. Some are based on the standard differential equation approach by Lotka-
Volterra, others on lattice-gas simulations and some more on CA.

In the model hereby described (see fig. 4), there are three sub-systems whose dy-
namics evolve in separate but interacting layers: Grass, Prey and Predator:

Grass Layer. This layer describes the evolution of the vegetation which is the
food for prey. Each cell has a Weight sub-state representing the quantity of the avail-
able vegetation. The value of Weight grows asymptotically according to a regenera-
tion rate defined as layer’s parameter RegenRate. Probabilistically, a grassless cell
can be inseminated by an adjacent cell.

Prey Layer. In this layer, each cell can “host” a prey, so the cell is defined by a
sub-state PreyStamina (> 0 if the prey is present) which decreases continuously ac-
cording to the rate given by the layer’s parameter PreyBasalMetabolism. In fact, for
each step of simulation, a prey has to be feed with grass, and this event changes the
stamina value according to the layer’s parameter GrassToStaminaRate. A vertical
neighbourhood associates each cell of this layer to the corresponding cell from the
Grass layer. Preys are characterised by a vision capacity (layer’s parameter PreyVisu-
alRange) which defines the vertical neighbourhood on the Predator layer. Each cell is
characterised by an appeal according to sub-state CellAppealPrey which assumes
value zero if there is a predator in its visual range, otherwise it assumes the value of
the grass availability. The prey tends to move probabilistically toward more appealing
cells. When two preys are within the same horizontal neighbourhoods and there is a
vacant cell within the same neighbourhood, then a new prey is born, and its stamina is
set to equal the mean stamina values of the two progenitors.
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Fig. 3. A screen-shoot of the prey-predator model implemented in CAGE

Fig. 4. Structure of the implemented prey-predator model in CAGE tree interface

Predator Layer. As with the Prey layer, each cell can “host” a predator charac-
terised by a sub-state PredatorStamina, which continuously decreases according to
the layer’s parameter PredatorBasalMetabolism. Predators are feed with preys, and
this increases the stamina according to the layer’s parameter PreyToStaminaRate.
Predators as well are characterised by a vision capacity (layer’s parameter Predator-
VisualRange) which defines the vertical neighbourhood with regard to the layer Prey.
Also, each cell is characterised by an appeal determined with the sub-state CellAp-
pealPredator, which is inversely proportional to the distance from the closest prey
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within the visual range. Predators tend to move, in a probabilistic manner, towards
more appealing cells. When two predators are within the same horizontal neighbour-
hood, and there exits a vacant cell, it gives birth to a new predator whose stamina is
set to equal the mean stamina values of the two progenitors.

Fig. 5. CAGE screen shot during prey-predator simulation (step 340 and step 1000)
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Fig. 6. Graphs obtained with the variation of the parameter PreyToStaminaRate (Pe), which
represent the conversion “efficiency” of pray into predator’s stamina

For the implementation of the above described the model structure in CAGE has
been created (see fig. 4) and the transition rules, update functions and neighbourhood
queries have been written (less than 50 lines of code in whole). The fig. 3 shows a
screen-shoot of CAGE environment with the flow-chart diagram of the sub-state
PredatorStamina update function. The used scenario was composed by three 38×44
hexagonal-cell layers with hex-apothem of 250. Fig. 5 shows two screen-shoots of the
executed simulations with their respective three layers and the evolution of different
populations of preys and predators. In fig. 6 we illustrate the results of some experi-
mentations related to the sensibility of the system with regard to the value of the pa-
rameter PredatorBasalMetabolism. The constant value parameters were: Regen-
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Rate=3, PreyBasalMetabolism=2, GrassToStaminaRate=5, PreyVisualRange=750,
PredatorVisualRange=1000, PreyToStaminaRate=50, PredatorBasalMetabolism=0,
1, 5, 25.

5 Conclusions

We believe that CAGE software environment has proven to be suitable for rapid, easy
and user-friendly development of CA-based simulation models. First real-case appli-
cations have shown that CAGE can result particularly useful both for educational
useful as well as for research. Future developments will include the development of a
parallel computing version of the kernel based on the message-passing paradigm.
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Abstract. We study herewith the simple threshold cellular automata (CA), as
perhaps the simplest broad class of CA with non-additive (that is, non-linear and
non-affine) local update rules. We characterize all possible computations of the
most interesting rule for such CA, namely, the Majority (MAJ) rule, both in
the classical, parallel CA case, and in case of the corresponding sequential CA
where the nodes update sequentially, one at a time. We compare and contrast the
configuration spaces of arbitrary simple threshold automata in those two cases,
and point out that some parallel threshold CA cannot be simulated by any of
their sequential equivalents. We show that the temporal cycles exist only in case
of (some) parallel simple threshold CA, but can never take place in sequential
threshold CA. We also show that most threshold CA have very few fixed point
configurations and few (if any) cycle configurations, and that, while the MAJ
sequential and parallel CA may have many fixed points, nonetheless “almost all”
configurations, in both parallel and sequential cases, are transient states. Finally,
motivated by the contrasts between parallel and sequential simple threshold CA,
we try to motivate the study of genuinely asynchronous CA.

1 Introduction and Motivation

Cellular automata (CA) were originally introduced as an abstract mathematical model
of the behavior of biological systems capable of self-reproduction [15]. Subsequently,
variants of CA have been extensively studied in a great variety of application domains,
predominantly in the context of complex physical or biological systems and their dynam-
ics (e.g., [20,21,22]). However, CA can also be viewed as an abstraction of massively
parallel computers (e.g, [7]). Herein, we study a particular simple yet nontrivial class
of CA from a computer science perspective. This class are the threshold cellular au-
tomata. In the context of such CA, we shall first compare and contrast the configuration
spaces of the classical, concurrent CA and their sequential analogues. We will then pick
a particular threshold node update rule, and fully characterize possible computations in
both parallel and sequential cases for the one-dimensional automata.

Cellular automata CA are an abstract computational model of fine-grain parallelism
[7], in that the elementary operations executed at each node are rather simple and hence
comparable to the basic operations performed by the computer hardware. In a classical,
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that is, concurrently executing CA, whether finite or infinite, all the nodes execute their
operations logically simultaneously: the state of a node xi at time step t + 1 is some
simple function of the states (i) of the node xi itself, and (ii) of a set of its pre-specified
neighbors, at time t.

We consider herewith the sequential version of CA, heretofore abridged to SCA, and
compare such sequential CA with the classical, parallel (concurrent) CA. In particular,
we show that there are 1-D CA with very simple node state update rules that cannot be
simulated by any comparable SCA, irrespective of the node update ordering.

We also fully characterize the possible computations of the most interesting case of
threshold cellular automata, namely, the (S)CA with the Majority node update rule.

An important remark is that we use the terms parallel and concurrent as synonyms
throughout the paper. This is perhaps not the most standard convention, but we are
not alone in not making the distinction between the two terms (cf. discussion in [16]).
Moreover, by a parallel (equivalently, concurrent) computation we shall mean actions
of several processing units that are carried out logically (if not necessarily physically)
simultaneously. In particular, when referring to parallel or concurrent computation,
we do assume a perfect synchrony.

2 Cellular Automata and Types of Their Configurations

We follow [7] and define classical (that is, synchronous and concurrent) CA in two
steps: by first defining the notion of a cellular space, and subsequently that of a
cellular automaton defined over an appropriate cellular space.

Definition 1: A Cellular Space, Γ , is an ordered pair (G,Q) where G is a
regular graph (finite or infinite) with each node labeled with a distinct positive integer,
and Q is a finite set of states that has at least two elements, one of which being the
special quiescent state, denoted by 0.

We denote the set of integer labels of the nodes (vertices) in Γ by L.

Definition 2: A Cellular Automaton (CA), A, is an ordered triple (Γ,N,M) where
Γ is a cellular space, N is a fundamental neighborhood, and M is a finite state
machine such that the input alphabet of M is Q|N |, and the local transition function
(update rule) for each node is of the form δ : Q|N |+1 → Q for CA with memory, and
δ : Q|N | → Q for memoryless CA.

Some of our results pertain to a comparison and contrast between the classical,
concurrent threshold CA and their sequential counterparts, the threshold SCA.

Definition 3: A Sequential Cellular Automaton (SCA) S is an ordered quadruple
(Γ,N,M, s), where Γ,N and M are as in Def. 2, and s is a sequence, finite or infinite,
all of whose elements are drawn from the set L of integers used in labeling the vertices
of Γ . The sequence s is specifying the sequential ordering according to which an SCA’s
nodes update their states, one at a time.

However, when comparing and contrasting the concurrent threshold CA with their
sequential counterparts, rather than making a comparison between a given CA with a
particular SCA, we compare the parallel CA computations with the computations of
the corresponding SCA for all possible sequences of node updates. To that end, the
following convenient terminology is introduced:



Characterizing Configuration Spaces of Simple Threshold Cellular Automata 863

Definition 4: A Nondeterministic Interleavings Cellular Automaton (NICA) I is
defined to be the union of all sequential automata S whose first three components, Γ,N
and M , are fixed. That is, I = ∪s (Γ,N,M, s), where the meanings of Γ,N,M , and
s are the same as before, and the union is taken over all (finite and infinite) sequences
s : {1, 2, 3, ...} → L (where L is the set of integer labels of the nodes in Γ ).

Since our goal is to characterize all possible computations of parallel and sequential
threshold CA, a a (discrete) dynamical system view of CA will be useful. A phase
space of a dynamical system is a (finite or infinite, as appropriate) directed graph where
the vertices are the global configurations (or global states) of the system, and directed
edges correspond to possible transitions from one global state to another. We now define
the fundamental, qualitatively distinct types of (global) configurations that a classical
(parallel) cellular automaton can find itself in.

Definition 5: A fixed point (FP) is a configuration in the phase space of a CA such
that, once the CA reaches this configuration, it stays there forever. A cycle configuration
(CC) is a state that, if once reached, will be revisited infinitely often with a fixed, finite
period of 2 or greater. A transient configuration (TC) is a state that, once reached, is
never going to be revisited again.

In particular, a FP is a special, degenerate case of CC with period 1. Due to their
deterministic evolution, any configuration of a classical, parallel CA belongs to exactly
one of these basic configuration types, i.e., it is a FP, a proper CC, or a TC.

On the other hand, if one considers a sequential CA so that arbitrary node update
orderings are permitted, that is, if one considers a NICA automaton, then, given the
underlying cellular space and the local update rule, the resulting phase space configura-
tions, due to nondeterminism that results from different choices of possible sequences
of node updates, are more complicated. In a particular SCA, a cycle configuration is
any configuration revisited infinitely often - but the period between different consecutive
visits, assuming an arbitrary sequence s of node updates, need not be fixed. We call a
global configuration that is revisited only finitely many times (under a given ordering
s) quasi-cyclic. Similarly, a quasi-fixed point is a SCA configuration such that, once
the dynamics reaches this configuration, it stays there “for a while” (i.e., for some finite
number of sequential node update steps), and then leaves. For example, a configuration
of a SCA can be simultaneously a (quasi-)FP and a (quasi-)CC (see, e.g., the XOR CA
vs. XOR NICA example in [19]). For simplicity, heretofore we shall refer to a configu-
ration x of a NICA as a pseudo fixed point if there exists some infinite sequence of node
updates s such that x is a FP in the usual sense when the corresponding SCA’s nodes
update according to ordering s. A global configuration of a NICA is a proper FP iff it
is a fixed point of each corresponding SCA, that is, for every sequence of node updates
s. Similarly, we consider a global configuration y to be a cycle state, if there exists an
infinite sequence of node updates s′ such that, if the corresponding SCA’s nodes update
according to s′, y is a cycle state of period 2 or greater in the usual sense (see Def.
5). Thus, in general, a global configuration of a nondeterministic NICA automaton, for
instance, can be simultaneously a (pseudo) FP, a CC and a TS (with respect to different
node update sequences s).

Definition 6: A 1-D cellular automaton of radius r (r ≥ 1) is a CA defined over a
one-dimensional string of nodes, such that each node’s next state depends on the current
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states of its neighbors to the left and right that are no more than r nodes away (and, in
case of the CA with memory, on the current state of that node itself).

We fix the following conventions and terminology.Throughout, only Boolean CA and
SCA/NICA are considered; in particular, the set of possible states of any node is {0, 1}.
The terms “monotone symmetric” and “symmetric (linear) threshold” functions/update
rules/automata are used interchangeably. Similarly, the terms “(global) dynamics” and
“(global) computation” are used synonymously. Also, unless explicitly stated otherwise,
automata with memory are assumed. The default infinite cellular space Γ is a two-way
infinite line. The default finite Γ is a ring with an appropriate number of nodes1. The
terms “phase space” and “configuration space” will be used synonymously, as well, and
sometimes abridged to PS.

3 Properties of 1-D Simple Boolean Threshold CA and SCA

Herein, we compare and contrast the classical, concurrent CA with their sequential coun-
terparts, SCA and NICA, in the context of the simplest (nonlinear) local update rules
possible, viz., the CA in which the nodes locally update according to linear threshold
functions. Moreover, we choose these threshold functions to be symmetric, so that the
resulting CA are also totalistic (see, e.g., [7] or [21]). We show the fundamental dif-
ference in the configuration spaces, and therefore possible computations, in case of the
classical, concurrent automata on one, and the sequential threshold cellular automata,
on the other hand: while the former can have temporal cycles (of length two), the com-
putations of the latter, under some mild additional conditions whose sole purpose is to
ensure some form of convergence, necessarily always converge to a fixed point.

First, we need to define threshold functions, simple threshold functions, and the
corresponding types of (S)CA.

Definition 7: A Boolean-valued linear threshold function of n inputs, x1, ..., xn,
is any function of the form

f(x1, ..., xn) =
{

1, if
∑

i wi · xi ≥ θ
0, otherwise

(1)

where θ is an appropriate threshold constant.

Definition 8: A threshold cellular automaton is a (parallel or sequential) cellular
automaton such that its node update rule δ is a Boolean-valued linear threshold function.

Definition 9: A simple threshold (S)CA is an automaton whose local update rule
δ is a monotone symmetric Boolean (threshold) function.

Throughout, whenever we say a threshold automaton (threshold CA), we shall mean
simple threshold automaton (threshold CA) - unless explicitly stated otherwise.

1 It turns out, that circular boundary conditions are important for some of our technical results.
Likewise, some results about the phase space properties of concurrent and sequential threshold
CA may require (i) a certain minimal number of nodes and (ii) that the number of nodes be,
e.g., even, divisible by four, or the like. Heretofore, we shall assume a sufficient number of
nodes that “works” in the particular situation, without detailed elaborations.
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Due to the nature of the node update rules, cyclic behavior intuitively should not
be expected in these simple threshold automata. This is, generally, (almost) the case,
as will be shown below. We argue that the importance of the results in this section
largely stems from the following three factors: (i) the local update rules are the simplest
nonlinear totalistic rules one can think of; (ii) given the rules, the cycles are not to be
expected - yet they exist, and in the case of classical, parallel CA only; and, related
to that observation, (iii) it is, for this class of (S)CA, the parallel CA that exhibit the
more interesting behavior than any corresponding sequential SCA (and consequently
also NICA), and, in particular, while there is nothing (qualitatively) among the possible
sequential computations that is not present in the parallel case, the classical parallel
threshold CA are capable of a particular qualitative behavior - namely, they may have
nontrivial temporal cycles - that cannot be reproduced by any simple threshold SCA
(and, therefore, also threshold NICA).

The results below hold for the two-way infinite 1-D CA, as well as for the finite CA
and SCA with sufficiently many nodes and circular boundary conditions.

Lemma 1: (i) A 1-D classical (i.e., parallel) CA with r = 1 and the Majority
update rule has (finite) temporal cycles in the phase space (PS). In contrast, (ii) 1-D
Sequential CA with r = 1 and the Majority update rule do not have any (finite) cycles
in the phase space, irrespective of the sequential node update order ρ. !

Remark: In case of infinite sequential SCA as in the Lemma above, a nontrivial
cycle configuration does not exist even in the limit. We also note that, in finite cases, ρ
is an arbitrary sequence of an SCA nodes’ indices, not necessarily a permutation. Thus,
we may conclude that NICA with δ = MAJ and r = 1 are temporal cycle-free.

It turns out that, even if we consider local update rules δ other than the MAJ rule,
yet restrict δ to monotone symmetric Boolean functions, such sequential CA still do not
have any proper cycles.

Lemma 2: For any Monotone Symmetric Boolean 1-D Sequential CA S with
r = 1, and any sequential update order ρ, the phase space PS(S) of the automaton S
is cycle-free. !

Similar results to those in Lemmata 1-2 also hold for 1-D CA with radius r ≥ 2.

Theorem 1: (i) 1-D (parallel) CA with r ≥ 1 and with the Majority node update
rule have (finite) cycles in the phase space. (ii) Any 1-D SCA with δ = MAJ or any
other monotone symmetric Boolean node update rule, r ≥ 1 and any sequential order
ρ of the node updates has a cycle-free phase space. !

Remarks: The claims of Thm. 1 hold both for the finite (S)CA (provided that they
have sufficiently many nodes, an even number of nodes in case of the CA with cycles,
and assuming the circular boundary conditions in part (i)), and for the infinite (S)CA.
We also observe that several variants of the result in Theorem 1 (ii) can be found in the
literature. When the sequence of node updates of a finite SCA is periodic, with a single
period a fixed permutation of the nodes, cycle-freeness of sequential CA and many other
properties can be found in [8] and references therein. In [4], fixed permutation of node
updates is also required, but the underlying cellular space Γ is allowed to be an arbitrary
finite graph, and different nodes are allowed to compute different simple k-threshold
functions.
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As an immediate consequence of the results presented thus far, we have

Corollary 1: For all r ≥ 1, there exists a monotone symmetric CA (that is, a
threshold automaton) A such that A has finite temporal cycles in the phase space.

Some of the results for (S)CA with δ = MAJ do extend to some, but by no means
all, other simple threshold (S)CA defined over the same cellular spaces. For instance,
consider the k-threshold functions with r = 2. There are five nontrivial such functions,
for k ∈ {1, 2, 3, 4, 5}. The 1-threshold function is Boolean OR function (in this case, on
2r+1 = 5 inputs), and the corresponding CA do not have temporal cycles; likewise with
the “5-threshold” CA, that update according to Boolean AND on five inputs. However, in
addition to Majority (i.e., 3-threshold), it is easy to show that 2-threshold (and therefore,
by symmetry, also 4-threshold) such CA with r = 2 do have temporal two-cycles; e.g.,
in the 2-threshold case, for CA defined over an infinite line, {(1000)ω, (0010)ω} is a
two-cycle.

We now relate our results thus far to what has been already known about simple
threshold CA and their phase space properties. In particular, the only recurrent types of
configurations we have identified thus far are FPs (in the sequential case), and FPs and
two-cycles, in the concurrent CA case. This is not a coincidence.

It turns out that the two-cycles in the PS of the parallel CA with δ = MAJ are actually
the only type of (proper) temporal cycles such cellular automata can have. Indeed, for
any symmetric linear threshold update rule δ, and any finite regular Cayley graph as
the underlying cellular space, the following general result holds (see [7,8]):

Proposition 1: Let a classical CA A = (Γ,N, T ) be such that Γ is finite and the
underlying local rule of T is an elementary symmetric threshold function. Then for all
configurations C ∈ PS(A), there exists t ≥ 0 such that T t+2(C) = T t(C). !

In particular, this result implies that, in case of any finite simple threshold automaton,
and for any starting configuration C0, there are only two possible kinds of orbits: upon
repeated iteration, after finitely many steps, the computation either converges to a fixed
point configuration, or else it converges to a two-cycle2.

We now specifically focus on δ = MAJ 1-D CA, with an emphasis on the infinite
case, and completely characterize the configuration spaces of such threshold automata.
In particular, in the Γ = infinite line case, we show that the cycle configurations are
rather rare, that fixed point configurations are quite numerous - yet still relatively rare
in a sense to be discussed below, and that almost all configurations of these threshold
automata are transient states.

We begin with some simple observations about the nature of various configurations
in the (S)CA with δ = MAJ and r = 1. We shall subsequently generalize most of these
results to arbitrary r ≥ 1. We first recall that, for such (S)CA with r = 1, two adjacent
nodes of the same value are stable. That is, 11 and 00 are stable sub-configurations.
Consider now the starting sub-configuration xi−1xixi+1 = 101. In the parallel case, at
the next time step, xi → 1. Hence, no FP configuration of a parallel CA can contain
101 as a sub-configuration. In the sequential case, assuming fairness, xi will eventually

2 If one considers threshold (S)CA defined over infinite Γ , the only additional possibility is that
such automaton’s dynamic evolution altogether fails to converge; in that case, one can readily
convince herself that the limit of such an infinite computation is a FP.
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have to update. If, at that time, it is still the case that xi−1 = xi+1 = 1, then xi → 1,
and xi−1xixi+1 → 111, which is stable. Else, at least one of xi−1, xi+1 has already
“flipped” into 0. Without loss of generality, let’s assume xi−1 = 0. Then xi−1xi = 00,
which is stable; so, in particular, xi−1xixi+1 will never go back to the original 101.
By symmetry of δ = MAJ with respect to 0 and 1, the same line of reasoning applies to
the sub-configuration xi−1xixi+1 = 010. In particular, the following properties hold:

Lemma 3: A fixed point configuration of a 1D-(S)CA with δ = Majority and
r = 1 cannot contain sub-configurations 101 or 010. Similarly, a cycle configuration of
such a 1D-(S)CA cannot contain sub-configurations 00 or 11. !

Of course, we have already known that, in the sequential case, no cycle states exist,
period. In case of the parallel threshold CA, by virtue of determinism, a complete
characterization of each of the three basic types of configurations (FPs, CCs, TCs) is
now almost immediate:

Lemma 4: The FPs of the 1D-(S)CA with δ = MAJ and r = 1 are precisely of the
form (000∗ +111∗)∗. The CCs of such 1D-CA exist only in the concurrent case, and the
temporal cycles are precisely of the form {(10)∗, (01)∗}. All other configurations are
transient states, that is, TCs are precisely the configurations that contain both (i) 000∗

or 111∗ (or both), and (ii) 101 or 010 (or both) as their sub-configurations. In addition,
the CCs in the parallel case become TCs in all corresponding sequential cases. !

Some generalizations to arbitrary (finite) rule radii r are now immediate. For instance,
given any such r ≥ 1, the finite sub-configurations 0r+1 and 1r+1 are stable with respect
to δ = MAJ update rule applied either in parallel or sequentially; consequently, any
configuration of the form (0r+10∗ + 1r+11∗)∗, for both finite and infinite (S)CA, is
a fixed point. This characterization, only with a considerably different notation, has
been known for the case of configurations with compact support for a relatively long
time; see, e.g., Chapter 4 in [8]. On the other hand, fully characterizing CCs (and,
consequently, also TCs) in case of finite or infinite (parallel) CA is more complicated
than in the simplest case with r = 1. For example, for r ≥ 1 odd, and Γ = infinite line,
{(10)ω, (01)ω} is a two-cycle, whereas for r ≥ 2 even, each of (10)ω, (01)ω is a fixed
point. However, for all r ≥ 1, the corresponding (parallel) CA are guaranteed to have
some temporal cycles, namely, given r ≥ 1, the doubleton of states {(1r0r)ω, (0r1r)ω}
forms a temporal two-cycle.

Lemma 5: Given any (finite or infinite) threshold (S)CA, one of the following two
properties always holds: either (i) this threshold automaton does not have proper cycles
and cycle states; or (ii) if there are cycle states in the PS of this automaton, then none
of those cycle states has any incoming transients. !

Moreover, if there are any (two-)cycles, the number of these temporal cycles and
therefore of the cycle states is, statistically speaking, negligible:

Lemma 6: Given an infinite MAJ CA and a finite radius of the node update rules
r ≥ 1, among uncountably many (2ℵ0 , to be precise) global configurations of such a
CA, there are only finitely many (proper) cycle states. !

On the other hand, fixed points of some threshold automata are much more numerous
than the CCs. The most striking are the MAJ (S)CA with their abundance of FPs. Namely,
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the cardinality of the set of FPs, in case of δ = MAJ and (countably) infinite cellular
spaces, equals the cardinality of the entire PS:

Theorem 2: An infinite 1D-(S)CA with δ = MAJ and any r ≥ 1 has uncountably
many fixed points. !

The above result is another evidence that “not all threshold (S)CA are born equal”.
It suffices to consider only 1D, infinite CA to see a rather dramatic difference. Namely,
in contrast to the δ = MAJ CA, the CA with memory and with δ ∈ {OR,AND} (i)
do not have any temporal cycles, and (ii) have exactly two FPs, namely, 0ω and 1ω.
Other threshold CA may have temporal cycles, as we have already shown, but they still
have only a finite number of FPs.

We have just argued that 1-D infinite MAJ (S)CA have uncountably many FPs.
However, these FPs are, when compared to the transient states, still but a few. To see
this, let’s assume that a “random” global configuration is obtained by “picking” each
site’s value to be either 0 or 1 at random, with equal probability, and so that assigning a
value to one site is independent of the value assignment to any of the other sites. Then
the following result holds:

Lemma 7: If a global configuration of an infinite threshold automaton is selected
“at random”, that is, by assigning each node’s value independently and according to a
toss of a fair coin, then, with probability 1, this randomly picked configuration will be
a transient state. !

Moreover, the “unbiased randomness”, while sufficient, is certainly not necessary.
In particular, assigning bit values according to outcomes of tossing a coin with a fixed
bias also yields transient states being of probability one.

Theorem 3: Let p be any real number such that 0 < p < 1, and let the probability
of a site in a global configuration of a threshold automaton being in state 1 be equal to
p (so that the probability of this site’s state being 0 is equal to q = 1 − p). If a global
configuration of this threshold automaton is selected “at random” where the state of
each node is an i.i.d. discrete random variable according to the probability distribution
specified by p, then, with probability 1, this global configuration will be a transient state.
!

In case of the finite threshold (S)CA, as the number of nodes,N , grows, the fraction
of the total of 2N global configurations that are TCs will also tend to grow. In particular,
under the same assumptions as above, in the limit, as N → ∞, the probability that a
randomly picked configuration, C, is a transient state approaches 1:

limN→∞ Pr(C is transient) = 1 (2)

Thus, a fairly complete characterization of the configuration spaces of threshold
(S)CA over finite and infinite 1-D cellular spaces can be given. Under a simple and
reasonable definition of what is meant by a “randomly chosen” global configuration in
the infinite threshold (S)CA case, almost every configuration is a TC. However, when
it comes to the number of fixed points, the striking contrast between δ = MAJ and all
other threshold rules remains: in case of the infinite Γ , the former has uncountably
many FPs, whereas all other simple threshold (S)CA have only finitely many FPs.
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4 Conclusion

The theme of this work is the study of configuration space properties of simple threshold
cellular automata, both when the nodes update synchronously in parallel, and when they
update sequentially, one at a time.

Motivated by the well-known notion of the sequential interleaving semantics of con-
currency, we apply the “interleaving semantics” metaphor to the parallel CA and thus
motivate the study of sequential cellular automata, SCA and NICA, and the comparison
and contrast between SCA and NICA on one, and the classical, concurrent CA, on the
other hand [19]. We have shown that even in this simplistic context, the perfect synchrony
of the classical CA node updates has some important implications, and that the sequen-
tial CA cannot capture certain aspects of their parallel counterparts’ behavior. Hence,
simple as they may be, the basic operations (local node updates) in classical CA cannot
always be considered atomic. Thus we find it reasonable to consider a single local node
update to be made of an ordered sequence of finer elementary operations: (1) fetching
(“receiving”?) all the neighbors’ values, (ii) updating one’s own state according to the
update rule δ, and (iii) making available (“sending”?) one’s new state to the neighbors.

We also study in some detail perhaps the most interesting of all simple threshold rules,
namely, the Majority rule. In particular, we characterize all three fundamental types of
configurations (transient states, cycle states and fixed point states) in case of finite and
infinite 1D-CA with δ = MAJ for various finite rule radii r ≥ 1. We show that CCs are,
indeed, a rare exception in such MAJ CA, and that, for instance, the infinite MAJ (S)CA
have uncountably many FPs, in a huge contrast to other simple threshold rules that have
only a handful of FPs. We also show that, assuming a random configuration is chosen
via independently assigning to each node its state value by tossing a (not necessarily
fair) coin, it is very likely, for a sufficiently large number of the automaton’s nodes, that
this randomly chosen configuration is a TC.

Overall, we conclude that the class of simple threshold CA, SCA, and NICA is
(i) relatively broad and interesting, and (ii) nonlinear (and non-affine), yet (iii) these
automata’s long-term behavior can be fully analytically characterized and predicted.

As for the future work, we envision a thorough study of genuinely asynchronous CA
(ACA), where communication delays and lack of a global clock are captured. The ACA
model we have in mind is motivated both by our results in Section 3 herein, and the desire
to make the cellular automata models more physically realistic. Initially, we plan to study
in detail (simple) threshold ACA, and compare and contrast their properties with those
of (simple) threshold (S)CA. Further down the road, such comparative study shall be
extended to update rules δmore complex than the simple threshold functions, yet yielding
global ACA, SCA and parallel CA behaviors that can be analytically characterized
and, hopefully, also effectively predicted, and that would thus bring additional insights
into the implications of various assumptions regarding the cellular automata operations’
(a)synchrony.

Acknowledgments. The work presented herein was supported by the DARPA IPTO
TASK Program, contract number F30602-00-2-0586.
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Abstract. The problem of fluid compressibility in the ordinary ap-
proach to lattice Boltzmann (LB) according to the BGK method is ana-
lyzed. A new velocity is introduced besides the usual one, linked to this
later by a dimensionless mass density. The LBGK method based on this
second velocity, with a suitable second order equilibrium distribution
(different from the ordinary one), leads to the real Navier–Stokes equa-
tion of incompressible fluids under the steady mass density condition.
This approach is compared with two well known methods one can found
in literature. Finally, the role of the approach introduced here and of the
ordinary one with respect to Poiseuille flow simulation is presented.

1 The Ordinary Lattice Boltzmann BGK Methods

The Lattice Boltzmann (LB) models we consider in this paper are based on the 2-
D discreet hexagonal lattice space consisting of L cells in the horizontal direction
and M cells in the vertical one. Each cell is connected to its 6 neighbors along
the directions given by the unary vectors ei :=

(
cos

(
2π(i−1)

6

)
, sin

(
2π(i−1)

6

))
,

i ∈ {1, 2, 3, 4, 5, 6}. The vector e0 corresponds to the central position of each
cell. Let LR be the horizontal size of the real experimental situation we want
simulate by LB. Then the lattice cell spacing (distance between two adjacent
cells in the lattice) is given by l0 = LR

L . The system evolves in discrete time
steps of duration δt, the time that each particle takes to move with uniform
velocity vp = l0

δt = LR

L·δt along the ei direction from one cell to the adjacent
one. Thus, each vector vi = vp ei (for i = 1, 2, . . . 6) represents the velocity of
particles moving along the ei direction.

A state, located in cell r at time t, is a 7–uple of population densities (also
particle populations) f(r, t) = {fi(r, t) : i = 0, . . . , 6}, where each population
density fi(r, t) is related to the link i and is expressed by a real number (im-
plemented as floating point number in computer codes). These distributions
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describe in details a unique distribution f(r,v, t) in which the velocity vari-
able v ranges over the discrete set {vi = vpei : i = 0, 1, . . . , 6} according to
f(r,vi, t) := fi(r, t). We stress that each distribution has the dimension [ 1

L2 ] by
the following interpretation:

fi(r, t) =
Ni(r, t)
δS

(1)

where Ni(r, t) is the (mean) number of particles located at time t in site r with
velocity vi and δS is the elementary surface associated to each r, that in the
LB context can be identified with the lattice hexagonal area S0 = 3

2

√
3 l20. The

particle distribution (irrespective of velocity) is defined as

n(r, t) =
6∑

i=0

fi(r, t) (2)

and then n(r, t)δS is the (mean) number of particles (irrespective of velocity)
which at time t are locate in r (for the analogous concepts in the continuous
case see [6, p. 495]). On the basis of these distributions the macroscopic mass
and momentum densities are introduced according to the following definitions:

ρ(r, t) =
6∑

i=0

fi(r, t) ·mp q(r, t) =
6∑

i=1

fi(r, t) ·mpvi (3)

where the constant mp represents the single particle mass and whose dimensions
are [ M

L2 ] and [ M
LT ] respectively. Note that n(r, t) = ρ(r, t)/mp. A mean velocity

(since the corresponding dimension is [L
T ]) of a particle at site r and time t is

defined by (discrete version of the continuos case, see [6, p. 495]):

u(r, t) =
1

n(r, t)

6∑
i=1

fi(r, t) · vi =
q(r, t)
ρ(r, t)

(4)

The time evolution of particle populations in the LB method consists of two
steps:
– Collision step: the particles within a cell are redistributed among the

six directions and the rest particles distribution. The original distribution
f(r, t) = {fi(r, t) : i = 0, 1, . . . , 6} is modified in f∗(r, t) = {f∗

i (r, t) : i =
0, 1, . . . , 6} applying an instantaneous transition formalized by the following
equation:

f∗
i (r, t) = fi(r, t) +Ωi(r, t) (5)

where the collision operators Ωi(r, t) must satisfy the following mass and
momentum conservation laws:

ρ∗(r, t) =
6∑

i=0

mpf
∗
i (r, t) =

6∑
i=0

mpfi(r, t) = ρ(r, t) (6a)

q∗(r, t) =
6∑

i=1

mpf
∗
i (r, t)vi =

6∑
i=1

mpfi(r, t)vi = q(r, t) (6b)
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Equivalently these conservation laws correspond to the following conditions
on the collision operator:

6∑
i=0

Ωi(r, t) = 0 and
6∑

i=1

Ωi(r, t)vi = 0 (7)

– Streaming step: the particles move along their direction toward adjacent cells
with a uniform motion described by the following equation:

fi(r + l0 ei, t+ δt) = f∗
i (r, t) (8)

The composition of the two steps formalized by Eqs. (5) and (8) leads to the
Lattice Boltzmann (LB) equation:

fi(r + l0 ei, t+ δt) = fi(r, t) +Ωi(r, t) (9)

The usual BGK formulation consists of a particularly simple linearized version
of the collision operator Ωi around an equilibrium distribution feq

i :

Ωi(fi(r, t)) =
1
τ

(feq
i (r, t)− fi(r, t)) (10)

where τ is the relaxation time of the model. Thus, the LB equation with the
BGK collision operator (10) (the evolution equation of the LBGK method) is:

fi(r + l0ei, t+ δt) = fi(r, t) +
1
τ

(feq
i (r, t)− fi(r, t)) (11)

We stress that in the previous equation no choice is made for the equilibrium
distribution feq

i , but applying to (10) the conservations conditions in the form
(7) the equilibrium distribution must satisfy the constraints:

6∑
i=0

feq
i (r, t) ·mp = ρ(r, t) and

6∑
i=1

feq
i (r, t) ·mpvi = ρ(r, t)u(r, t) (12)

We obtain a specific LBGK model whenever a particular expression for the
equilibrium distributions feq

i is considered. In general it is used a second order
expansion with respect to the velocity (small velocity approximation, i.e., low
Mach number) of the Maxwellian distribution at constant temperature, whose
general expression is of the form:

feq
i (r, t) = n(r, t)

[
A+B

(
vi · u
v2

p

)
+ C

(
vi · u
v2

p

)
+D

u · u
v2

p

]
(13a)

feq
0 (r, t) = n(r, t)

(
A0 +B0 · u · u

v2
p

)
(13b)

where A,B,C,D and A0, B0 are dimensionless adjustable coefficients which must
be determined. This is done applying to (13) the following two steps procedure:
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(P1) by verifying the satisfaction of the mass and momentum conservation laws
(12),

(P2) by matching the form of the momentum tensor of the ordinary LBGK
method

Π
(0)
αβ = c2sρδαβ + ρuαuβ (14)

with the standard expression of hydrodynamics.

It is straightforward to prove that this procedure leads to the following equi-
librium distribution of the so-called ordinary LBGK method (see for instance [1,
5]), determined except a constant parameter α:

feq
i (r, t) = n

1− α
6

+
1
3
n

[
ei · u

vp
+ 2

(
ei · u

vp

)2

− 1
2

(
u · u
v2

p

)]
(15a)

feq
0 (r, t) = n

(
α− u · u

v2
p

)
(15b)

The constant α is the rest particles coefficient, usually set to 2
3 in order to ob-

tain best numerical stability ([7, p. 203]). It can be proved that the dynamic
evolution expressed by Eq. (11), applied to equilibrium distributions (13) which
satisfy mass and momentum conservation laws (P1), is such that each distri-
bution fi, in the absence of external forcing, evolves toward feq

i with τ as the
typical parameter of convergence which fixes the rate of approach to equilibrium.
Furthermore, applying to the Eq. (11) a second order Chapman–Enskog expan-
sion, continuous equation for mass and momentum can be obtained. Precisely,
mass conservation leads to the continuity equation:

∂tρ+∇ · (ρu) = 0 (16)

Under the condition of steady mass density, ∂tρ = 0, (which implies that ρ = ρ(r)
is a function of spatial variables only), Eq. (16) assumes the form ∇ · (ρu) = 0.
Moreover, the momentum conservation is expressed as a Navier–Stokes “like”
equation (like in the sense that it “is very similar to, but not exactly the same,
as the momentum equation of Navier–Stokes equations” [8]):

ρ ∂t(u) + ρ (u · ∇)(u) = −∇p(ρ) + ν∇2(ρu) (17)

where the kinematic viscosity, the sound velocity, and the pressure are defined
by the equations

ν =
v2

p

4
δt

(
τ − 1

2

)
=

L2
R

4L2

1
δt

(
τ − 1

2

)
(18a)

c2s =
1− α

2
v2

p and p(ρ) = ρ c2s (18b)

Of course, we have to take τ > 1
2 to get a positive viscosity. In the particular

case of the slow velocity limit (that is under condition u � 0 which allows the
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approximations ∇· (ρu) � ρ∇·u and ∇2(ρu) � ρ∇2u) and assuming that the
density is everywhere different from 0, Eqs. (17) and (16) become:

∂tu + (u · ∇)u = − 1
ρ(r)
∇p(ρ) + ν∇2u (19a)

∇ · u = 0 (19b)

According to [8], when ∇· (ρu) = ρ∇·u+ (∇ρ) ·u “is used to approximate [the
incompressibility condition ∇ ·u = 0], the term (∇ρ) ·u is neglected. This term
represents a compressibility error.”

Summarizing, in the ordinary LBGK method if the steady mass density ∂tρ
and the small Mach number M  1 (equivalent to the small velocity limit)
conditions are satisfied both the Navier–Stokes like equation (19a) hold and the
condition for incompressible flow (19b) is satisfied exactly.

1.1 He and Luo Incompressible LB Model

As to the continuity equation (16), in [8] one can find the following statement:
“As Frisch et al. [3] pointed out, if one uses the mass current v = ρu [in our
notation q = ρu] to represent the velocity, then in the steady state the continuity
equation implies exactly ∇ · v = 0 [in our notation ∇ · q = 0].” But whatever
be the possible consequences “achieved by rewriting the Navier–Stokes equation
in terms of the momentum density rather than the velocity” [4], the quantity
q = ρu unavoidable has the dimension of a momentum density (or mass current)
and not of a velocity, and the condition ∇ · q = 0 has nothing to do with the
incompressibility condition ∇ · u = 0 [2, (ii) of p. 11].

In a very interesting paper of He and Luo [4], a LBGK model for the in-
compressible Navier–Stokes equation is presented. This method is based on the
second order equilibrium distribution function involving (also if not explicitly
mentioned) the velocity (4) and whose form in the hexagonal lattice case is just
given by (15). The main idea is that “in an incompressible fluid the density is
(approximately) a constant, say ρ0, and the density fluctuation δρ, should be of
the order O(M2) [with M ≈ |u|/vp] in the limit M → 0. If we explicitly substi-
tute ρ = ρ0 +δρ into the equilibrium distribution, feq

i [i.e., (15)], and neglect the
terms proportional to δρ(u/vp), and δρ(u/vp)2, which are of the order O(M3)
or higher,” [4], then in the case of the hexagonal lattice and considering the (ir-
respective of velocity) distribution n = ρ/mp, with n = n0 + δn (n0 = ρ0/mp),
the equilibrium distribution function (by a substitution) trivially becomes

feq
i (r, t) = n

1− α
6

+
1
3
n0

[
ei · u

vp
+ 2

(
ei · u

vp

)2

− 1
2

(
u · u
v2

p

)]
(20a)

feq
0 (r, t) = nα− n0

u · u
v2

p

(20b)

Let us stress that also in this equilibrium distribution, since it is obtained by a
simple substitution into equation (15), the involved velocity is always the one
defined by (4).
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In the quoted paper [4], and this is a delicate point of the model, it is intro-
duced a local pressure distribution function pi := c2smpfi (in our notation) which
produces the “global” pressure of (18b) according to

p = c2sρ =
∑

i

pi (21)

and in terms of which it is possible to reformulate both the evolution equation
(11) and the equilibrium distribution (15) of the LBGK system. In particular,
the equilibrium pressure is given by peq

i (r, t) := c2smpf
eq
i (r, t) and thus the

involved velocity u is always the (4). Along this line of tough, in [4] it is claimed
that “with the p–representation, [...] the velocity, u, is given by p0u =

∑
i pivi”

(where p0 = c2sρ0) with the unpleasant consequence that u = mp

ρ0

∑
i fivi �=

mp

ρ

∑
i fivi = (4) = u. Of course, under the identification ρ0 � ρ = ρ0 + δρ

(i.e., δρ � 0) we can make the approximation mp

ρ0

∑
i fivi � u, even if the left

term define a velocity a priori different from u, and so the adoption of the same
symbol is in some sense a little bit misleading.

Owing to the identification of the above two velocities, it must be clear that,
even if according to “a common practice [one] uses the pressure, p, as an indepen-
dent variable” [4], the equilibrium distribution function (20) of the He and Luo
approach can be applied in the range of validity corresponding to the strong
assumption δρ � 0 . Applying this condition to (21), it follows that also the
pressure must be approximatively constant p � p0. But in some simulations (for
instance in the case of Poiseuille flow, see Fig. 1) it is possible to have a relevant
difference between p and p0 which leads to suggest that an incompressible model
holds outside the restrictive conditions of the He and Luo approach. In the next
section we introduce another approach in which this difficulty is avoided.

2 Incompressible LB Method

Introducing a constant reference density ρ0, in the formal context outlined in
Sec. 1 we define the following dimensionless particle distribution (where, follow-
ing [7], the caret symbol is used to denote dimensionless quantities):

f̂i(r, t) :=
mp fi(r, t)

ρ0
f̂eq

i (r, t) :=
mp f

eq
i (r, t)
ρ0

(22)

According to the interpretation of quantities Ni given in equation (1), N (r, t)
=
∑6

i=0Ni(r, t). is the total number of particles in position r at time t. In
simulations, we assume that the initial configuration N (r, 0) at time t = 0 is
uniformly distributed in the space, i.e., ∃N0 constant s.t. ∀r, N (r, 0) = N0
and so, taking into account (1) and (3), we can express the mass distribution
at time t = 0 as follows: ρ(r, 0) =

∑6
i=0

Ni(r,0)
δS mp = N0

δS mp. If this initial
constant density is assumed as the reference density, ρ0 = ρ(r, 0), we have that
f̂i(r, t) = Ni(r, t)/N0, that is f̂i(r, t) represents the number of particles with
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velocity vi at time t in the site r normalized with respect to the initial uniform
distribution. Furthermore, we can define the normalized (dimensionless) density:

ρ̂(r, t) :=
6∑

i=0

f̂i(r, t) =
ρ(r, t)
ρ0

(23)

Finally, a new quantity, whose dimension is of a velocity, is defined as follows:

v(r, t) := ρ̂(r, t) · u(r, t) =
1
n0

6∑
i=1

fi(r, t) · vi (24)

where n0 = ρ0/mp. If in the LBGK procedure outlined in Sec. 1 we take into
account the velocity v of equation (24) instead of the ordinary velocity u of
equation (4), the evolution equation (11) remains the same, but with a possible
different equilibrium distribution which, if no confusion is likely, will be still
denoted by feq

i . Moreover, the constraints (12) must be adapted to the new
velocity obtaining the following relations:

6∑
i=0

feq
i (r, t) ·mp = ρ(r, t) and

6∑
i=1

feq
i (r, t) ·mpvi = ρ0v(r, t) (25)

and the momentum tensor of the ordinary approach (14) must be substituted
by Π

(0)
αβ = c2sρδαβ + ρ0vαvβ . Then, according to the previous constraints, the

second order equilibrium distribution obtained by applying to (13) the two steps
procedure (P1) and (P2) described in Sec. 1 is the following:

feq
i (r, t) = n

1− α
6

+
1
3
n0

[
ei · v

vp
+ 2

(
ei · v

vp

)2

− 1
2

(
v · v
v2

p

)]
(26a)

feq
0 (r, t) = n α− n0

v · v
v2

p

(26b)

We can observe that Eq. (20) is the same of Eq. (26) if one considers the velocity
v instead of u. This fact can lead to the following new interpretation of the He
and Luo method: the ordinary method based on the equilibrium distribution (15)
and the one based on the equilibrium distribution (26) coincide when v � u,
corresponding to the approximation ρ � ρ0 (i.e., δρ � 0 according to [4]).

The importance of the now introduced method (velocity v) is due to the fact
that it reduces the compressibility errors of the ordinary method (velocity u).
This fact has a theoretical explanation. Since in this method the velocity of the
fluid is v (= ρ̂·u), Eq. (16) of mass conservation transforms into ∂tρ+ρ0∇·v = 0.
Hence, the condition of steady mass density ∂tρ = 0 is equivalent to ∇ · v = 0,
the incompressibility condition. Moreover, under this condition, and applying
the usual Chapman–Enskog procedure, the momentum conservation equation
assumes now the form of a real Navier-Stokes equation for incompressible flow

∂tv + (v · ∇) v = − 1
ρ0
∇p+ ν∇2v (27)
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with p = ρ̂ ρ0 c
2
s; the sound velocity cs and the kinematic viscosity ν are the

same of (18b). Let us stress that this incompressible Navier–Stokes equation,
differently from the (19a) of the ordinary compressible LB approach, is obtained
without the slow velocity limit assumption.

2.1 The Zou et al. Incompressible LB Method

Introducing the dimensionless velocity v̂ = v/vp, from (26) it is possible to
derive the following form of the dimensionless equilibrium distribution defined
by equations (22):

f̂eq
i (r, t) = ρ̂

1− α
6

+
1
3

[
ei · v̂ + 2 (ei · v̂)2 − 1

2
v̂ · v̂

]
(28a)

f̂eq
0 (r, t) = ρ̂ α− v̂ · v̂ (28b)

This is the hexagonal version of the square lattice equilibrium distribution (11)
considered in [8], in which the symbols ρ and v correspond to our dimensionless
mass density ρ̂ and normalized velocity v̂ respectively.

This put a problem in the interpretation of the incompressible method of [8]
from the dimensional point of view. Indeed, as usual, in [8] no mention is done
about the dimension of the involved quantity, if one excludes a generic claim that
“the particle distribution function satisfies the [...] lattice Boltzmann equation
with BGK collision operator written in physical unit,” whatever be the meaning
of the statement physical unit attributed to the particle distribution function.
Of course, if one considers (28) (or the square lattice Eq. (11) in [8]) it turns
out that quantities f̂eq, ρ̂ and the square norm ||v̂||2 = v̂ · v̂ must have the same
dimension (quantities without caret in [8]). The unique coherent possibility is
that the involved quantities are all dimensionless (might this be the meaning
of statement: “written in physical units”?). This clarification is done in order
to avoid a possible misunderstanding due to the assertion by Zou et al. in [8]
(quoted at the beginning of Sec. 1.1 and relative to Frisch et al.) that v = ρu is
a mass current (i.e., momentum density), giving in this way the impression that
the quantity denoted by them with the same symbol v is a mass current. This
is contrary to the fact (as clearly described in this section) that the coherence
of the whole theory is based on the relationship (24), v = ρ̂u, in which v is a
velocity linked to the velocity u of the ordinary approach by the dimensionless
mass density ρ̂.

3 Conclusions and Poiseuille Simulations

In this paper a LBGK method for incompressible flows is discussed from an
explicit theoretical point of view: its premises are well declared, especially with
respect to the role of the new velocity v, “modified” with respect to the velocity
u of the ordinary approach according to Eq. (24). Moreover, the modified equi-
librium distribution (26) is formally derived in an explicit way by the standard
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Fig. 1. Simulation results of density (pressure) linear decrease in ordinary (solid, with
n(x) = nin − [nin/L · (log nin − log nout)] x) and incompressible (squared) cases.

Fig. 2. Ordinary LB simulations: velocity profiles (left) and their peaks plotted
as function of x (right), in agreement with the theoretical expectation ux(x, y) =

1
pin−k x

c2s
2 ν

pin−pout
L

y (M − y)

Fig. 3. Incompressible LB simulations: parabolic velocity profiles (left) and semi-
stationary behavior of their peak (right)

procedure applied to v instead of to u. Finally, the difference between the stan-
dard and the dimensionless versions of the method is formally given. Differently
from the Zou et al. approach [8], in Eq. (23) the role played by the reference
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constant density ρ0 in the relationship between v and u is well clarified. This
difference allows our method to derive the real Navier–Stokes equation for in-
compressible flow (27); moreover, this result is obtained under the only condition
of steady mass density, differently from Eq. (15) of [8] in which the “global” (in
particular also the velocity) steady flow condition is applied. Another withdraw
of [8] with respect to the present approach is that there seems to be a theo-
retical jump in introducing the equilibrium distribution (26) (or the equivalent
dimensionless version (28)), since its choice is not clearly motivated.

As to the second approach considered in this paper, the He and Luo one [4],
its derivation (and formal motivation) is based on the velocity u of Eq. (4). In
order to obtain the desired behavior, it is done the identification v � u, and
this assumption put a dramatic limitation of its applicability range since, once
adopted the practice to use the pressure p as the independent variable of the
method, the above identification implies the consequent identification p � p0. As
pointed pout in Sec. 1.1, this approach can be more correctly considered a proof
of the fact that under the condition v � u (equivalently, p � p0), the ordinary
method and the incompressible one produce the same results.

The numerical results of simulations relative to the 2D–Poiseuille flow are
presented in Fig. 1–Fig. 3. The system size is of L ×M = 8000 × 45, whereas
in [4] L × M = 17 × 5. Moreover, a constant inlet pressure pin is fixed but,
differently from [4], the outlet one pout is free and obtained by simulations
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Chapa Vergara, Sergio Vı́ctor 306
Chaturvedi, R. 543
Chaudhuri, P. Pal 40, 258, 660, 813
Chelghoum, Kamel 678
Chen, Qiuwen 502
Cho, Sung-Jin 31
Choi, Un-Sook 31

Chopard, Bastien 71, 345
Chowdhury, Debashish 192
Chowdhury, Dipanwita Roy 775
Clarke, Keith C. 523
Costa-Montenegro, E. 335
Courbebaisse, Guy 345
Czopor, Julita 670

D’Ambrosio, Donato 725
D’Antonio, Massimo 745
Das, Sukanta 813
Dawson, Kenneth A. 365
De Gregorio, Paolo 365
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